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Least squares regression

This is a quick tutorial to get you up to speed on least squares regression in case you have not seen it before or need a refresher. You will see more of it in other business classes but this explanation should work for our purposes. The idea of least squares regression is to find a best solution to a set of linear equations when there is no exact solution. The example we will use is one of finding an LLA (local linear approximation) that expresses cost (overhead) as a function of a synthetic variable (direct labor cost). We limit the example to only three months because it makes presentation of the concepts and calculations much simpler.
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We next assume a linear relationship between the independent and dependent variable, so we have the following system of equations.


110 = a + b 
180


150 = a + b
80


200 = a + b
92


There are three equations and two unknowns, the intercept and slope. In this situation, where there are more equations than unknowns, either the solution is unique (which implies exactly one of the constraints is redundant), there are an infinite number of solutions (which means two of the three constraints are redundant), or there is no solution. In an application where we are estimating costs, the most likely case is there is no solution. In this latter case, what this means geometrically is not possible for all three months data to lie on the same line. This is the case for our numerical example, as can be seen from the figure below. 
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Analytical approach


What to do? The approach we take is one of  “least squares”. There are several ways to conceptualize this. A common way this is explained is described in this section. We define the error as the difference between the actual value of the dependent variable Y and the predicted value at the corresponding level of the dependent variable X, which for given values of a and b is (a + bX). What least squares means is we choose values of a and b that minimize the sum of the squared errors. 

This can be solved as a calculus problem, if one would like. We simply write out the objective function (sum of the squared errors) and optimize by taking the partial derivative with respect to a and b, setting equal to zero and solving the resulting first order conditions.
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Assuming there is no solution to the original system of equations, there will always be unique values of a and b that solve the first order conditions and, in addition, the second order conditions for a minimum will also be satisfied. In this example the solution is a = 41 and b = 0.3. 


At this point we should step back a little and think about the problem a little more generally. Denote the dependent variable and independent variable for observation i by Yi and Xi, respectively, and the number of observations by n. Using sigma notation, we rewrite the first order conditions below.
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Notice the first equation implies the line that minimizes the sum of the squared errors must pass through the point
[image: image7.wmf]. Substituting this relationship into the second equation and solving for b yields the following.

 
[image: image8.wmf]
Pause for am moment to notice the symmetry here. Once you solve for b, you can go back and solve for a using the first order condition.

Geometric approach


Perhaps a more intuitive as well as instructive approach is to think about the geometry of what we are doing. We might call this the dual representation of the problem above.


It turns out that it rapidly becomes convenient and powerful to use matrix representations. In fact, statistical packages such as Minitab or Excel use matrices to solve least squares problems. Some of you may be familiar with matrix arithmetic. Refer to Appendix 1 below for a quick explanation of matrix operations.


Think of OV and DM as 3 by 1 (3 rows by 1 column) vectors. Form a 3 by 2 matrix X consisting of a column of 1’s and DM. Also let us denote by  a vector with a and b as its elements. The system of equations we are trying to solve can now be written using vector and matrix notation as follows.
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 EMBED Equation.3  [image: image10.wmf] or, more generally, Y = X 

The geometric term interpretation of what we are doing is as follows. (See the figure below.) The above system of equations has no solution, meaning the three-dimensional vector Y is not in the two-dimensional plane formed by X , which maps out all linear combinations of the two columns of X (notice the columns of X are linearly independent of each other). The least squares problem can be stated as choosing a particular value of b, which describes a vector that lies in the plane X that is as close to Y as possible. We adopt the usual Euclidean distance metric. If you are familiar with how coordinates work, you know the vector that goes from Y to this point in the plane is (Y‑X). 
[image: image11.png]



The point in the plane that is closest to Y is found by finding the vector in the plane that is perpendicular to Y. We know that if two vectors are perpendicular, it must be that their inner product is zero. So we want the following to be true.


X (Y-X) = 0 
or 
XTY = XTX.  
Finally, for our applications the matrix inverse of XTX always exists, so we can write  = (XTX)‑1XTY. This matrix equation turns out to be precisely the first order conditions we worked out in the previous section.

In the case of a simple regression (one independent variable), the matrix XTX will be a 2 by 2, which is not hard to invert by hand. Simply exchange the two diagonal elements, multiply the off-diagonal elements by -1, and divide this matrix by the determinant (a scalar) of the matrix XTX. The determinant of a 2 by 2 matrix is the product of the diagonal elements minus the product of the off-diagonal elements: 3(94,900)–530(530) = 3,800. The remaining calculations are below.
TEST
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And of course, when you multiply these last two matrices together you should obtain a vector with entries 41 and 0.3. If you would like to see the original spreadsheet I used to do the above calculations as well as produce the plot in Figure 1, click here.
Spreadsheet:


A spreadsheet can come in very hand for running regressions, especially when you have a large number of observations. In Excel, you use the functions MMULT and MINVERSE to multiply and invert matrices. Do not forget the matrices must be of the right dimensions. As described above you will want to transpose a matrix; use the function TRANSPOSE. In addition, you can go to the Tools/Data Analysis menu and choose the Regression function to produce a table with lots of data, including our least squares values for a and b. One little quirk of Excel (on a PC) is when you multiply vectors and matrices you have to (1) select the right number of row and column cells for your new matrix and (2) remember to hold down both the control and shift keys when you press the enter key.


For the above example, I recommend you try all four approaches described above: (1) derive and solve the first order conditions, (2) project Y onto the plane X, doing the matrix operations by hand, (3) use Excel to do reproduce what you did in (2), and (4) use the Regression function in Excel’s Tools/Data Analysis menu.

Appendix 1: Matrix operations


Three operations are important in matrix algebra. The first is matrix transposition. Given a matrix A, its transpose, denoted AT is found by flipping the matrix on its side, so that the first row becomes the first column, the second row becomes the second column, etc. See the overhead estimation example above.


The second important operation is scalar and matrix multiplication. Multiplying a scalar by a matrix produces the same dimension matrix with each element divided by the scalar. Matrix multiplication is a little trickier. If two matrices A and B are to be multiplied, they must be of the right dimension. Matrix multiplication is a legitimate operation if and only if a matrix A with m rows and n columns is being multiplied by a matrix B with n rows and m columns. The reason the matrix dimensions must satisfy this condition is matrix multiplication is defined as follows: the (i,j) element in the new matrix AB is equal to the inner product of the i-th row of A and the j-th column of B. In other words, you multiple each corresponding element of the two vectors (first times first, second times second, etc.), and then add them up. Again, see the example above.


Finally, we must define matrix inversion. The analogy to matrix inversion is the multiplicative inverse in arithmetic. In the case of standard arithmetic, the multiplicative inverse of n is 1/n, because n (1/n) = 1. In the case of matrix inversion, the idea is a matrix A’s inverse is a matrix A-1 such that A A-1 = I, the identity matrix. The identity matrix is a matrix with 1’s along the diagonal and 0 everywhere else.

Again, see the example above.

Appendix 2: Self-study Example

Below is a numerical example, where the calculations were performed using the matrix approach in Excel. The trend-line and R-squared are options within Chart/Trendline.
	
	DM
	OV
	Y-proj
	error
	error^2
	

	1
	180
	110
	104
	6
	36
	

	1
	150
	80
	89
	-9
	81
	

	1
	200
	90
	114
	-24
	576
	

	1
	210
	140
	119
	21
	441
	

	1
	110
	75
	69
	6
	36
	

	5
	850
	495
	495
	0
	1,170
	distance^2

	XTX
	
	
	(XTX)-1
	
	
	

	5
	850
	
	4.578788
	-0.025758
	
	det[(XTX)]

	850
	151,100
	
	-0.025758
	0.000152
	
	       33,000 

	
	
	
	
	
	
	

	XTY
	
	Beta=(XTX)-1XTY
	
	
	

	495
	
	14
	
	
	
	

	87,450
	
	0.5
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ex. 1

				DM		Y = OV		Y-proj		error		error^2

		1		180		110		95.00		15.00		225.00

		1		150		80		86.00		(6.00)		36.00

		1		200		92		101.00		(9.00)		81.00

										0.00		342.00		distance squared

		XTX						(XTX)-1

		3		530				24.9736842105		-0.1394736842				Det (XTX)-1

		530		94900				-0.1394736842		0.0007894737				3800

		XTY				Beta=(XTX)-1XTY

		282				41

		50200				0.3
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ex. 2
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				DM		Y = OV		Y-proj		error		error^2

		1		180		110		104		6		36

		1		150		80		89		-9		81

		1		200		90		114		-24		576

		1		210		140		119		21		441

		1		110		75		69		6		36

		5		850		495		495		-0		1,170		distance^2

		XTX						(XTX)-1

		5		850				4.578788		-0.025758				det[(XTX)]

		850		151,100				-0.025758		0.000152				33,000

		XTY				Beta=(XTX)-1XTY

		495				14

		87,450				0.5
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ex. 1

				DM		Y = OV		Y-proj		error		error^2

		1		180		110		95.00		15.00		225.00

		1		150		80		86.00		(6.00)		36.00

		1		200		92		101.00		(9.00)		81.00

										0.00		342.00		distance squared

		XTX						(XTX)-1

		3		530				24.9736842105		-0.1394736842				Det (XTX)-1

		530		94900				-0.1394736842		0.0007894737				3800

		XTY				Beta=(XTX)-1XTY

		282				41

		50200				0.3
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		1		200		90		114		-24		576

		1		210		140		119		21		441

		1		110		75		69		6		36

		5		850		495		495		-0		1,170		distance^2

		XTX						(XTX)-1

		5		850				4.578788		-0.025758				det[(XTX)]

		850		151,100				-0.025758		0.000152				33,000

		XTY				Beta=(XTX)-1XTY
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