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Abstract

We examine theoretical and econometric issues in the estimation of risk pemia in a linear factor model,
when the model is misspecified. We show that, for a given set of test assets, the risk premium of an
unspanned factor is very sensitive to the choice of other factors in the model. However, the risk premium
of the projection of the unspanned factor onto the asset space is robust to the choice of other factors. These
results highlight the importance of using factor-mimicking portfolios, rather than unspanned factors, in
estimation of linear factor models.
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1 Introduction

Linear factor models of expected returns have played a central role in financial economics for decades. Such
models are sometimes motivated by theoretical considerations, as with the CAPM of Sharpe (1964) and Lintner
(1965), the ICAPM of Merton (1973), the APT of Ross (1976), and the CCAPM of Breeden (1979). All of
these models require that the excess returns of financial assets obey a linear relationship with their exposures
to various sources of economic risk. However, linear factor models can also be empirically motivated. For
example, the three-factor linear model of Fama and French (1996) includes two factors that do not play any
role in traditional economic theories, but whose importance in asset pricing has nonetheless been observed
in stock price data. Empirical studies of expected excess returns, such as Black, Jensen, and Scholes (1972),
Fama and MacBeth (1973), Fama and French (1992), Jagannathan and Wang (1996), Daniel and Titman
(1997), and Daniel, Titman, and Wei (2001) generally focus on either or both of the following questions: (1)
What are the factors that explain the cross-section of expected returns of financial assets? and (2) What are
the risk premia associated with those factors?

We examine this second question, the assignment and estimation of risk premia in linear factor models for
expected excess returns, in the presence of possible misspecification, where "misspecification" means that the
factors do not fully explain the expected excess returns of all assets. Much of the literature on estimation of
risk premia either assumes correct model specification, or focuses on very specific forms of misspecification.
The former category includes Shanken (1992), who derives the distribution of risk premia estimates from a two-
pass regression method under an assumption that the time series of returns and factor realizations are i.i.d.,
Kim (1995), who considers the effect of heteroskedasticity on risk premia estimates, Amihud, Christensen,
and Mendelson (1992), who offer an alternative to traditional two-pass regression methodologies, and Kan
and Zhou (1999), who examine the relative merits of estimation of risk premia (as well as other quantities) by
regression methods or GMM methods. In the latter category, Roll and Ross (1994), inspired by the findings of
Fama and French (1992), determine when a two-pass regression study is likely to estimate a risk premium of
zero for a market factor. Kandel and Stambaugh (1995) consider a misspecified model with a single spanned
factor, and find that two-pass OLS regression estimates of risk premia are highly sensitive to economically
meaningless repackagings of the assets included in the study; they go on to show that GLS risk premium
estimates are invariant to such repackaging. Kan and Zhang (1999b) and Kan and Zhang (1999a) focus on
the effect of including "useless" factors, not correlated with any of the asset returns, in regression and GMM
estimation procedures, and find that an estimate of the risk premium of the useless factor does not necessarily
converge in probability to zero with increasingly long data samples, despite the fact that the factor has nothing
to do with asset returns.

These studies focus mainly on econometric issues; by contrast, we find that misspecification makes it
impossible even to define the risk premium of an unspanned factor unambiguously, let alone estimate it
consistently from a panel of data. A spanned factor has a unique and well-defined risk premium, which can
be estimated consistently by any one of several simple econometric techniques. By contrast, the risk premium
of an unspanned factor depends on the other factors included in the model, and can be made to take on any

arbitrarily specified value by appropriate selection of the other factors. Furthermore, if factors are unspanned



because the set of assets included in a study does not span the full universe of assets available, then omission
of even seemingly innocuous assets (in terms of the Sharpe ratio offered to investors) can have dramatic effects
on the risk premia assigned to unspanned factors. Spanned factors can therefore be assigned a meaningful risk
premium, independently of the other factors included in the model and the assets used in the study (provided
a change in the set of assets does not cause the factor to cease to be spanned). By contrast, the risk premium
assigned to an unspanned factor depends both on the other factors in the model and the assets used in a study,
rather than being an intrinsic property of the factor itself. Furthermore, we find that the asymptotic variance
of the risk premium estimate for a spanned factor is unaffected by misspecification, whereas the asymptotic
variance for the risk premium estimate for an unspanned factor is increasing in the degree of misspecification.

To interpret these results, we note that the risk premium of a spanned factor is based directly on the
expected excess returns of the assets which span it. The risk premium of an unspanned factor can be viewed
as the sum of the risk premium of its spanned and unspanned components. The spanned component of an
unspanned factor (i.e., its projection onto the asset space) is itself a spanned factor; like other spanned factors,
its risk premium is the expected excess return of its spanning portfolio. However, there are by definition no
assets whose expected excess returns reveal the risk premium of the unspanned component. Rather, this part is
determined by extrapolation of the risk premium of the spanned component onto the unspanned component.
This extrapolation is highly sensitive to changes in the factor set and in the asset space, and relies on an
assumption of correct model specification. The validity of the risk premium of unspanned factors therefore
relies on an assumption of model correctness, whereas that of spanned factors does not. This reliance on
model correctness can have severe consequences. For example, in a given factor model, a particular factor
may have a projection with a risk premium of zero, but a large (positive or negative) risk premium assigned
to the unspanned component. If the model is in fact not correctly specified, this large risk premium may turn
out to be entirely fictional. Even worse, a factor may have a projection with a positive risk premium, but an
unspanned component with an even larger negative imputed risk premium. The net negative risk premium of
the factor, based on an assumption of correct model specification, entirely obscures the positive risk premium
of the projection, which is robust to misspecification. Empirical studies in general do not distinguish between
these two components of factor risk premia, and often interpret the risk premium of an unspanned factor as
if it were an intrinsic property of the factor itself, rather than a quantity that is dependent both on the other
factors included in the model and on the assets included in the empirical study. We argue that the risk premia
of projected factors, being robust to misspecification, may provide more useful information than the usually
reported risk premia of the unspanned factors themselves.

The rest of this paper is organized as follows. In Section 2, we examine the assignment of a vector of risk
premia to a set of factors, and show that the risk premium of an unspanned factor is highly sensitive to the
choice of the other factors included in the model. In Section 3, we examine the effect of asset omission on risk
premium assignment, and find that failure to include even seemingly unimportant assets in a study can have
dramatic effects on the risk premia assigned to unspanned factors. In Section 4, we offer an interpretation
of the results of the previous sections, showing that the assignment of risk premia to unspanned factors

effectively assigns shadow expected returns to the unspanned components; the risk premium of a factor then



contains a component that is directly observed in the data, and a component that is extrapolated out onto the
unspanned components. This latter component, which relies on correct model specification, can dominate the
first, which does not. Section 5 considers the problem of estimation of risk premia from data, and finds that
misspecification increases the asymptotic variance of estimates of risk premia for unspanned factors, but not
for spanned factors. This section also provides an estimator of the risk premia vector for factor projections,

and derives its asymptotic variance, which is unaffected by misspecification. Finally, Section 6 concludes.

2 Linear Factor Models and Risk Premia

In this section, we examine the definition of risk premia for both spanned and unspanned factors. Whereas the
risk premium of a spanned factor admits a simple, straightforward, and unique definition, the risk premium
assigned to an unspanned factor in general depends on the other factors included in the model. Consequently,
it is not possible to refer to the risk premium of an unspanned factor without reference to the model in which
it occurs. The only exception occurs when the factor in question explains the expected returns of all assets
perfectly; such an unspanned factor can be assigned a risk premium unambiguously.

Throughout, our interest is in the relation between a set of factor realizations and a set of asset payoffs,
with each asset having an initial cost of zero. We usually assume that these factor realizations and asset

payoffs have finite variances and that their variances and covariances satisfy certain rank conditions.

Definition 1. An M-vector of asset payoffs Z and an N -vector of factor realizations F satisfy the full-rank

assumptions if all of the following conditions are satisfied:

1. Fach asset payoff and each factor realization has finite variance.
2. The M x M covariance matriz of the asset payoffs, Xzz, has full rank.
3. The N x N covariance matrixz of the factor realizations, Xpr, has full rank.

4. The N x M covariance matriz between the factor realizations and asset payoffs, ¥ ryz, has rank N (which

in turn requires N < M ).

We denote the expected values of the factor realizations and the asset payoffs by pp and p, respectively;
the means are necessarily finite if the full rank assumptions are satisfied. The transpose of Y r7 is denoted
by Yzr. When a set of M asset payoffs Z and N factor realizations F' satisfy the full-rank assumptions,
there exist an N x M matrix of constants 5 and an M-vector of random variables € such that the following

conditions hold:

(Z—pg) = B (F—pp)+e (2.1)
E [E] = 0M><1 (2.2)
Cov [F, 5] = Onxm (2.3)



Since the covariance matrix Y pp is of full rank, the matrix 8 is unique:
B=YppYrz (2.4)
Note that the rank assumptions on X ppr and Yz ensure that 3 is also of full rank.

Definition 2. A set of factor realizations F' is called a linear factor model with respect to a set of asset payoffs

Z if F and Z satisfy the full-rank assumptions, and if:
_ oT. —1
Wy =07 =XzrXppY (2.5)
for some N-vector v. The elements of v are called the risk premia of the corresponding elements of F.

Equation 2.5 has the familiar interpretation that each asset has an expected excess return proportional to
the exposure of that asset to various sources of economic risk. Linear factor models play a fundamental role
in asset pricing theory; for example, the CAPM model of Sharpe (1964) and Lintner (1965) predicts that the
market portfolio is a linear factor model for any set of assets; the ICAPM of Merton (1973) and the APT of
Ross (1976) are linear factor models with potentially more than one factor. Mathematically, a linear factor
model always exists, provided Z has a finite and full rank covariance matrix. For example, for a given Z,
we can construct a model with only a single factor F = ;LEE;ZZ which tautologically constitutes a linear
factor model for Z, with risk premium v = M;ZEIZ,U, 4. However, this purely mechanical construction offers
no economic insight or intuition; much research in financial economics focuses instead on constructing linear
factor models in which the factors have simple intuitive interpretations. For example, Fama and French (1996)
construct a three factor model in which the factors relate to firm size, book-to-market ratios, and comovement
with the market return.

We use the notation v (F, Z) to denote the risk premia vector when either the set of factors or the set of
assets under consideration is not clear from the context. The vector of risk premia can be expressed in terms

of the moments of the asset payoffs and factor realizations, as per the following Lemma.

Lemma 1. If a set of factor realizations F is a linear factor model for a set of asset payoffs Z, then the risk

premia vector vy is unique and is given by:
_ -1 _
vy=7(F,Z) =Spr (SrzS5552F) Srz¥gyliy (2.6)

Proof: See Appendix.

It is a brief exercise to verify that if F' is a linear factor model for Z, it is also a linear factor model for any
other set of assets Y that spans a subspace of the space spanned by Z (provided Y and F satisfy the full-rank
assumptions), with v (F,Y) = v (F, Z). It is also straightforward to verify that if F' is a linear factor model
for Z and G is a set of factors that spans the same space as F, then G is also a linear factor model for Z.

The [ matrix describes the projection of the assets Z onto the space of factors F'; we shall often wish to
refer to the reverse projection, of the factors F' onto the space of assets Z. Under the full-rank assumptions,

there exist an M x N matrix of constants I' and an N-vector of random variables 7, such that the following



conditions hold:

(F—pp) = TT(Z—pg)+n (2.7)
En = Onx (2.8)
Cov|Z,n = Opmazn (2.9)

The matrices f and I' are related by the following identities:

= Y ITY,, (2.10)
= Y,.8"%kr (2.11)

from which it follows that I' is of rank N. We usually denote by P the projection of the factors onto the asset

space:
P=17Z7 (2.12)

and denote by Ypp and X pz the covariance matrix of the projection P, and the covariance between the
projection P and the assets Z. We refer to a factor F;, with 1 < ¢ < N, as "spanned" if Var[n,] =0 (i.e., a
spanned factor may differ from its projection only by a constant). Similarly, a linear combination of factors
w? F is considered spanned if Var (an) =0.

It follows immediately from the definition of the projection P that:

Ypz = XFrz (2.13)
Ypp = Ypz¥, Yzr (2.14)

The risk premia vector v (F, Z) from Equation 2.6 can now be rewritten as:
Y(F,Z) = SprEppl Ty, (2.15)

We do not necessarily assume that the covariance matrix of 1, denoted by 3, is of full rank. Since Z and n

nms
are uncorrelated:

Yrpr=Xpp+ Yy (2.16)
Equation 2.15 can then also be written as:
V(F,2) =Ty + S0 Sp bl iy (2.17)

Although the definition of the vector of risk premia from Equations 2.6 and 2.15 is motivated by linear
factor models (i.e., models that explain the expected excess returns of all assets correctly), it is possible to
extend the definition to apply to any set of factors and any set of assets that jointly satisfy the full-rank

assumptions.



Definition 3. Let F be a set of factors, and let Z be a set of assets such that F and Z satisfy the full-rank
assumptions. Then the vector of risk premia of F with respect to Z is defined by Equation 2.15, whether or

not F' is a linear factor model for Z.

When F' is a linear factor model for Z, the motivation for defining the risk premia vector in this way is
clear; with this choice, the factors describe the expected excess returns of all assets perfectly. When F’ is not
a linear factor model for Z, simply applying the definition from Equation 2.15 may seem somewhat arbitrary.
However, a researcher will not necessarily know a priori whether a particular set of factors is a linear factor
model for a given set of assets, and statistical tests to that point may well prove inconclusive. It is therefore
useful to have a definition that can be applied in the face of uncertainty, but that is consistent with Equation
2.15 when F is a linear factor model for Z. Furthermore, as shown in Section 5, this definition is equivalent
to that obtained by a two-pass GLS regression technique. The risk premia vector v minimizes the distance
between the predicted and actual vectors of expected excess returns, if distance is measured with respect to
the matrix E}}:

s = g (- £720)” 2 (2 - 57) 218

YoERN

This definition is invariant to the linear transformations of the asset space considered by Kandel and Stambaugh
(1995); for choices of the distance matrix other than 22127 this is not necessarily the case. Finally, if the vector
1ty is estimated from a time series of i.i.d. observations of Z, its covariance matrix is given by %Z 77, with
n equal to the number of observations. The inverse of this matrix is therefore a reasonable choice of distance
matrix. Both Shanken (1992) and (in the case of a single spanned factor) Kandel and Stambaugh (1995)
point out the desirable econometric features of using ZEIZ as a GLS weighting matrix in the second pass when
estimating v by two-pass linear regression.

With a risk premia vector defined whether or not a set of factors is a linear factor model for a given set
of assets, it is convenient to define the deviations of the actual expected excess returns of a set of assets from

the fitted expected excess returns:
E(FaZ)::U'Z_BT’Y(sz) (219)

A set of factors F' is thus a linear factor model for a set of M assets Z if and only if F' and Z satisfy the
full-rank assumptions and € (F, Z) = Opsx1-

Although we have defined risk premia for any set of factors and any set of assets, as long as they satisfy the
full-rank assumptions, we will be interested in determining when the risk premium assigned to an individual
factor is invariant to the additional or removal of other factors, and also when this risk premium is invariant
to changes in the asset space. When a factor is spanned by the assets, Definition 3 always assigns the same
risk premium to that factor, regardless of the other factors included. This result is an immediate consequence
of an argument presented in Shanken (1992). However, it is possible to prove a more general result, as per the

following theorem.

Theorem 1. Let F' and G be two sets of factor realizations, and let Z be a set of asset payoffs, such that F



and Z satisfy the full-rank assumptions, and G and Z also satisfy the full-rank assumptions. For any vectors

x, y, and z such that:
' (F—pp) =y" (G —pg) = 2" (Z — py) (2.20)
the risk premia vectors v (F,Z) and v (G, Z) satisfy:
ey (F,2) =y"v(G, 2) = 2" pny = 2" Thug = y' Téuyg (2:21)

Proof: See Appendix.

Theorem 1 states that any spanned factor, or any spanned linear combination of factors, must have the
same risk premium, regardless of the other factors included in the model, and regardless of whether the full
set of factors is a linear factor model. Furthermore, the risk premium of a spanned factor (or spanned linear
combination of factors) is equal to the expected excess return of its projection onto the asset space. Since
this value does not depend on the other factors included in a factor set, it is meaningful to speak of the risk
premium of a spanned factor, independently of the other factors needed to form a linear factor model.

We also note that, in an economy free of arbitrage opportunities, the risk premium of a spanned factor is
invariant to changes in the asset space (provided the factor does not cease to be spanned as a result of the
change). If the same factor is spanned by two different sets of assets, its projections onto the two asset spaces
must have the same expected excess return, and therefore the same risk premium as specified by Theorem
1. The risk premium of a spanned factor is therefore not only invariant to the other factors included in a
model, but also to the particular choice of spanning assets. Furthermore, if a factor is itself a traded asset
[e.g., the excess return of the market portfolio in the CAPM of Sharpe (1964) and Lintner (1965)], since it
spans itself, its risk premium is simply equal to its expected excess return.’ The well-known finding of Fama
and French (1992), that the risk premium of the market portfolio is approximately zero or slightly negative
during a sample period when the market portfolio experienced large positive returns, can thus be called into
question purely on theoretical grounds; the risk premium of the market portfolio in any well-specified linear
factor model must be equal to its expected excess return. This phenomenon is further studied by Roll and
Ross (1994).

Assignment of risk premia to unspanned factors without reference to the other factors in a model is a much

trickier business. The matrices Xz and Y ppr can be expressed as:

Yrz = TSy, (2.22)
Sprp o= IT8z,T+%,, (2.23)

The covariances between the factors F' and the assets Z are identical to the covariances between P and Z,

I This point is made by Shanken (1992), who in two-pass regression estimation constrains the risk premium of a spanned factor
(but not necessarily spanned linear combinations of factors) to be equal to the expected return of its spanning portfolio. As
we shall see, this constraint is unnecessary provided an appropriate GLS weighting matrix is used; in this case, the results of
the estimation procedure automatically satisfy the constraint. See, for example, Kandel and Stambaugh (1995), who consider

two-pass regression estimation of a model with a single spanned factor.



but the two sets of factors have different covariance matrices:

Spz = Zrz (2.24)
Ypp = TT8z0 =Spr - %, (2.25)

The 8 coefficients of the assets on F' and P (denoted by 8 and 8p, respectively) are related as follows:
Br = SrkSrz = (Spp + ) Srz = ([ +Sp550) " SphEez = ([ +35550)  Bp (2.26)
Whether or not F' and P are linear factor models for Z, the risk premia v (F, Z) and ~y (F, P) are related by:
V(F,2) = SprSppl" iy = SrrXppy (P 2) = v (P, Z) + X9y S ppy (P, Z) (2.27)

It follows that F' and P predict the same expected excess returns for all assets, whether or not F' and P are

linear factor models:
BE1(F.2) = S2rSppSrrSppl Ty = SzpSppl T uy = 857 (P, 2) (2.28)

It is also readily apparent that F' constitutes a linear factor model if and only if its projection P onto the asset
space is a linear factor model.

From Equation 2.27, we see that two linear factor models with the same projection onto the asset space
do not necessarily have the same vector of risk premia. The following theorem shows how much the vector of

risk premia can vary for different models with the same projection.

Theorem 2. Let Z be a vector of M asset payoffs, and let F' be a set of N factors such that F is a linear
factor model for Z with projection P onto the asset space. The vector of risk premia v (F, Z) is either within

the open half-space of RN defined by:
Y (P.2)" Sppy (F.2) >~ (P, 2)" Sppy (P, 2) (2.29)

or equal to the point v (P, Z) (which lies on the boundary of the half-space). Conversely, let P =T7Z be a set
of N factors such that P is a linear factor model for Z. Given any N -vector v that satisfies either:

Y(P,2) Sppy > v (P, Z)" Sppy (P, 2) (2.30)

ory =~ (P,Z), there exists a linear factor model F for Z with N factors, such that F' has the projection P
onto the asset space, and v =~ (F, Z).

Proof: See Appendix.

As previously noted, the vector of risk premia for a given set of factors F' and a given set of assets Z is
unique and well-defined whenever F' and Z satisfy the full-rank assumptions, and in particular when F' is
a linear factor model for Z. However, varying the unspanned components of F' (while holding the spanned
components fixed) can result in assignment of a nearly arbitrary vector of risk premia to F. As shown in

Theorem 2, models with the same projection onto the asset space can have very different risk premia; any



Admissible Region of Risk Premia Vectors for Equivalence Class
of Linear Factor Models

Admissible
Region

Risk Premium of Second Factor‘

Risk Premium of First Factor

Figure 1: This figure shows a stylized representation of the admissible region for the vector of risk premia
for a two factor model. The arrow shows the location of ~ (P, Z), which lies on the boundary of the half
space. Any linear factor model for the assets Z with the projection P has a vector of risk premia within the
labeled admissible region. The only point on the boundary that is included in the admissible region is v (P, Z)
itself. Conversely, for any given point « within the admissible region, there exists a linear factor model with

projection P onto the assets with risk premia vector equal to 7.



point within an open half-space is achievable by varying the unspanned components associated with each
factor. Figure 1 provides a graphical illustration of the subset of R? that can be achieved in a two-factor
model by adding unspanned components to the factors. This level of flexibility makes it impossible (without
additional restrictions or assumptions) to define the risk premium of an unspanned factor independently of
the other factors in the model, as is possible when factors are spanned. As shown in the next theorem, for any
set of factors that is not a linear factor model, there exists a linear factor model containing the given set of
factors, which assigns essentially any arbitrarily specified vector of risk premia to these factors, subject only

to the constraints imposed on spanned factors (and spanned linear combinations of factors) by Theorem 1.

Theorem 3. Let Z be a vector of M asset payoffs, and let F' be a vector of N factor realizations, such that
F and Z satisfy the full-rank assumptions, but such that F' is not a linear factor model for Z. Let P be the
projection of F onto the assets Z. Let vy be any N-vector such that w™ [y —~ (P, Z)] = 0 for any N-vector w
with wT'S,,w = 0. Then there exists a linear factor model H for Z such that (F — pg) = VT (H — pg) for
some matriz Y, and such that v = Y1y (H, Z).

Proof: See Appendix.

From Theorem 1, risk premia assigned to spanned factors are invariant to the addition of new factors.
Consequently, if the rank of the X,, matrix is K, any linear factor model that includes F' (in the sense that
each element of F' is a linear combination of the factors in the linear factor model) must assign to F' a risk
premia vector that lies within a K-dimensional hyperplane of RY. Theorem 3 shows that any point within
this K-dimensional hyperplane can be achieved for some set of additional factors. Note that, if K = 0,
then w?'%,,w = 0 for any w, and the only value of v that satisfies the conditions of Theorem 3 is v (P, Z),
consistent with the previous result that risk premia of spanned factors are not dependent on the other factors
in the model. If K = N, no factor (or linear combination of factors) is spanned, and the only vector w for
which wTZ,mw = 0 is w = 0. In this case, any vector ~ satisfies the conditions of the theorem, and there
exists a linear factor model containing F' which assigns to F' the specified risk premia vector. When no linear
combination of factors is spanned, assignment of risk premia to I’ is completely arbitrary.

Theorem 3 requires that F' not be a linear factor model for Z. By contrast, the next theorem shows
that, if F'is a linear factor model for Z, then the risk premia assigned to the elements of F' are invariant
to the introduction of additional factors, provided the new factors do not lead to a violation of the full-rank
assumptions. Such factors, are, of course, unnecessary,” since F is already a linear factor model, but an
econometrician most likely does not know a priori which factors are necessary and which are not. The risk
premia assigned are also invariant to the removal of factors, provided the remaining factors still constitute a

linear factor model.

2Kan and Zhang (1999a) and Kan and Zhang (1999b) discuss GMM and regression estimation, respectively, in models with

"useless" factors, where "useless"

is defined as being uncorrelated with any of the assets under study. Such factors are specifically
precluded here, since they result in violations of the full-rank assumptions. Rather, the factors considered here are still correlated
with the asset excess returns (from the full rank assumptions), but are considered unnecessary because, after their removal, the

remaining factors are still a linear factor model.
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Theorem 4. Let F be linear factor model for Z, and let G be a set of factors such that G and Z satisfy the
full-rank assumptions. If there exists a matriz U such that (F — up) = VT (G — pg), then G is a linear factor
model for Z and v (F,Z) = U1~ (G, Z).

Proof: See appendix.

Theorem 4 shows that risk premia for factors in a linear factor model are invariant to the addition or
removal of new factors, provided that the new set of factors is also a linear factor model. By contrast,
Theorem 3 shows that the risk premia vector of an unspanned set of factors that does not constitute a linear
factor model is highly dependent on the other factors included. Therefore, it is only meaningful to speak of
the risk premium of a factor, in isolation of other factors, when that factor is spanned, or when it is a linear
factor model by itself. When a set of unspanned factors is not a linear factor model for the assets, introduction

of additional factors can result in the assignment of any arbitrary risk premia vector to the current factors.

3 Asset Space Selection

The results of the previous section tell us that an unspanned factor does not have an unambiguously defined
risk premium (unless that factor is a linear factor model by itself); rather the risk premium depends on the
other factors included in the model. If a factor is unspanned because the set of assets included in a study does
not span the full universe of assets available, we might also wonder about the invariance of its risk premium to
changes in the asset space. Omission of some assets may in fact be inevitable, if investors select portfolios based
on information not available to the econometrician. In this situation, it is possible to construct asset pricing
models based on the unconditional distribution of asset excess returns and factor realizations, provided the
notion of "asset" includes conditional trading strategies as well; see Hansen and Richard (1987). The inclusion
of additional information in a study then expands the space of "assets" available, possibly changing the risk
premia vector assigned to a set of factors; even if a given set of factors is a linear factor model for a given set
of assets, it may cease to be a linear factor model when the asset space is expanded. We therefore consider
the effect of asset omission on the assignment of risk premia, and find that even seemingly innocuous changes
in the asset space can result in significant changes in the risk premia assigned to unspanned factors.

First, we make precise the notion of "asset omission."

Definition 4. Let Z be a set of M > 1 asset payoffs with a finite and full-rank covariance matrix Xzz, and
let Y =UTZ for some M x K full-rank matriz U with K < M. We define the Y -reduction of Z, denoted by
Z ©Y, as the equivalence class of all sets of asset payoffs X = ®1'Z for all full-rank M x (M — K) matrices
® such that UVTE ;,® = Or x(M—FK)-

Each member of Z &Y is therefore a basis for the space containing all excess returns that are uncorrelated
with Y. Z 6Y is well-defined for any full-rank ¥; however, the members of Z © Y may fail to satisfy the

full-rank assumptions for a given set of factors F', even if F' and Z do satisfy the full-rank assumptions.

Lemma 2. Let F be a set of N factor realizations, and let Z be a set of M > 1 asset payoffs, such that F
and Z satisfy the full-rank assumptions. Let w # 0 be an M-vector, and let Y be any member of Z ow’ Z. F

11



and Y satisfy the full-rank assumptions if and only if w # 'z for all N-vectors x.

Proof: See Appendix.

Since, for a given Z, F, and w, the full-rank assumptions are satisfied for all members of Z & w” Z or for
none, we say F' and Z © w” Z satisfy the full-rank assumptions, without reference to a particular member of
Zow? Z. Each member of this equivalence class is a different basis for the same (M — 1)-dimensional subspace
of the space spanned by Z; furthermore, all assets in the subspace have payoffs that are uncorrelated with the
payoff of w” Z. Reduction of the asset space by a single dimension will be the standard tool used throughout
this section. We may construct a reduced space for any w € R such that w # 0; however, w must lie outside
the N-dimensional subspace of R spanned by the columns of T if F and Z & w” Z are to satisfy the full-rank
assumptions. As we have already noted in the previous section, two bases for the same asset space assign the
same risk premia vector to a set of factors. Therefore, if F and Z © w” Z satisfy the full-rank assumptions,
we may refer to the risk premia vector ~ (F S wTZ) given by the common value v (F,Y) where Y is any
member of Z & w”Z. We also note that, for a given F, Z, and w, F is a linear factor model for all members
of ZowTZ or for none. We therefore speak of I being a linear factor model for Z © w” Z, without reference
to a particular element of Z & w” Z.

We now find that, if F' is not a linear factor model for Z, then for any arbitrary vector 7, it is possible to
remove a single asset from the asset space, such that F' is a linear factor model for the remaining assets with
risk premia vector given by 7. This result shows that omission of even a single asset can dramatically change

the risk premia vector assigned to a set of factors.

Theorem 5. Let F be a set of N factors, and let Z be a set of M assets, such that F' and Z satisfy the
full-rank assumptions, but such that F' is not a linear factor model for Z. Let v, be an N-element vector of
constants. Then there exists an M-vector w such that w # 'z for any N-vector x, and such that F' is a linear
factor model for Z & w™ Z with ~ (F, YAS) wTZ) = o- Furthermore, if wy is an M-vector such that wy # 'z
for all N-vectors x and F is a linear factor model for Z © wl Z with ~ (F, YAS) ng) = 7, then wo = c- w

for some constant ¢ # 0.

Proof: See Appendix.

Theorem 5 illustrates the difficulty of attempting to assign risk premia to a set of factors when the set of
assets observed is incomplete. If a set of factors explains the expected return of every asset perfectly (i.e., if
the factor set is a linear factor model for the set of all available assets), then that set of factors has a unique
and well-defined vector of risk premia; omission of some assets does not affect the risk premia vector (as long
as the full-rank assumptions are still satisfied). However, should the set of factors predict a slightly incorrect
expected excess return for even one asset, then that factor set can be assigned an arbitrary risk premia vector
by omission of a single asset. Furthermore, the factor set will explain the expected excess returns for all assets
in the reduced set perfectly. Consequently, the same set of factors can be a linear factor model for two sets of
assets which span spaces with an (M — 2)-dimensional intersection, and yet have very different vectors of risk
premia for the two asset sets.

Through omission of an asset, it is possible to make an arbitrary set of factors F' into a linear factor model

12



for the reduced asset space with an arbitrary risk premium vector, provided F' was not already a linear factor
model for the original set of assets. One might suspect that, for some risk premia vectors, the necessary
contraction of the asset space is severe, in the sense that the reduced space offers investors much less favorable
investment opportunities than the original space. We use the maximum squared Sharpe ratio offered by
reduced set of assets, relative to the maximum squared Sharpe ratio offered by the original set, as a measure

of the severity of the contraction of the asset space.

Lemma 3. Let Z be a set of M assets with finite and full-rank covariance matriz Xz 7. The maximum squared

Sharpe ratio offered by a set of assets Z, denoted by S*(Z), is equal to:
S2(2) = 157 hm, (3.1)

For M > 1, let Y = YT Z for some full-rank M x K matriz ¥, with K < M. The mazimum squared Sharpe
ratio offered by Z ©Y , denoted by S* (Z Y, is equal to:

_ -1
S2(ZeY)=5%(2) = S (Y) = uzSyznz — nz% (W'Sz20) ¥y, (3:2)

Proof: See Appendix.
The following theorem provides a measure of the severity of the contraction of the asset space described

in Theorem 5.

Theorem 6. Let F' be a set of N factors, and Z a set of M assets, such that F and Z satisfy the full-rank
assumptions, but such that F' is not a linear factor model for Z. Let v, be an N-element vector of constants.

Let w be an M -vector, such that w # T'x for all N-vectors x, and such that F is a linear factor model for

Z owl'Z with v (F, YAS) wTZ) =y Then:

[MEE?Z (uz - ,BT%)] :

2 (Z@wTZ) :Mgzglzuz h T T 1 T
(Nz - p ’Yo) Dy (MZ - p ’Yo)

Proof: See Appendix.
Theorem 6 allows us to calculate directly the reduction in squared Sharpe ratio associated with the proce-
dure described in Theorem 5. Note that this reduction depends on 7, but not on the particular choice of w

used (recall, as per Theorem 5, all such choices differ only by a scaling factor). It is convenient to normalize
52 (Z S) wTZ) by 5% (Z).
Definition 5. Let F be a set of N factors and let Z be a set of M assets, such that F' and Z satisfy the

full-rank assumptions, but such that F' is not a linear factor model for Z. Let v, be an N-element vector of

constants. We define the Squared Sharpe Ratio Reduction, denoted by SSRR (F,Z,~,):

S?2(Zew'Z)

SSRR(F7Z7’YO): SQ(Z)

(3.4)

where w is an M -vector such that w # Tz for all N-vectors x, and such that F' is a linear factor model for

Zow'Z with’y(F,Z@wTZ) =9
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The value of SSRR (F,Z,~,) could conceivably range from 0 to 1. We might be inclined to think that
there is a vector of risk premia that requires the smallest possible reduction, with increasingly larger reductions
required for risk premia vectors that are increasingly far away from this minimum value. The reality of the

situation is considerably more complex, as shown in the next theorem.

Theorem 7. Let F' be a set of N factors and Z a set of M assets, such that F' and Z satisfy the full-rank
assumptions, but such that F' is not a linear factor model for Z. Let ko be the constant defined by:
Ngrz;}DPTﬂz

ko=1-— =
Mgzzéﬂz

(3.5)

Let k be some constant with 0 < k < 1. For N > 1, the set of all 7y € RN such that SSRR (F, Z,v,) = k is:
1. The single point vy = Onx1 if k= 0.
2. The (N — 1)-dimensional hyperplane n5% L, = nh¥, L85y, if k = 1.

For all other values of k, SSRR (F, Z,~,) = k is equivalent to:

2
(1= k) (15575mz) (V88225877 ) + (15=25670)

=0 (3.6)
_ 2 _ _
—k (ﬂgzzlzﬂz) + 2k (Mgzzlzﬂz) (#EEZEBT%)

The set of all vy, € RN satisfying this equation for k # 0 and k # 1 is:
3. An hyperboloid with branches on either side of the k = 1 hyperplane if kg < k <1,
4. A paraboloid that separates the k = 1 hyperplane and the origin if k = kg,

5. An ellipsoid containing the origin if 0 < k < kq.

For N = 1, the hyperplane and paraboloid collapse to single points, and the hyperboloids and ellipsoids

collapse to pairs of points.

Proof: See Appendix.

Theorem 7 provides a geometric interpretation for the analytic results of Theorem 6; the geometric objects
are loci of vectors of risk premia for which it is equally difficult to construct a set of assets Y such that F
is a linear factor model for Y (with the specified risk premia vector), where "difficulty" is measured by the
reduction in squared Sharpe ratio needed. Figure 2 shows the vectors of risk premia that can be achieved for
a variety of values of Squared Sharpe Ratio Reduction in a two-factor model.

The procedure described in Theorem 7 considers removal from the asset space of an asset w’ Z where w
lies within an N-dimensional hyperplane of RM: the set of factors is then a linear factor model for the reduced
set of assets. If some asset w” Z is removed for a w that lies outside of this subspace, then F is not a linear
factor model for the remaining assets, but, as per Definition 3, we can nonetheless assign risk premia to the
factors. There are then typically many assets whose removal results in the assignment of the same risk premia

vector to the factors. We might suspect that dropping the requirement that F' be a linear factor model for the
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Squared Sharpe Ratio Reduction in Two Factor Model

\ y
\ k=0.8 /A\ % _
AN k=0.6 -

Risk Premium of Second Factor

Risk Premium of First Factor

Figure 2: This figure shows the reduction in squared Sharpe ratio [i.e., the value of SSRR (F, Z,~,)] needed
to make a given set of factors a linear factor model for a given set of assets. In this example, there are twenty
excess returns, each with a mean of 0.1 and a variance of 0.8, and each uncorrelated with the others. There are
two factors; one is the average value of ten of the asset returns, and the other is the average value of fifteen of
the asset returns. Five asset returns are included in both factors. The mean-variance efficient portfolio is the
average of all twenty asset returns, has a squared Sharpe ratio of 0.25, and is not spanned by the factors. The
most difficult (in terms of squared Sharpe ratio reduction) vector of risk premia to achieve is the origin; the 19
assets remaining after the construction offer a maximum squared Share ratio of zero. The ellipses surrounding
the origin require a slightly smaller reduction to achieve, while risk premia on the parabola can be achieved
with a maximum squared Sharpe ratio of 0.025 (i.e., a reduction of 90% relative to the full set of 20 assets).
Points on the hyperbola require progressively smaller reductions, and points on the line can be achieved with

no reduction in squared Sharpe ratio at all.
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remaining assets will make it easier (i.e., a smaller reduction in squared Sharpe ratio is needed) to construct
a set of assets that assigns a desired vector of risk premia to the factors. This suspicion need not be correct,
although it often will be for particular values of 7,. We first characterize the set of assets whose removal
results in a given vector of risk premia being assigned to the factors. There are two distinct cases to consider;
the following theorem characterizes the situation when the given vector of risk premia is equal to the risk

premia vector assigned without the removal of any assets.

Theorem 8. Let Z be a set of M assets, and let F' be a set of N factors, such that F' and Z satisfy the full-rank
assumptions, but such that F is not a linear factor model for Z. Let w be an M -vector such that w # T'x for
any N-vector . Then v (F,Z s w' Z) = ~(F,Z) if and only if either (i) nl (E}lz — FE;}DFT) Yzzw =0,

or (ZZ) szw = 0N><1,

Proof: See Appendix.

Theorem 8 identifies those assets whose removal from Z does not change the risk premia vector assigned to
F, i.e., those assets w? Z with the property that v (F, Z & wl Z) = v (F, Z). These assets occupy two regions.
Those satisfying criterion (i) lie inside an (M — 1)-dimensional subspace of R™ | but outside an N-dimensional
subspace (wholly contained within the first subspace); this region is empty if M = N 4 1. Those assets
satisfying criterion (ii) lie within an (M — N)-dimensional subspace of RM | excluding the origin. The two
regions do not overlap. If the construction from Theorem 5 is applied to the case where v = v (F, Z), then
w=Y,, (ﬂz — BT (F, Z)) =%, 1y — I'Sppl'Tu,. This choice of w satisfies criterion (i) in Theorem 8,
and, as per the statement of Theorem 5, makes F a linear factor model for Z & w” Z.

The set of all assets whose removal results in a given risk premia vector different than v (F, Z) is not a

union of subspaces, but rather a cone whose cross-sections are paraboloids,® as per the next theorem.

Theorem 9. Let Z be a set of M assets, and let F be a set of N factors, such that F' and Z satisfy the
full-rank assumptions, but such that F is not a linear factor model for Z. Let vy # v (F,Z) be an N-vector,
and let w be an M -vector such that w # Tz for any N-vector x. Then F and Z © wr'Z satisfy the full-rank

assumptions with -y (F7 AS wTZ) =, 4f and only if w can be expressed as:

w=w(e.Q) = 575 (uz — B%0) + ¢+ TSI (g — 57 27 ¢ (37)
= 6) = z 0 z 0 - - '
7 " W5E phz — HyTEppl Ty

or some constant c and some M -vector ¢ such that p,¢ =0 an FzC =0nx1- =N +1, all suc
f %0 and some M Chh%(OdEQ“O If M =N +1, all such

w are of the form:
w= Sz} (117~ 87%) (3.8)

and F is a linear factor model for Z S wT Z. If M > N + 1, then for a fived value of c, the set of all such w

is a paraboloid, and F is a linear factor model for Z © wT Z if and only if ¢ = Oprx1.

Proof: See Appendix.

3This particular characterization is only one of several possible. By changing the orientation of the intersecting hyperplanes,

it is possible to change the shape of the cross-sections.
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Theorem 5 shows how removal of a particular asset from the asset space can assign a given vector of risk
premia to the factors, which constitute a linear factor model for the remaining assets; the reduction in squared
Sharpe ratio associated with this asset removal is described in Theorem 7. By contrast, Theorems 8 and 9
describe the set of all assets whose removal assigns a given vector of risk premia to the factors, whether or
not the factors are then a linear factor model for the remaining assets. One might suspect that the weaker
conditions of Theorem 9 can be met with a smaller reduction in squared Sharpe ratio than in Theorem 5.

This will often be the case, but is not necessarily so, as shown by the following theorem.

Theorem 10. Let F be a set of N factors, and let Z be a set of M > N + 1 asset payoffs, such that F' and
Z satisfy the full-rank assumptions, but such that F is not a linear factor model for Z. Let vy # v (F,Z) be
an N-vector, and let w (c,() be as defined in Equation 3.7.

1. If the vector vy, satisfies the condition:
neE7ahz < 1557587 Yo (3.9)

then the value of  that maximizes S? (Z S wc, C)T Z) is ( = Oprx1- In this case, I is a linear factor
model for Z & w (c, O)T Z, and:

(15523 (w2 — 87%0)]

s2 (Z Sw(c,0)7 Z) =TS b, — h\ (3.10)
(NZ - 5T70) EEIZ (MZ - BT%)
This region consists of a closed half-space of RN .
2. If the vector vy, satisfies the condition:
BT ppl T g < uZE5768 0 < nG S50z (3.11)
then S2 (Z o w (e, C)T Z) 18 mazimized by any C that satisfies:
("S22C = = (uzE5z0z — ETEppT 1z) o (NZ - 5T70) (3.12)

#EFE;}DFT (ﬂz - ﬁT%)

In this case, ~ (F, Zowe, C)T Z) =7y, but F is not a linear factor model for Z & w (c, C)T Z. The
squared Sharpe ratio offered by the remaining assets is the same as the squared Sharpe ratio offered by

the full set:
$2(zow(e Q)" 2) = 1GEzhns (3.13)

This region lies between two (N — 1)-dimensional hyperplanes.
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3. If the vector vy, satisfies both of the conditions:

IN

p5S758 v < npTSppl iy (3.14)
T
WG iz — SIETSppT < (3uz —487%) T4 (3uz — 48" (3.15)

N

then there is no value of ¢ that mazimizes S* (Z cw (e, )" Z). However, S* (Z@ w (e, )" Z) is
bounded above, and the bound may be approached arbitrarily closely by choosing ¢ such that (TS, 5¢ is
arbitrarily large. F is not a linear factor model for Z & w (c, C)T Z (provided ¢ # 0), and the limiting
value of S? (Z e w (e, C)T Z) s given by:

{#EFE;}DFT (ﬂz - ﬁT%ﬂ i

(MZ - 5T’YO)T FE;}DFT (ﬂz - ﬁT’Yo)

lim S (Z Sw(e,)” Z) = uLy i, — (3.16)

(CTZZZC)‘}+OO

This region is the set of all points lying within a closed half-space of RY, but outside an open ellipsoid
lying entirely within the closed half-space. The interior of the ellipsoid may not exist (i.e., the ellipsoid

may consist of a single point or may be the empty set).

4. If the vector vy, satisfies the condition:
T
WESzhnz < (3uz —48"v0) Sz (3uz —48"%0) < WEShug — SuETSHET g (3.17)
then S2 (Z o w (e, C)T Z) 18 mazximized by any C that satisfies:

(NZ - 5T’YU)T ZE% (UZ - QBT'YO)

("SnC = -
” (uz - BT%)T ISppl T (uz - QBT%)

(3.18)

In this case, v (F, Zowlc, ()T Z) =0, F is not a linear factor model for Z & w (c, ()T Z, and:
52 (Z ow(c,¢)" Z) =y Sy — 40 BE,y (uz - ﬂTvo) (3.19)

This region is the open interior of the previously referenced ellipse, but outside a smaller ellipse. Either

the smaller ellipse or both ellipses may be degenerate.

5. If the vector vy, satisfies the condition:
T
(3uz —48"%)" =74 (3uz — 48" ) < WE=7hnz (3.20)

then the value of ¢ that maximizes S? (Z o w (e, C)T Z) 18 ( = Oprx1- In this case, F is a linear factor
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model for Z S w (c,0)" Z, and:

{MEEEIZ (MZ - BT%)F

(Mz - BT%)T Y75 (uz — BT%)

S2 (Z ew(c,0)" Z) = puL, Ly — (3.21)

This region is the closed interior of the smaller ellipsoid referenced in the previous case. Since the

ellipsoid may be degenerate, this region may consist of a single point or the empty set.

Proof: See Appendix.

Theorem 10 identifies five distinct regions a given vector v, € RY might occupy; Figure 3 shows these
regions graphically. In the first region, occupying a closed half-space, the vector of risk premia can be achieved
with the smallest possible reduction in squared Sharpe ratio by the construction of Theorem 5, which makes
the factors a linear factor model for the remaining assets. Removal of any other asset within the space
identified by Theorem 9 results in larger reduction in squared Sharpe ratio, and also fails to make the factors
a linear factor model for the remaining factors; relaxing this requirement does not make it easier, in terms of
squared Sharpe ratio reduction, to achieve a given risk premia vector in this region. The fifth region has the
same properties as the first, except that the fifth region may consist of a single point, or may not exist at all.
In the second and fourth regions, consisting of the region between two hyperplanes and the region between
two ellipsoids, respectively, there exist assets (characterized by a common value of (TE 7zzC) whose removal
results in the given risk premia vector with a smaller reduction in squared Sharpe ratio than is possible by the
construction of Theorem 5. The second region is of particular note, since any risk premia vector within this
region can be achieved with no reduction in squared Sharpe ratio at all. In the third region, the given risk
premia vector can be achieved with reduction in squared Sharpe ratio arbitrarily close to the limiting value
by choosing CTE zz( to be arbitrarily large.

The results of this section demonstrate that omission of an asset, even if it does not decrease the squared
Sharpe ratio offered to investors at all, can have dramatic effects on the risk premia vector assigned to a set of
factors. Omission of a single asset can make the set of factors a linear factor model for the remaining assets
with an arbitrarily specified vector of risk premia, and for many values of that vector, the reduction in Sharpe
ratio caused by the asset omission can be small or even zero. Many values of the risk premia vector can be
achieved with an even smaller reduction in Sharpe ratio, if the factors are not required to be a linear factor
model for the remaining assets. By contrast, as per the results of the previous section, the risk premium
assigned to a spanned factor is not sensitive at all to asset omission, provided the asset does not cease to be

spanned as a result of the omission.

4 Shadow Returns

One might be interested in unspanned factors because markets are incomplete, or because it is impossible
or impractical to identify enough assets to span a particular set of factors. Focusing on the latter case, we

consider the "unspanned" components of a set of factors to be in fact spanned, but by assets not observed
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Location of Minimum Sharpe Ratio Reduction Portfolio in Two
Factor Model
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Figure 3: This figure identifies the five regions characterized by Theorem 10, for the same factors and assets
used in Figure 2. Risk premia vectors lying within Regions I and V can be achieved with the smallest possible
reduction of squared Sharpe ratio in the construction of Theorem 5, in which case the factors form a linear
factor model for the remaining assets. Within Regions II and IV, a construction other than that of Theorem
5 results in the minimum reduction in squared Sharpe ratio; the factors are in this case not a linear factor
model for the remaining asset. Within Region III, there is no minimum reduction in squared Sharpe ratio,
but rather a limit which can be approached arbitrarily closely. As this limit is approached, the factors are not
a linear factor model for the remaining assets. For some sets of factors and assets, Region V may consist of a

single point, or vanish entirely. Similarly, Region IV may vanish entirely.
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by the econometrician. For a set of factors F' and a set of assets Z that satisfy the full-rank assumptions, let
K < N be the rank of ¥,,. We assume the existence of a set of asset payoffs Y, with finite and full-rank

covariance matrix Xyy and mean py-, such that:
(n—py) =0T (Y — py) (4.1)
for some K x N matrix ¥ with rank K. It follows that:

Y = OISy U (4.2)
Yyrp = XYyn=2XyyV¥ (4.3)

Y and Z are uncorrelated (since n and Z are uncorrelated), so F' and the union of Z and Y satisfy the full-rank

assumptions. Since the factors F' are spanned by Z and Y, we have:

T

Z r Hz
Yo=7 | £ = =TTy + V7 py (4.4)

Y v Hy

This value is the solution of the minimization problem:
. 7\ w1 T 7\ -1 T
Yo = arggl}in [(MZ - 527) py (MZ - 52’7) + (MY - 5)/’7) Yyy (,U'Y - ﬁy’?)] (4.5)
ve

where 8, = E;};EFZ and By = E;};Epy. However, since the expected excess returns of the assets Y are
not observed, we can only calculate the vector of risk premia for F' using the assets Z, as per Equation 2.15.
If we set the two risk premium definitions (one requiring knowledge of py-, and therefore infeasible) equal to

each other, we find:

Z
T\ F = (F2) (4.6)
Y
FTNZ‘i'\I’TﬂY = FTMZ+EWWZI_D}DFTMZ (4.7)
-1 _ -
Hy = (‘I"I’T) U Sppl Tz = Byy UEppl iy (4.8)

We can therefore interpret the assignment of risk premia to F' when p, is observed (but py- is not) as assigning
shadow expected excess returns to the unspanned components of F' (i.e., to Y). From Equation 4.8, these
shadow values are unique, whether or not F' is a linear factor model for Z. If we attempt to predict the

expected excess returns of the assets Y using the risk premia vector v (F, Z), we find:
By (F.Z) = SyrSppy (F. Z) = Syy USppl iy (4.9)

Note that the expected excess returns predicted by this equation are the same as the shadow prices assigned
by Equation 4.8, whether F' is a linear factor model for Z or not. If F' is a linear factor model for Z, and the
actual expected excess returns of Y are equal to the values predicted by Equation 4.8, then F is a linear factor

model for the union of Z and Y (F may fail to be a linear factor model for Y, since there is no guarantee that
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F and Y satisfy the full rank assumptions).

Of course, if the actual value of iy is something different than the shadow value specified in Equation 4.8,
then the unobservability of Y results in a different (and incorrect) assignment of a vector of risk premia to
F. Since the econometrician who does not observe the assets Y has no information concerning the true value
of uy-, other than perhaps a theoretically motivated belief that a particular set of factors constitutes a linear
factor model, it is not clear that the shadow values assigned are meaningful. One possible way to characterize
the shadow expected excess returns is in terms of the mean-variance efficient portfolios formed from P and Y.

By premultiplication of both sides of Equation 4.8 by (Y — ,uY)T E;%,, we find:
_ _ T
(Y - .UY)T Ey%/ﬂy =Y - MY)T ‘I’EP}DFTNZ = (77 - Hn) ZP}DFT:“Z (4.10)

If the shadow value of py is in fact the true value, then YTZ;,%/MY is the mean-variance efficient portfolio
formed from the assets Y, and P7Y51T7 i, is the mean-variance efficient portfolio formed from the assets P.
In other words, the linear combination of factors FTE;};FT/LZ has a projection onto Z of PTEI;}_—,FT,U,Z, and
a projection onto Y of (n — ,un)T Y ppIl Ty, If the shadow value of puy is equal to the true (but unobserved)
expected excess returns of Y, then both of these projections are mean-variance efficient within the spaces
spanned by Z and Y, respectively. The risk premia assigned to F' therefore implies shadow values of py- that
ensure the same linear combination of factors with a mean-variance efficient projection onto P, also has a
mean-variance efficient projection onto Y.

The shadow values of py-, of course, do not necessarily bear any relation to the true values. Consider a set
of assets Z and a set of spanned factors P = I'7Z, and a set of assets Y, uncorrelated with P. It is possible
to construct a set of NV factors F' with projection P onto Z, such that the shadow value of py- is equal to any
arbitrarily chosen non-zero value; if the rank of ¥ is less than IV, then any arbitrarily chosen value of py,

including zero, is achievable.

Theorem 11. Let Z be a set of M assets, and let P =TT Z be a set of N factors spanned by Z, such that Z
and P satisfy the full rank assumptions. Let'Y be a set of K < N assets with a finite and full rank covariance
matric Xyy , uncorrelated with Z. Let g be any K-vector. If K < N or uy # 0, then there exists a set of N
factors ' with projection P onto Z, such that the shadow value of py from Equation 4.8 is equal to p.

Proof: See Appendix.

If the allegedly unspanned components of a set of factors are in fact spanned, then, as per the results of the
previous sections, the risk premia vector (under the assumption that all assets are observed) is unique, well-
defined, and invariant to the addition or removal of assets or other factors, so long as the full-rank assumptions
are satisfied (and as long as the removal of an asset does not cause a previously spanned factor to become
unspanned). By contrast, the risk premia definition of Equation 2.15 implicitly assigns to the "unspanned"
components a set of shadow expected excess returns that results in the closest fit of the assets Z to the
factors F', without regard to the true value of py (which is unobserved). Theorem 11 shows how arbitrary
this assignment can be; essentially any shadow value can be assigned simply by repackaging the spanned and

unspanned components of the factors. Use of "unspanned" factors, which are in fact spanned by other assets
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not included in a study, therefore tends to result in overfitting; unless the shadow value of uy- is exactly equal
to the true value, the risk premia assigned to a set of factors F' by Equation 2.15 predicts expected excess
returns for the assets Z that are a closer fit to the observed expected returns than those predicted by the true
risk premia.

Empirical studies generally do not distinguish between the two types of risk premia, i.e., that which is due to
15 and that which is due to py-. Since the assignment of risk premia to uy- is very sensitive to misspecification,
recognition of such a distinction would be useful; reporting the risk premia of factor projections, in addition
to or instead of the risk premia of the factors themselves, would be a useful guide to the reliability of the risk

premia. The risk premia of the projected factors, as already noted, are given by:
YV (P,2) =T, (4.11)

Considering the factors collectively, the maximum squared Sharpe ratio offered by the factors (treating them

as if they were traded assets) is given by:

YI(F, Z) Sy (F, Z)

HETSppSrr S bl T iy (4.12)
= pglSppl iz + up TS pp S Sppl iy (4.13)

By contrast, the maximum squared Sharpe ratio offered by the factor projections (treating them as if they

were traded assets) is given by:
V' (P, 2)Sppy (P, Z) = TS ppT iy (4.14)

It is a fairly common practice to examine the difference between this latter quantity and the maximum squared
Sharpe ratio offered by the assets (given by M%Zglz tz); typical GMM formulations and the method of Gibbons,
Ross, and Shanken (1989) test the hypothesis that this difference is zero (in which case the factors are a linear
factor model). However, the difference between the quantities in Equations 4.13 and 4.14 is rarely, if ever,
examined; nor is the difference between « (F, Z) and « (P, Z). Although there would appear to be little point
in performing a statistical test to see if the two are different, the difference provides insight into how much
of the risk premia assigned to a set of factors is directly observed in the asset returns, and how much is the
result of extrapolation (which relies on model correctness). The risk premia v (P, Z) may be viewed as the
product of a policy of conservatism, reflecting only risk premium for which the asset returns provide direct
evidence. The risk premium of v (F, Z), by contrast, may be viewed as the result of a policy of optimism, in
which possibly large risk premia, for which there are no direct evidence, are attributed to unobserved assets
in an effort to fit the data better. Should the model turn out to be misspecified, much of the risk premia
assigned to the factors by v (F, Z) may turn out to be fictional. By contrast, the risk premia assigned to the
projection factors v (P, Z) are robust to misspecification.

The next section considers the problem of estimating risk premia of various types of factors, including the

projections of unspanned factors.
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5 Estimation

We now consider the problem of estimation of risk premia for a set of factors from a time series of observations
of the factor realizations and asset payoffs. Such a problem is considered by Black, Jensen, and Scholes (1972)
and by Fama and MacBeth (1973), who employ a two-pass regression method; Shanken (1992) derives the
asymptotic distribution of the vector of risk premia estimated by such a method, but under an assumption that
the factors constitute a linear factor model for the assets, and Kim (1995) modifies this analysis to account for
heteroskedasticity. However, the combination of unspanned factors and possible misspecification adds some
additional complexity to the analysis.

We take the estimation approach of replacing mean vectors and covariance matrices in the definition of
the risk premia vector by their sample counterparts. This approach is straightforward, and also produces the
same estimates as a two-pass regression technique, provided an appropriate GLS weighting matrix is used.

The f coefficients for a set of assets can be estimated in a first pass regression of the time series of Z onto F":
B=Yp1Yrz (5.1)
The risk premia estimates can then be estimated in a second pass regression of i, on B:
—~ SA—1 ~T -1 S -1 ~
Y(F, Z) = (ﬂzzzﬂ ) (5zzzﬂz) (5.2)

where the GLS weighting matrix i}é is used. If the joint distribution of F' and Z is such that the sample

estimates of Xpp, ¥pz, X7z, and p, are consistent, then:

-1

plim7 (F,2) = (87567)  (BSzhnz) (5.3)
_ _1\—1 _ _

= (SrrZrrEpr)  (Srrrz¥zziz) (5.4)

= Bpp¥pplpy = (F 2) (5.5)

This method of estimation is therefore consistent (provided, as stated above, the estimates of Xpp, Xpz, X2z,
and p, are consistent). If F' is a linear factor model for Z, then it is consistent with other choices of weighting
matrix as well, although in this case the results of the second regression are subject to the small sample
problems discussed in Kandel and Stambaugh (1995). Furthermore, we note that no constant is included in
the second regression, since we are dealing with excess returns rather than returns. If a constant is included in
this regression, the results are subject to the Kandel and Stambaugh (1995) small sample problem even if the
GLS weighting matrix Eglz is used. In the case of spanned factors, although the two-pass regression estimator
with GLS weighing matrix of i}lz is consistent, is is unnecessarily complicated; in this case, the risk premia
are v = I'T'y1,, which is more simply estimated by regressing the time series of factor realizations on the asset
returns, and then multiplying the estimated coefficients by an estimate of p,. We simply take the approach
of replacing the matrices Y pp, Xpz, Y7z, and u, in the definition of the risk premia vector by their sample

counterparts, since both of the two regression schemes described above yield the same result anyway.
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First, we consider the case of spanned factors. The vector of risk premia is then:
V(P Z) =TTy = SrzS550, (5.6)

Since the factors are spanned, the matrix I' can be estimated without error; the coefficients of I" are the
coefficients of a regression of F' onto Z, as per Equation 2.7, but in which the variance of each element of n
is zero. The only variation in estimation is therefore due to variation in the estimation of p,, which can be

estimated by its sample mean:
(F,2) = SpaSyyhy =T g =T iy (5.7)

Under an assumption that the observations of Z are i.i.d. distributed, the variance of this estimator has a

particularly simple form.

Theorem 12. Let Z be a set of assets and let P =TT Z be a set of factors such that P and Z satisfy the
full-rank assumptions. Let 7 (P, Z) be the estimate of v (P, Z), as per Equation 5.7. If the time series of
observations of F and Z is i.i.d., then 5 (P, Z) is a consistent estimate of v (P, Z), with asymptotic variance

given by:
AVar [:y\ (P, Z)] = Epp (58)

Proof: See Appendix.

The asymptotic variance of an individual factor does not depend on the other factors included in the
factor set; furthermore, as long as the factors are spanned, the asymptotic variance of the risk premia vector
is completely invariant to the choice of the spanning assets Z. This result can be viewed as a multivariate
generalization of the result of Kandel and Stambaugh (1995), who consider a single spanned factor and
expected returns (rather than expected excess returns) and find that the risk premium estimate differs from
the zero-beta rate by the expected return of the factor’s spanning portfolio when the GLS weighting matrix
is used. Since we consider expected excess returns, the zero-beta rate is equal to zero, and the risk premia for
factors are thus the expected excess return of the factors’ spanning portfolios. No other characteristic of the
assets or factors is relevant for the determination of the factor risk premia.

Before considering the fully general case of factors with unspanned components, we examine estimation of
the risk premia of the projection P of a set of (not necessarily spanned) factors F' onto the assets Z. If F' and
Z satisfy the full-rank assumptions, then so do P and Z, and if F' is a linear factor model for Z, then so is P.
However, in this case, the coefficients I" are estimated with error. The risk premia of the projections of the

factors are given by:
¥ (P, 2) =T 1y = SpzSz 71z (5.9)
This value can be estimated by:

(P, 2)=T"]iy = SrsS, L0y (5.10)
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The uncertainty in the estimation of I' leads to a larger asymptotic variance than when P is observed directly.

Theorem 13. Let F be a set of factors and Z a set of assets, such that F and Z satisfy the full-rank
assumptions. Let P be the projection of F onto Z. Let 7 (P, Z) be the estimate of v(P,Z), as per Equation
5.10. If the time series of observations of P and Z is i.i.d. with a multivariate Gaussian distribution, then

v (P,Z) is a consistent estimate of v (P, Z), with asymptotic variance given by:
AVar[§ (P, Z)] = (155 5102) San + Zpp (5.11)

Proof: See Appendix.

Of course, Theorem 12 may be viewed as a special case of Theorem 13. The presence of unspanned
components necessarily increases the asymptotic variance of the risk premia estimates, unless the expected
excess return of every asset is equal to zero. Note that the asymptotic variance of the risk premia vector
depends only on the covariance matrices of the spanned and unspanned components, and on the maximum
squared Sharpe ratio offered by the assets Z. As in the case of Theorem 12, the asymptotic variance of the risk
premium of an individual factor does not depend on the other factors included in the factor set. In particular,
if an individual factor has no unspanned component, the estimate is not affected by the presence of unspanned
components in other factors included in the factor set.

In the fully general case of unspanned factors, the risk premia vector is given by:
_ _ -1 _
Y(F,Z2) =SprEppy (P Z) = 2pr (Srz85552r)  SrzS540y (5.12)

In addition to the variation due to the estimation of v (P, Z), the result is premultiplied by % FFZ;}D, which

must also be estimated. The estimate is therefore given by:

o e e 1
Y(F,Z) =Xpr (ZFZE;ZEZF> SrzYygyliy (5.13)

If F is a linear factor model for Z, then the asymptotic variance of 7 (F, Z) takes on a particularly simple

form.

Theorem 14. Let F be a linear factor model for Z, and let 7 (F,Z) be the estimate of v(F,Z), as per
Equation 5.13. If F' and Z are i.i.d. with a multivariate Gaussian distribution, then 5 (F,Z) is a consistent

estimate of v (F, Z), with asymptotic variance given by:
AVar[§ (F, Z)] = Spp + 1+ (F,2)S5py (F,2)] (S0 + Z0nSppSan) (5.14)
The asymptotic variance can also be expressed in terms of p, instead of v (F, Z):
= _ Ty —1 1T Tpy—1 —1 T -1
AVar [§(F, 2)] = Xpp + [1+ puzISppl™ g + nzlEppEanEppl 1iz] (Snn + SpnXppEan) (5.15)

Proof: See Appendix.
A similar expression appears in Shanken (1992), who considers the estimation of risk premia by two-pass

regression when dealing with expected returns (as opposed to expected excess returns). The incremental
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variance incurred by choosing F' rather than P as the set of factors is given by:

AVar[§(F,Z)] - AVar (P, 2)] = [1+4" (F.2) Sy (F. 2)] (Z0ySppSmm) (5.16)
+ [2 + ’VT (F,Z) EE}FZME;«“}DV (F, Z)] Y

or, expressed in terms of u, instead of v (F, Z):

1+ pZTe b7
AVar[7(F,Z)] — AVar [7(P,Z)] = K" =pp. Kz (DS phSm) (5.17)
T 1 I — nm=pPpP<nn
Tzl X pp Xy Xppl™ iz

+ (2 + NEFE;}DEMZ};}DFTMZ) s

The difference is clearly positive as long as >,,, is not equal to zero. The presence of unspanned components
causes 7 (F, Z) to have larger variance than 4 (P, Z), even if v (F, Z) = v (P, Z). Although the variance of the
risk premium estimate for an individual spanned factor is unaffected by the inclusion of unspanned components
in other factors, it should also be noted that the asymptotic variance of the risk premium estimate of an
individual factor with an unspanned component is, in contrast with the two previous cases, dependent on the
other factors included in the factor set.

When F is not a linear factor model for Z, there are additional sources of variance.

Theorem 15. Let F' be a set of factors and Z be a set of assets such that F' and Z satisfy the full-rank
assumptions, and let 7 (F, Z) be the estimate of v (F,Z), as per Equation 5.13. If F' and Z are i.i.d. with a
multivariate Gaussian distribution, then 5 (F, Z) is a consistent estimate of v (F, Z), with asymptotic variance

given by:

AVar [y (F,Z)] = XYpp+ [Zrm + EnnE;}DEnn] (1 + MEEEEMZ + NEFE;}DEMEI;}DFTNZ) (5.18)
+ [EWUE;’}?ZWI + EnnE;},EWE;}DEW} (UEEE%MZ - NEI‘E;},FTNZ) (5.19)

Proof: See Appendix.

To distinguish between the two versions of the asymptotic variance of 7 (F, Z) (derived under differing
assumptions about the asset expected excess returns), we denote the asymptotic variance from Theorem 14
by AVarpp, since it is derived under the assumption that F' is a linear factor model for Z. The difference

between the two asymptotic variances (from Theorems 15 and 14) is then given by:

St
AVar [ (F,Z)] — AVarpr [§ (F,Z)] = PAIEE et S HRES (€T (F,2)%,,e(F, Z)] (5.20)
ZnEppEmn S pp S
The right-hand side is always positive whenever ¥,, # 0 and ¢ (F, Z) # 0. Holding the covariance matrices
and «y (F, Z) fixed, Equation 5.20 indicates the degree to which misspecification (i.e., that F' is not a linear

factor model for Z) affects the variance of the estimate of v (F, Z). The greater the misspecification (i.e., the

larger the magnitude of e (F, Z) ¥, ¢ (F, Z)), the larger is the asymptotic variance of the risk premia vector.
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It is worth noting a few points on hypothesis testing. A common practice is to test whether a given factor
is "priced," in the sense that it has a risk premium different from zero. When risk premia are estimated using
a two-pass regression technique, the t-statistic of a risk premium estimate is often used to determine whether
the corresponding factor is priced; Chen, Kan, and Zhang (1999) offer a criticism of this approach based on
the statistical properties of the risk premia estimates. However, quite apart from any econometric issues, this
approach is conceptually flawed. If a factor is spanned, its risk premium is equal to the expected excess return
of the spanning portfolio. This result does not depend on what other factors are included in a factor set,
whether those factors constitute a linear factor model for the assets, etc. For example, given a set of M > 1

assets Z, consider the factors F' defined as:
T e
FT =y +(Z = 12)" 524 [ ny w ] (5.21)

where w is an M-vector with w # u,k for any constant k. It is a brief exercise to verify that F' is indeed a
linear factor model for Z, and that the risk premia of the two factors are ugE;Z 1 and ugEEIZw, respectively.
However, one quickly verifies that the first factor is by itself a linear factor model for Z, with the same risk
premium. If ,ugEglzw # 0, then the second factor has a non-zero risk premium despite its non-importance,
and a consistent estimation technique allows an econometrician, given enough data, to reject the hypothesis
that the risk premium of this second factor is zero. Despite this finding that the factor is "priced," it has
absolutely no relevance, given the other factors in the model, for asset pricing.

Similarly, let w be an M-vector such that ,ugE;Zw =0 and w # pzk for any value of k. Then define the

factors:
FT'=(Z~ :U‘Z)T E;Z Hz —w w ] (5.22)

One also readily verifies that this set of factors is a linear factor model for Z. However, if the second factor,
which by definition has a risk premium of zero, is removed, the remaining factor is not a linear factor model.
One can in fact make the fit of the first factor arbitrarily bad (i.e., the value of e* (F,2) ¥, L¢e (F, Z) is
arbitrarily large) simply by choosing w such that wTE;Zw is large enough. For sufficiently large w, the first
factor does a very poor job predicting the expected excess returns of the assets, but when the second factor
(with its risk premium of zero) is added, the model predicts the expected excess returns of all assets perfectly.
However, conventional statistical tests will fail to reject the hypothesis that the risk premium of the second
factor is zero (since the hypothesis is true) 95% of the time. Despite its importance in asset pricing, the second
factor is not "priced."

Whether the risk premium of a spanned factor is equal to zero or not has essentially nothing to do with
its importance in a model for expected excess returns. As per the results of earlier sections, holding a set
of assets fixed, the risk premium of an unspanned factor is not even uniquely defined, unless the factor is a
linear factor model by itself. However, even if the risk premium of a particular factor is "correct," in the
sense that it is spanned by additional assets (not included in the study) with actual expected excess returns
equal to the shadow values, the use of t-statistics of risk premia, or similar techniques, in model selection is

fundamentally flawed, because it tests the wrong hypothesis. An appropriate hypothesis to test is not whether
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the risk premium of a factor is equal to zero, but whether the removal of the factor from the model results in

a statistically significant change in the fitted values of the expected excess returns of the assets.

6 Conclusion

We have examined the problem of definition and estimation of risk premia for linear factor models in the
presence of misspecification. The results show that factors that are spanned by the assets under study can be
assigned risk premia that are invariant to the choice of other factors included in the model, and also to the
choice of assets under study; furthermore, model misspecification does not increase the asymptotic variance
of estimates of such risk premia. By contrast, it is impossible even to define unambiguously the risk premium
of an unspanned factor in the presence of model misspecification; such a risk premium is dependent on the
other factors included in a model, and also on the assets under study. Furthermore, even holding the set of
factors fixed, misspecification leads to larger asymptotic variance for estimates of the risk premia of unspanned
factors. The risk premium of a spanned factor can be considered an intrinsic property of the factor itself, as
it is invariant to the model in which the factor is placed and the assets used to span it. By contrast, the risk
premium of an unspanned factor is only meaningful in the context of the other factors in the model and the
assets included in a study.

If it is not possible or practical to extend the set of assets included in a study so that all factors are
spanned, then a researcher may nonetheless avoid the hard consequences of potential misspecification on
factor risk premia by focusing instead on the risk premia of the projections of the factors onto the asset
space. These projections, being spanned factors themselves, are completely immune to the troubles associated
with unspanned factors, although, since the projections onto the asset space are estimated with error, the
asymptotic variance of the risk premia are larger than they would be if the projections were estimated without
error. However, the asymptotic variances of the risk premia estimates of the projections are still smaller
than the asymptotic variances of the risk premia estimates for the factors themselves. If a model is possibly
misspecified, distinguishing between the risk premia of the factors and their projections provides an indication
of how much of a factor risk premium is due to extrapolation, which is sensitive to misspecification, rather than
direct observation, which is not. The risk premia of the projections are completely robust to misspecification,
and may be viewed as the result of a policy of conservatism, reflecting only risk premium for which there is
direct evidence from asset returns. By contrast, the risk premia of unspanned factors are highly sensitive to
misspecification, and may be viewed as the result of a policy of optimism, reflecting extrapolated components
of risk premium for which there is no direct evidence in asset return data. The robustness of an empirical
study can thus be improved by reporting the risk premia of factor projections, in addition to or instead of the

risk premia of unspanned factors.
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7 Appendix

7.1 Proof of Lemma 1
Since F' is a linear factor model for Z, we have:
_ ol _ -1
Wy =07 =YzrX gy (7.1)

From the full-rank assumptions, the quantity Ypp (ZFZEEEZ ZF)_1 by FZZEIZ is well-defined and unique.

Premultiplying both sides of Equation 7.1 by this quantity yields:
_ -1 _ _ -1 _ _
YFrF (EFzzzleZF) YrzY iy = YFF (EFzzzleZF) YrzY y N r Yy = (7.2)

The last expression is the desired result.QED

7.2 Proof of Theorem 1

We show that the other four quantities in the chain of equalities are all equal to 27 ui,. Beginning with F', the

risk premia vector is:

_ —1 _ _
V(EZ) = Spr(Srz85,%2rF)  ErzSiunz = Srelppling (7.3)
(Zpp +0y) ppl itz =Thug + Sy pplriy (7.4)

We premultiply both sides of the equation describing the projection of F onto Z by z”:
el (F = pp) =" TE (Z — pg) + 2" (7.5)
Since n and Z are uncorrelated, and by assumption o7 (F — up) = 27 (Z — ), it must be the case that:

Ty = 0 (7.6)
T z'TL (7.7)

w
Il

From the last expression, we have 27 11, = 27 T'% 11,,. Premultiplying both sides of Equation 7.3 by 27, we find:
eTy (F,Z) = 2" Thug + 2" Sy X pplhng = 2 1y (7.8)

Proceeding analogously with G in place of F' establishes the remaining identities. QED

7.3 Proof of Theorem 2

Consider the deviation of the vector v (F, Z) from ~y (P, Z):
V(F.2) =v(P,2) = S ppy (P Z) (7.9)
If we premultiply both sides of Equation 7.9 by v (P, Z)T E;},, we find:
7 (P.2)" Spp v (F.2) =7 (P.2)] =7 (P, 2)" SppSmSppy (P.2) (7.10)
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The right-hand side is clearly non-negative, since X,,, is positive semidefinite. If the right-hand side is zero,
then the right-hand side of Equation 7.9 is also zero, and v (F, Z) = v (P, Z). If the right-hand side is positive,

we have:

Y(P.2) Spp v (F.Z) —v(P,Z)] > 0 (7.11)
V(P.2)" Sppy(F.Z) > 7(P.2)" Sppy(P.2) (7.12)
To show the other direction of the implication, we take as given a vector  falling within the specified
region (i.c., either v = v (P, Z) or (P, Z)" Sppy > v (P, z" Ypp7Y (P, Z)), and construct a linear factor
model F' such that v (F,Z) =~. If vy = (P, Z), then we can trivially take F' = P. If v # ~ (P, Z), then we

must choose ¥,,, such that:*
V(F.Z) =7 (P.2) + S Zpp (P, Z) = (7.13)

If N =1, we can trivially choose any random variable 7 such that:

Sppy (P 2)
Varlnl=%,, = £ =/ 7.14
Since:
=7 (P,2) Sppy (P, 2) >0 (7.15)
it must be the case that either:
¥ —~(P,Z)>0and Sppy (P, Z) >0 (7.16)
or:
¥ —~(P,Z)<0and S5y (P, Z) <0 (7.17)

In either case, the required value of X, is positive.
For N > 1, rather than choosing ¥, directly, we consider a non-singular transformation of this matrix.

The required identity can be expressed as:
Y= (P.2) = S0 Spby (P, 2) = K [K7'2y, (KT) | KTS507 (P, 2) (7.18)

where K is an arbitrarily specified non-singular N x N matrix. We choose for K:

- Sppy(P2) ]
K [’Y(P,Z)TZ;};E;},%P,Z) e H (7.19)

where ¢ is defined as:

(P,2)" Spplv =7 (P, 2)]

- g
e=[1=7(P2)]-3ppy(P,2) L (7.20)
7 (P, Z)T SppEppy (P 2)
and H is an N x (N — 2) matrix orthogonal to the first two columns of K:
v(P,Z)'SLH = 0 (7.21)
e’H = 0 (7.22)

4We assume the probability space contains at least N random variables with finite variance that are uncorrelated with Z and

each other.
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(If N =2, then H is empty and K consists only of the first two columns.) Note that ¢ is also orthogonal to
the first column of K:

Tt [y =~ (P, 2)] -
Ty Y (Pa Z) Z]PP E,1 (P Z) fy(P,Z)TE;};['y—fy(P,Z)]
v(P,Z) Yppe _ PP\ 2) P TS LS LA (P Z) _ 0 (7.23)
Y (P.2)" SppSppy (P.2) v (P,2)" SppSppy (P, 2)
We define the matrix :

Q=K'%,, (K7)" (7.24)

We can now rewrite Equation 7.18 as:
v =7 (P,Z) = KQK"Sppy (P, Z) (7.25)

where (2 is a positive semidefinite matrix. Substituting in the definition of K, we find:

1
_ _ Sppy(P.Z)
1=1B2) = | spatststrs ¢ H ] Q 0 (7.26)
O(n—2)x1
We choose 2 such that:
1 ¥(P,2)" Spp [y = (P, Z)]
Q 0 = 1 (7.27)
O(nv—2)x1 O(n—2)x1

We then have:

(P, 2)" Spp Iy =7 (P, 2)]

_ Spp1(P.2)
T=y(PZ) = [W(P,Z)TEE;E;;V(RZ) £ H] 1 (7.28)

O(n—2)x1
Sppy (P, Z) T o1
= — — ’}/(P,Z) ZPP[PY_’Y(PaZ)]_Fg (729)
V(P Z) SppEppy (P 2)
= 1-1(P2) (7.30)

By assumption, 7 (P, Z)T E;}D [v — v (P, Z)] is positive, so the matrix {2 can be chosen to be positive semidef-
inite. Since ¥,, = KQK T and K is non-singular, X,y is also positive semidefinite; from Equation 7.30, this

choice of 3,,, generates the specified vector of risk premia v.QED

7.4 Proof of Theorem 3

Let G be a set of additional factors, such that the union of F' and G, called H, is a linear factor model for Z.
Consider the partitioned model:

F Ik 1 P |
G rZ 0 Q 1

H =

I
N
I
=
N
_|_
I

(7.31)
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where n and § are uncorrelated with Z. The vector of risk premia for the projection of H onto the asset space

is given by:
P 7
¥ 2| = fz (7.32)
Q G
The vector of risk premia for H is given by:
- - - - -1
V(H.7) = ~ P A S Zns LSy, TEY,Tq rt L, (733)
’ Q| Son Ses | | TESz2Tk TESz2Tq r
P by by
— 4 2+ T T ey, (7.34)
Q Yoy Mss
where:
— - - _1 — - -
IYzz0p— rt—
-1 ’ -1
IND WPV (ngzzrg) 'Ly, ,Tr IEYz2Tq (TEXz2Te) T
P = = -1 F = (735)
LYyl a— rt—
1 : -1
l 'Ly, Tr (FEEZZFF) IS WPV | I 'Ly, Tk (FITDEZZI‘F) L |

Since H is a linear factor model, it must be the case that:

YzF

Ly BE~(H,Z) = SyuSytyy (H, Z) = Sy (H, Z) (7.36)

Yz
= YzrAr+Yzehe = 2zz2lrAr + 22206 Aa (7.37)

for some Ap and Ag. Plugging this value for p, into Equation 7.34, we find:

P Yo AR + XA
v (H,Z) -~ 7| = | T (7.38)
Q EsnAr + EssAa

Consider the case in which the factors G have no unspanned components (i.e., § = 0). In this case, we have:

P YA
v(H,Z)—~ Z =] """ (7.39)
0
The matrix ¥ in this case is given by:
1
U = N (7.40)
Orxn

where K is the number of additional factors contained in G. Then the desired relation is:

I
M = (P Z) 4 Syphr (741)

P
v o= UIN(H,Z) =TTy 7|+
Q
T=v(P,Z) = ZuArp (7.42)

Let L be the rank of %,,. Let wi,...,wny_r be N — L linearly independent vectors such that wZTmei =0

for each 1 < i < N — L, and let vy,...,v; be a set of L vectors linearly independent of each other and of
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W1, ..., wr—N. By assumption, w! (y —~(P,Z)) =0 for each 1 <4 < N — L. v — (P, Z) can therefore be
expressed as a linear combination of the vectors vy, ..., vy; furthermore, each v;, 1 < ¢ < L can be expressed

as v; = Lypx for some vector x. There therefore exists a vector A such that:
v=7(P,Z) =EpA (7.43)

We therefore need only choose a set of factors G, such that each factor in G is spanned, the union of F' and G

is a linear factor model for Z, and the value of Ag corresponding to this choice of G is equal to A\. We choose:

G = (1fzz —N'TE) (Z - 1) (7.44)
G is clearly spanned by the assets Z. ¥y can only be singular if the factor G can be expressed as a linear

combination of P. Suppose this is the case for some N-vector x:

(45525 = NTE) (Z = pz) = o"P=2"TT(Z - piy) (7.45)
(ﬂgzgg —\TrL xTFT) = 0 (7.46)
py = SzzTr(A+2)=3zr (N +2) (7.47)

= YupYphYEr A+ ) = BeXpr (A4 ) (7.48)

The last result shows that, contrary to the assumptions of the theorem, F'is a linear factor model for Z. Xy
is therefore non-singular. Similarly, ¥ is given by:

Yrz | Yrz Yrz

Yaz (M%Z;Z - /\TFE) Y7z (Mg - ATEFZ)
For this matrix to have rank N (rather than N + 1), there must exist an N-vector x and constant y such that

either © # 0 or y # 0 and:

Shz = (7.49)

Yrz

[ oy ] Xuz = [ ey } (NT - ATEFZ) =aTSpy +y (u§ = ATEFZ) =0 (7.50)
Z

If y = 0, and there exists such an z # 0, then F' and Z, contrary to the assumptions of the theorem, do not

satisfy the full-rank assumptions. But if y # 0, then the last equation becomes:

TSz +y (1~ ATSpz) = 0 (7.51)
pzy = XYzrAy—Xzpx (7.52)

X xr
Ly = Yzrp <)\ — 5) = BLYFr (/\ - 5) (7.53)

F is then, contrary to the theorem assumptions, a linear factor model for Z. It must therefore be the case

that Xz has rank N + 1. H and Z therefore satisfy the full-rank assumptions. Finally, we note that:

Yzu = { Yzr (g —Xzr)) } (7.54)
A A
Yzu ) = { Y2k (pz —XzF)) } LT YzpA+py —XzrA =iy (7.55)
A ) N A
Ly = Xz ) =YzHYgyYHH ) = BuXHn ) (7.56)
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So H is a linear factor model for Z. Construction of H therefore requires selection of a vector A that satisfies

Equation 7.43, and then selecting G according to Equation 7.44.QED

7.5 Proof of Theorem 4
Since F' is a linear factor model for Z, we have:
4y = 85y (F.Z) = Szp S5y (F.2) (7.57)
This expression can be manipulated to yield:
py =SzrSpp (F.2) = Sz 085y (F, Z) = 26566566 Yy (F, Z) = BESca VS ppy (F, Z) (7.58)
From the last expression, G is a linear factor model for Z with:
(G, 2) = Sca ¥y (F, Z) = See¥ (P Sea¥) N (F, 2) (7.59)
Premultiplication of both sides by U7 yields the desired result:
Uy (G, 2) = 9TYqq0 (foTEGG\If)‘l v(F,Z) =~ (F,2) (7.60)

QED

7.6 Proof of Lemma 2

From the definition, Y = T Z for some M x (M — 1) full-rank matrix ® such that wl¥,,® =0. It is clear
that Yyy is finite and full-rank. g is finite and full-rank by assumption. It remains only to show that ¥y
has rank N.

Suppose there exists an N-vector x such that ¥ zpz = Yz zw. Then:
EYF.’L‘ = (I)TZZFLL' = @Tzzzw =0 (761)

The existence of such an x implies that Yy has rank of less than N. To show the other direction of the

implication, suppose there exists an « # 0 such that Xy pax = 0. Then:
Syrpr =TS pr =0T ,,8,, N px =0 (7.62)
However, ® is an M x (M — 1) matrix with rank M — 1, and:
'Y 5w =0 (7.63)

For any vector y such that:

TS,y =0 (7.64)

it must be the case that y = w - k for some constant k; furthermore, if y # 0, then k& # 0. Equation 7.62

therefore implies:

Y,pYzrr = w-k (7.65)
x
EZFE = Ezz’w (766)

QED
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7.7 Proof of Theorem 5

First, we note that, if Z consists of a single asset, then F is trivially a linear factor model for Z. Since we have
assumed F' is not a linear factor model for Z, it must be the case that M > 2. Choose w = Eglz ([LZ — 6T70),
and let Y € ZowlZ. The Y = ®T'Z for some M x (M — 1) full-rank matrix ®, with ®7X,,w = 0.

Substituting in the value for w, we find:

'Y z2%y (MZ—BT%) =0 (7.67)
‘bTﬂz = ‘I)TBT’YO (7.68)
o'y = TT2rZrp0 (7.69)

Since py = <I>T,uZ and Ly p = T 4, it follows that:

ty = Sy rYervo = Bro (7.70)

It is clear then that the expected excess returns of Y obey the required relationship to their 5 coefficients on
F; it remains only to show that F' and Y satisfy the full-rank assumptions. By Lemma 2, this will fail to be

the case only if there exists some N-vector x such that YXzpx = Y zzw. Let & be such a vector:

Yzrz = Ngzw=Yzz%,, (MZ - ﬂT%) = (Mz - 5T’Yo) (7.71)

py = B+ Szre=6"v +S2rlprSrre = T (7o + Srra) (7.72)

The last result implies that F is a linear factor model for Z, with risk premia vector equal to (v, + Zppz).
Since, by assumption, F' is not a linear factor model for Z, no such x exists.

Let wy be another vector such that ~ (F7 AS ng) = 7,- Let X be any element of Z © wl Z, and let ®
be an M x (M — 1) full-rank matrix such that X = ®7Z. Then:

px = BxYo=ExrErr0 (7.73)

T, = TT2rSrr0 (7.74)

" (ny = Byy) = 0 (7.75)
OTS255,y (g — Bye) = 0 (7.76)

®TY ; wo = 0, by definition, and from the last result, ®7'X ;7w = 0. Since ® has rank M — 1 and w # 0, it

must be the case that wy = w - ¢ for some constant ¢.QED

7.8 Proof of Lemma 3

That /LEE;ZZ is a mean-variance efficient portfolio is well-known. Direct evaluation shows that its expected

excess return is NEE;ZMZ, and that its variance is also ;LEZ;Z;LZ. The squared Sharpe ratio is therefore:

Ty—1 2
NZEZZMZ) Ty—1
S?%(Z _—( =) 7.77
( ) ([ngzlzluz) Hzxgzz0z ( )
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It is also well-known that the maximum squared Sharpe ratio offered by two uncorrelated sets of assets is equal
to the sum of the maximum squared Sharpe ratios offered be each set. Since Y and Z &Y are uncorrelated,

and their union is a basis for Z, we have:

S2(2) = S*(ZeY)+S5%(Y) (7.78)

_ —1
SP(Y) = pySyyiy = pzP (VS,0) 0, (7.79)
S2(ZoY) = $2(2) - SP(Y) =g hng — niv (VTSs00) " 0T py, (7.80)

QED

7.9 Proof of Theorem 6

From Theorem 5, we can take w = Zglz ([LZ — 6T70>. The result follows by direct substitution of this value

of w for ¥ in Lemma 3:

_ -1
S2(zeY) = pLi,opg —ppw (w'Ezzw)  wlpy, (7.81)
- T
W5 gnz =% (274 (nz = ") | [224 (2 = 8"%) | 1z 52
= — T .
[2512 (MZ - ﬁT’Yo)} Yzz [2512 (NZ - ﬁT’Yo)}
- 2
B ngglz (NZ - BT’YO)}
= ppSy gy — — (7.83)
Kz=zz1z P =) T
(h% =758) 22z (uz - B ’Yo)
QED
7.10 Proof of Theorem 7
From Definition 5 and Theorem 6:
Ty —1 T 2
TE_l _ [P‘ZZZZ(P‘Z*B 70)]
Hasazl s = G 570) 555 (h 5 0)
SSRR(F,Z,~,) = T (7.84)
AN
Setting this value equal to k and rearranging, we find:
Ty—1 T py—1 4T Tv—1 o7 \°
(1= k) (n5Ez71z2) (70 BY72B 70) - (NZEZZ/B ’Yo) o (7.85)

_ _ _ 2
+2k (MEZZIZMZ) (MgzzlzﬁT%) —k (MEEZIZ“Z)
Note that this equation is quadratic in ,; the nature of the equation (i.e., parabolic, elliptical, hyperbolic, or

degenerate) depends on the value of k. We can express any vector of risk premia v, as:
Yo=7(F Z2)b+¢§ (7.86)
where b is a scalar and ¢ is an N-element vector, satisfying the condition:

VT (F.Z) (SppEppEpp) € =0 (7.87)
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Substituting in the definition of y (F, Z), this condition simplifies to:
pETSppé = ny SR 6 =0 (7.88)
Substituting the value for ~, from Equation 7.86 into Equation 7.85, we find:

B (WETERLITa,) [(1- 1) (4555 505) — (WTEpbT )]

+(1— k) (1575nz) (€ TrkTrrTrke) =0 (7.89)
_ _ _ 2
26k (15X 507) (WETEppl nz) —k (1525 202)
We first consider the case k = 0:
b (WETSppT T 1z) [(WGE750z) = HEUSppTTng) + (W5S7hnz) (€ SapterYepe) =0 (7.90)
At this point, we note:
S* (u5S752) = (WzS5umz) > npTEppl T uy = % (WGTE5pI7 2) (7.91)

This inequality follows from the fact that NEZ;ZZ is mean-variance efficient, whereas ,ugFZ;,}DI‘Z is not. All
terms on the left-hand side of Equation 7.90 are non-negative, so the only solution is b = 0 and £ = Onx1;
the corresponding value of v, is Onx1. This proves the first assertion. For the second, & = 1, Equation 7.89

simplifies to:
0 (WETS b 1) + 20 (53, 5 0ny) (WETSEbTT y) — (WG S5 50s)" =0 (7.92)
which is the negative of a perfect square:
— b (WGTSp T ) — (557 507)]” =0 (7.93)
The unique value of b which solves this equation is:

-1
_ NgEZZiuZ (7 94)
O UITY L LTT ‘
HzlZzppl ™ Hz
The solution does not depend on &; v, therefore lies within an (N — 1)-dimensional hyperplane, proving the
second assertion. We now consider the boundary case:
NEFEE}DFT,“Z

k=ky=1-— -
Ngzzlzﬂz

(7.95)

In this case, Equation 7.89 becomes:
(ETEppT hz) (§TEE%EPPEE?§)
+2b (15E 5 pny — nGTSppl  ng) (WpTSppl T ug) | =0 (7.96)
— (nZSzziz — nETEppT hg) (HESz202)
This equation is parabolic; note that the first term is positive for any non-zero value of £. The value of b that
corresponds to §TZ;};EPPE;},§ = 0 (which, since Z;};ZPPE;}, is full-rank, requires £ = 0) is equal to half
the value that specifies the k = 1 hyperplane:

SIS AT )
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If we set b = 0, we find that this hyperplane intersects the paraboloid:

(1Z¥zzhz7)
TPy -LTT
Py TS ppl T hy)

We can therefore conclude that this paraboloid, whose vertex is halfway between the origin and the k = 1

'S ErpSrrt = (15X 507 — nzTEppl T 11z) ( (7.98)

hyperplane, opens towards the origin. The third assertion now proven, we consider the hyperbolic case:
Try—1 7T
D)
V- Rezers B2 g o (7.99)
BzXyziz

We can then rewrite Equation 7.89 as:

=0 (k — ko) (ETEppl " 1y) (15 77007)
+(1— k) (1575nz) (€ TrkTrrTrke) =0 (7.100)
+2bk (525 5mz) (TS ppT T z) =k (W5E55mz)"
where (k — ko) > 0. Note that this equation is hyperbolic; furthermore, if we set £ = 0, the two values of b
that solve the equation lie on opposite sides of the £ = 1 hyperplane. The two branches of the hyperboloid
open outward, facing away from the & = 1 hyperplane. The fourth assertion now demonstrated, we turn to
the elliptical case:
MEFE;;FTHZ
MEZ?ZMZ

In this case, we still arrive at Equation 7.100, but the leading term is non-negative rather than non-positive,

0<k<l- (7.101)

making the equation elliptical. Note that the entire ellipsoid lies on one side of the k£ = 1 hyperplane.
The five assertions have now been demonstrated for NV > 1; the results for N = 1 are trivial restrictions of

the general results obtained by setting £ = 0.QED

7.11 Proof of Theorem 8

Let Y be any element of Z © w? Z, and let ® be an M x (M — 1) full-rank matrix such that Y = ®7'Z. The

desired relation is:

y(F,.Zew™2) = ~, (7.102)
e (CrySyh Sy r) T Sy Sibay = 7 (7.103)
_ -1 _
Srr [Srs® (9752,0) " 0TS20|  Sps® (975250)  0Tu, = 7 (7.104)
_ -1 _
{zpzcb (@7 5,0) " @TEZF} Spz® (BT82,0) " 0T, —Nphy, = 0 (7.105)
Sps® (078 ,,0) " &7 [MZ—BT%] - 0 (7.106)
where v, = v (F, Z). One readily verifies that:
(@ (975229) " OS5 h=h — |w (WTSzzw) " wTSzz] R (7.107)
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for any M-vector h. Equation 7.106 can therefore be rewritten as:

0 = EFZ [I —w (wTZZZw)il wTEZZ} E}é {MZ - 6T"/0:| (7108)
[T, =767 = Srzw (@TSz7w) " 0T [y — 57, (7.109)
Ty —SppSppve] = Srzw (wTEZZ’LU)71 w” {MZ - BT%} (7.110)

Substituting in the value of v, we find:

—1 _
[FT,uZ — FT;JJZ} = Ypzw (wTEZZw) wT [,uz - BTZFFZP}DI‘T,LLZ} (7.111)
—1 _ _ _
0 = Spzw(w'Szzw) w'Szz [Sypns —S5552rSppl 7 1iy] (7.112)
-1 — —
0 = Spzw(w'Szzw) w'Syz S5, — Tl 1y (7.113)

We now express w as follows:

w=Typ+ec+g (7.114)

where ¢ is an N-vector, ¢ is a constant, ¢ is defined as:

=[S, —TSppI" | uy (7.115)
and ¢ is any M-vector such that:
Y726 = 0 (7.116)
e'Sz72¢ = 0 (7.117)
Note that:
I"Syze = T78,5 (S5, —TEpplT py = I —T7S2pSppl " | 1y (7.118)
= [T - SppSpplT |y =TT —T" py =0 (7.119)

Also note that the assumptions of the theorem require either ¢ # 0 or ¢ # 0. Substituting this decomposition

of w into Equation 7.113, we find:

(Do +ec+9)" 77 [T55 —TSppl"] iy

0 = ZpzTp+ec+c) (I‘gp+6c+<)TEZZ (T + ec+ <) (7.120)

0 = Sz (Do +ec+) (Do +ec+) Dyze _ Srz¥5552z (Dp + e+ ) [ce"Ezz¢] (7.121)
OTTTE ;70 + 2eT8 26 + T8y 46 CITTE 77T + 2eT¥ 726 + T 726 '

0 - IS5, (Tp+ec+s) [csTEZZz?] _ "2 ,,Tp [C€TZZZ€} (7.122)
OTTTE 22T 0 + 278226 +<T8z22¢  @TTTE 22T 0 + 2eT8 226 + T8 226 '

. Srz85y82r0 (€7 8gze] Eppp [ce" Sz ze] (7.123)

L,DTFTzzzrgD + 2Ty e + T8 256 o ngFTEZZRp + 2Ty 776 +<TY 576

First, note that € # 0., since (by assumption) F' is not a linear factor model for Z. Therefore, for the last
expression to be zero, we must have either ¢ = 0 or ¢ = 0: These correspond to conditions (i) and (ii) of the

theorem, respectively. QED
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7.12 Proof of Theorem 9

The proof is the same as in Theorem 8 up until Equation 7.110. We then express the vector as the sum of two

components:
Sz (uz - ﬂTvo) =lp+e (7.124)
where:
¢=ppl 1z — Spi0 (7.125)

and ¢ is as before. Using the same decomposition for w as in Theorem 8, we express Equation 7.110 as:

(T +ec+6)" [z = 877
(To+ec+<) Szz (T +ec+<)

o . Yrz (Tp+ec+5) (Fcp+sc+<)T {Mz—ﬁT%} 7197
[“Z -5 ’YO] o OTTTY 7T + 2eTSyze + T8 726 (7.127)
TS, To+ec+<)To+ec+<) Spz[Th+e

5 - _ 7.128
rz[To+el GITTY 77T + 2eT8z2e + T8 746 ( )

FTZ F(b . (FTzzzrgD) ((,DTFTzzzrd) + CETzzzg) (7 129)
7z  PTTTY 27T + 2T 26 + T8 776 '
e 'TTS 5500 + ce" Yy ze

OITTY 77T 0 + 2eT8z 26 + T8z ¢

TTu, —SppSrpre] = ZrzTe+ec+s)

(7.126)

0 = T7Sz.T |¢o—¢

(7.130)

Since I'"Y 44T is full rank, the quantity within brackets must be equal to zero. The cases where ¢ = 0 are
covered in Theorem 8; it must therefore be the case that ¢ # 0. It must therefore be the case that ¢ = ¢ - k
for some k # 0. If then the above simplifies to:

ko' TTS ,,T Ty,
Py — ¢ 270+ ce’ Lzze _ % (7.131)
B2 TTY 75T+ c2eT8 576 + T8z 46
B¢ TTS 5T+ keeTS 26 = k2@ TS 1,00+ 2el'Syze + T8 52¢  (7.132)
(kc — 02) 'Y, = <I'Szz¢ (7.133)
T
' Yzzs
k = — 7.134
et c(eTXzz¢) ( )
At this point, we note:
e yze = pGY pny — 1wy TS ppl iy (7.135)
We can express w as:
T
_ _ <" Yzzs
w = TEpplTuy —Somv0) [ e+ — — (7.136)
rr z o c (Higzzlzﬂz - N%FZP}DFTNZ)
+ (255 —TS5pl ] pye+s (7.137)
—1 7T _ AT IS, ¢
w = FEPPF (lu‘Z /8 fYO) <1 + CQ(NEEZ;U’Z_V‘EFZ:PIIDFTU’Z)> c (7138)

+ 25y —TSpplT g+ S

Normalizing ¢, the result follows immediately. Note that, for a fixed value of ¢, this equation is linear in w

but quadratic in £, describing a paraboloid.QED
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7.13 Proof of Theorem 10

S? (Z ow (e, )" Z) is maximized when S? (w (c,)F Z) is minimized. It will be useful to employ the familiar

decomposition:
2z (uz - ﬂT%) =T¢+e (7.139)
where:
PTTTS 576 =0 (7.140)
Recall that ¢ and € are given by:
¢ = [DpplThz = Xppvo (7.141)
e = (85, -TSppl" |y (7.142)

The expected excess return and variance of return of w (¢, ¢ )T Z can then be expressed as:

T T T I'yz¢ T
E {w (c,¢) Z} = c ((;5 Epp¢+’70ﬁr¢) 1+ETTzz€ +e" Xzze (7.143)
TSrz6\?
Var [w ()T Z} = &2 |¢TSppo (1 n ﬁ) +eT% e + §TEZZ§] (7.144)

52 (w (c, C)T Z) therefore does not depend on ¢, and can be expressed as:

52 T7) = [(¢TEPP¢ + 7§5F¢) (1 + ig—ii:) * ETEZZE} 2 7.145
(w (¢, Q) ) - |:¢TEPP¢ (1 + <T_Ezz£>2 +eTEyze + §TEZZ§] o

€Tzzz€

The minimum value could conceivably occur when 7Yz ¢ is equal to zero, as ¢7 ¥ z7¢ approaches infinity,
or at an interior minimum point. S? (w (¢, ¢ )T VA ) is clearly continuously differentiable in S? (w (¢, ¢ )T Z ), SO
calculating the derivative and setting equal to zero, we find there are two potential interior minimum values

of ¢T'¥ 44, which we denote by k4 and kp:

T ETZZzt’-J
ka = — (6 Ezzé“) 1+ 1 T (7146)
(¢ +ZFrY0) Zppo
Ty
ky = —(7%zz¢) (1 + — ) (7.147)
(¢ - Z;F’Yo) Yppo
Consider k4 first. This value is positive if and only if:
0> (6+Zpkvo) Trpe > —TSyze (7.148)
Plugging in the definitions of ¢ and ¢, this condition becomes:
PETSppl g < up%558 0 < 15 S50z (7.149)

which is the region between two parallel hyperplanes. Plugging in the values ¢ and ¢ into the expression for
ka, we find:

- T
M%ZZIZ (MZ -8 ’Yo)

. - (7.150)
pTEppl™ (MZ -5 70)

ka=—(uzSgz0z — 15TEppl 1y)
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Finally, the value of S? (w (c, {)T Z) at k4 is given by:
52 (w (0T Z) =0 (7.151)

Clearly, whenever k4 > 0, it will be the minimum point. This proves the statements regarding the second

region. To show the other statements, we consider when kg > 0:
-1 T T
0> (¢ — EFFWO) Epp¢ > —g" Ygze (7.152)
Substituting in the values of ¢ and &, this condition becomes:
T
e 7z < (3nz —48"v0) 24 (3uz —487%0) < WESZhug — SUETSHpT 1y (7.153)

This region is evidently that between two ellipsoids. Plugging in the values ¢ and € into the expression for

kg, we find:

(2 - BT%)T 74 (12— 26"

kg = — (nz55207 — TS ppl " 1iz) T (7.154)
(Mz - BT’Yo) FE;}DFT (MZ - Q/BT%)
The value of S? (w (c, C)T Z) at kg is given by:
% (w (e,0)" Z) = 4 (v IS 5L S pp0) (7.155)
Plugging in the definition of ¢, we find:
§* (w(e.Q)" 2) = 0§ 6274 (12 — 8" 0) (7.156)

Since this value is greater than zero, it is not immediately obvious that the minimum occurs at kg. To check,

we consider the value of S? (w (c, C)T Z) when <72 z¢ is equal to zero, and when ¢7 ¥z z¢ tends to positive

infinity. These values can be found directly from the expression for S2 (w (e.O)' z ):

T F¢)
2 (w(e,0)"2) = |67Sppd+TB0¢ + TS, e {1—&— %08 } 7.157
(we0"2) = [$"SppotafsTo+ " Saze] |14 20l (715)
2
- [¢TEPP¢ + ’YoTﬂFsb}
lim S (w (c,<) Z) (7.158)
TYzz—+00 [(lﬁTZPP(b}
The value at kp is smaller than both values when both these conditions are met:
0BT
4(7Tr¢) < |67Sppod+ATTG + TS ,ze {1+ 7o 7.159
(70 BT9) [¢ pp® + 7o Bl ZZ} PEES IR CS . ( )
2
, (67 Sppo +4E 8T
4(70 BFgf)) < e (7.160)
o
The second of these conditions simplifies to:
T T 2

0 < [6"Sppo — 4 BT9) (7.161)
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which is satisfied trivially whenever kg > 0. The first condition simplifies to:
2
0< [6"Sppo — 1§ BTG + TSy e ] (7.162)

which is also satisfied trivially whenever kg > 0. Therefore, whenever kg > 0, the minimum value of
S? (w (c, Q)T Z) is achieved at kp. This proves the statements concerning the fourth region.
The remaining values of +,, can be placed into three distinct categories by a close examination of the

k4 > 0 and kg > 0 conditions:

VS Sppd > ¢ Sppd+ el ze (7.163)
¢'Sppp > V(Z)FEE}FZPPQI)Z—¢TEPP¢ (7.164)
—¢"Sppp— 'Yy > ALY LEEppo (7.165)

In all three of these regions, the minimum must be achieved either when ¢7'Y ¢ is zero or when ¢7'¥ ¢

approaches positive infinity. The limit at infinity has the smaller squared Sharpe ratio whenever:
_ 2 2
(76 ErrZpro] < [QSTZPPQS} + [QJ)TEPPQ[)} (€7 2z¢] (7.166)

One verifies immediately that this condition is satisfied whenever Equation 7.164 is satisfied, but never when

Equations 7.163 or 7.165 is satisfied. Substituting the values for ¢ and ¢ into Equation 7.163, we find:
T
(3uz — 48" %) =74 (3nz — 48" ) < WES7hnz (7.167)

The values of v, that satisfy this inequality correspond to the fifth region in the theorem statement. In this
area, the minimum value of S (w (e, )" Z) occurs at ¢T'¥zz¢ = 0, and has the value of S? (w (c,0)" Z)
shown above. This demonstrates the statements concerning the fifth region. Similarly, we can substitute in
the values of ¢ and ¢ into 7.164:

W BE s > 1y s (7.168)
The set of all such 7 corresponds to the first region; the minimum value of S2 (w (c, C)T Z) occurs at
¢TY;7¢ = 0. This demonstrates the statements about the first region, leaving only the third region. Substi-

tuting in the values of ¢ and ¢ into Equation 7.164, we find:

v

T
(312 = 48" %) =74 (3uz — 48" WS ypty — 8y T ppl iy (7.169)

pETSppl gy > p5Y,58 (7.170)

Equation 7.164 therefore describes the third region. We have already noted that the minimum value of
5?2 (w (¢, ¢ )T Z ) in this region occurs when 7' Y7 z¢ approaches positive infinity, and the value is given above.

All statements have now been demonstrated. QED

7.14 Proof of Theorem 11

The task at hand is to choose ¥ so that:

po = (WT) S, ST, (7.171)
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But recall:

Sy = 0TSy U (7.172)
Equation 7.171 therefore simplifies to:
-1 _ _
o = () U (UTSyyU) Sppl T py = Syy U ppT Ty (7.173)
Syyho = YEppITuy (7.174)

The left-hand side of the last equation is a K-vector, and the right-hand side is a K x N matrix multiplied
by an N-vector. Since K < N, we can choose a full-rank matrix W that satisfies the equation.QED

7.15 Proof of Theorem 12

Under the assumptions of the theorem, the sample mean ji, of the excess return vector Z is a consistent

estimator with asymptotic variance ¥zz. The sample estimate is:
(P, 2) =T"]y, (7.175)

Note, however, that T = T"; the factors P are spanned, and their projection onto the assets can therefore be

estimated without error. The asymptotic variance of the estimator is therefore:
AVar 3 (P, Z)) = AVar [I71i,] =TT AVar [li )T =T7S,,T = Spp (7.176)

QED

7.16 Proof of Theorem 13

The estimate is given by:
3P, 2) =TTl = SrzS 757, (7.177)

A first-order Taylor expansion is given by:
(P, 2) = (P.2) ~ (Srz = Srz) Sghiy =" (S22 = S22) Sghng + 17 (g —nz)  (778)

We denote the three terms on the right-hand side as 7, 75 and 75. The asymptotic covariance between each

pair of terms can be found element by element as follows:

M (& _
D k=1 {EFZ - EFZ] i [Zzlz:uZ]m’

ACovar ([74];1 V1) = ACovar ~ i 7.179
(il Bl S I (7.179)
M M Srz — Yryz o
= ZZ (222b7] 4 [E2kkz],, ACovar [A L’“ (7.180)
k=1 1=1 {ZFZ B ZFZLZ
M M SRR
= YD (Bl [, (ras)
k=1 =1 [Erzly [Ezrly;
= [Zrrly [12575m2] + [T 0zl (T 0z] (7.182)
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Proceeding similarly with the other pairs, we find:

ACovar (Bl Baljn) = [Seely [WSzhma] + [Tz, [P0z,
ACovar (Filiy s Bolyy) = 0

ACovar ([%]ﬂ,[%]ﬂ) = [Brely; [02%2z02] + [0zl M0zl
ACovar (Bl s Faly) = 0

ACovar ()i sl ) = [Zerly

Putting together the above results, we find:

ACovar ([:V\ (Pv Z)]z ) [:V\ (Pv Z)]j) = [EPP]Z'J- + [Znn]ij [M;ZEIZ:U‘Z]

The desired result follows immediately. QED

7.17 Proof of Theorem 14

The estimator is:
N - N
Y(F,Z) =SrrSppl iy = SrF (EFZZ;ZEZF) SrzE 50y

A first order Taylor expansion is:

Y(F,Z)—~(F,Z) =~ (iFF - EFF) SpplT iy
—YprOph (EFZ - EFZ) Y517,
+2rrSppl T (S22 = B22) TR iy
—SppYphDT (EZF - ZZF) LT,
+SrrYpp (EFZ - EFZ) D
~SprEppl” (izz - EZZ) Souhy

+8rrSpplT (g — py)

(7.188)

(7.189)

7.190

7.191

~J
—_

92

-3
—

7.194

)
)
)
93)
)
7.195)

)

(
(
(
(
(
(
(

7.196

However, since F is a linear factor model for Z, we have pu, = 87~ (F, Z ). Making this substitution, four of

the seven terms on the right-hand side cancel:

Y Z) =y (F Z) = (EFF - ZFF) Srey (F, Z)
~SprXpplT (EA]ZF - 2ZF) Yrpy (F 2)

+2rrSppl” (g — py)
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Denoting the terms on the right-hand side by 7; through 74, and applying the technique used for the previous

theorem, the asymptotic covariances between each pair of terms is given by:

ACovar (Bl Bil;) = [Brrly 7 (F,2) Spky (F,2)] + b (F, 2)], [ (F, 2)]4 (7.200)
ACovar (), [72);) = [Brrly; V7 (F.2) S5k (F.2)] + [y (B, 2)], by (F, 2)]4 (7.201)
ACovar (m]i,m]j) ~ 0 (7.202)
aCovar ()i, Fa;) = [SerSpbSerl, 07 (F2) ik (F,2)] + by (F, )], [y (F, 2)), (7.203)
ACovar (m]i,m]j) = 0 (7.204)
ACovar (sl Bal;) = [SrrSpbSrrl, (7.205)
Adding up all the terms, we find:
ACovar (A(F,2));, A (F.2)];) = [Srely+ (7.206)
[(SrrSppSrr — SrF)y; [+ YI(F, Z)Sppy (F, Z)] (7.207)
= [Zrr];; + (7.208)
(Zon +ZnZppEn],; L+ (F,2) Sppy (F2)] (7.209)

This last expression yields the first desired result. To express this asymptotic covariance in terms of u, instead

of v (F, Z), we substitute in v (F, Z) = SppXpplT iy

ACovar (ﬁ (F.2)),,[7 (F. 2)] j) = [Srrly + (7.210)
[Znn + EnnE};}DEnn] ij [1 + MEFZ;}DEFFE};}DFTNZ] (7.211)
= [Spp]; + (7.212)

L+ pb S T+
(S + Son S5 bS] Hzt=ppt 1tz (7.213)
17 T —1 —1 T
izl pp X Xppl™ 1y

QED

7.18 Proof of Theorem 15

The first order Taylor expansion can be expressed as:

V(F2)~1(F.2) ~ (Spr—er) SpplTig (7.214)
+2prEppl” (izz - ZZZ) (CEpplT = 537) bz ( )

~Srr¥ph (Srz - Srz) (TSppIT - S24) (7.216)

~SppYppl™ (§ZF - EZF) Sppl Ty ( )

(7.218)

+SrrSppl? (g — py)
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Denoting the terms on the right-hand side by 7; through 75, and applying the technique used for the previous

theorems, the asymptotic covariances between each pair of terms is given by:

ACovar (Bl Bil;) = [Brrly WETSEpErrEppl iy (7.219)

+ [Zrrppl izl [(BreSppl T ng) (7.220)

ACovar (Bl Fal;) = 0 (7.221)
ACovar (ﬁl]i,mj) = 0 (7.222)
ACovar ([ﬁl]i,mj) = [Srrely [WETEpbErrSpel Ty (7.223)
+[ZrrEppl T ugly [(BreSpplTug] (7.224)

ACovar (mi,m}j) = 0 (7.225)
ACovar (Bali s Bal;) = [SwrSppSerl,; (15T 7hnz — mETSpRT 1] (7.226)
ACovar (Fali s Bal;) = [reZppSerl,; (WES7hnz — nETSppI i) (7.227)
ACovar (m]i,m}j) = 0 (7.228)
Acom(m]i,m}j) = 0 (7.229)
Acovar (Bsli s Bal;) = [SrrSppSeesppSerl,; (15 (575 - TSEEIT) ug) (7.230)
ACovar (m]i,m}j) = 0 (7.231)
ACovar (m]i,m}j) = 0 (7.232)
Acouar(m]i,mj) = [SrrSpbSrr], (WATSrbrrSpbl i) (7.233)

+ [ZrrEpplt gl [(BreSpplTug (7.234)

ACovar (m]i,m}j) — 0 (7.235)
Acouar(m]i,m}j) = [SrrSpbSrr), (7.236)

Summing up the terms, we find:

ACovar (R (F.2)),, 7 (F,2));) = —[Srrly, WETEppErrsppl iy (7.237)

+ [BrrZppZrr],; [L— 158500, + 1P pl py] (7.238)
Wy zhs—
MEFE;;FTHZ
— [Serl, (7.240)

+ [ZFFE;}IDZFFE};}?EFF} i

L+ u Sy ng+
+ [Bon + B SppSm) pasazls (7.241)
ij Tpy—1 1T
izl ppXngXppl™ 1y

—1 -1
Xy X pp 2+ B
S X pp S Epp S i AN

The last expression yields the desired result.QED
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