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1 Introduction

The accounting problem under consideration in this paper is the trade-off be-
tween individual and aggregate measures. That is, is it more efficient to measure
the productivity of each member of a group separately? Or is it more efficient to
extract only one measure: a group result? Absent any interesting interactions
among the members of the group, the answer is perhaps clear. Obtaining only
a group measure cannot increase the "amount" of usable information. On the
other hand, when subtle and complex (and hopefully productive) interactions
exist, the problem is more difficult. An individual measure may not capture
that individual’s contribution to group productivity. Individually the measure
may not look impressive, but taking into account the abilities and contributions
of the other members may yield an entirely different assessment. When intri-
cate teamwork is a key force, whether the team won or lost is quite informative
about the contributions of each team member. Furthermore, productive in-
teractions are the hallmark of successful organizations. It seems sensible to
analyze accounting for organizations in a setting in which there is a demand for
the organization to arise in the first place.

The line of attack in this paper is to model interactions and measurement
thereof the way that Nature does. In particular, the model is Nature’s activities
at the subatomic level: quantum probabilities. There are some advantages to
this approach. Interaction (interference) is an important physical phenomenon,
and Nature exploits interactions in a remarkably efficient manner. The analysis
is subject to some rigor as it is axiomatic; four quantum axioms are presented in
the appendix. Finally, it is suggestive that the quantum approach is information
based; the concept of information is always central in the analysis.

The paper begins with a standard agency problem. Cost of control is the
metric used to evaluate alternative information structures. The first case pre-
sented has no interactions. Accordingly, individual measures yield a lower cost
of control than an aggregate measure. The next case is maximum coordination.
(Synergy is the term we use for positive interaction effects.) The maximum
synergy probabilities are derived from the maximum interaction case in Nature.
When there is maximum synergy, an aggregate measure is more efficient. This
result holds even though there is only one signal available when the aggregate
measure is used, as opposed to multiple individual signals under individual mea-
surement. With maximum synergy the coordination effect is stronger than the
effect associated with increasing the number of signals.

The axiomatic structure allows confronting other questions as well.  Of
particular interest is the behavior of control costs when synergy is neither at
its maximum level or absent. When synergy is partial, there are regions where
aggregate measurement is more or less efficient than individual, and the regions



are characterized. A control problem may become more severe due to changes in
the information environment, technology, or preferences. As the severity of the
control problem increases, the region of aggregate measurement superiority also
increases. Aggregate measurement actually becomes relatively more efficient
(relative to individual measures) as the agency problem increases.

2 No Synergy Case

Start with a simple agency problem constructed around the following act-signal
probability matrix (information structure).

Success Failure
Work D 1—p
Shirk 0 1

Many of the comparisons in what follows can be made directly from the
information structure. When additional context is necessary, a standard control
problem will be used. The principal is risk neutral and the risk averse agent
exhibits multiplicative separable CARA expected utility representation.
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where I is the dollar payment, ¢ the personal cost of the unobservable act,
and r the Arrow-Pratt risk aversion parameter. Assuming the principal always
wishes to induce the high act (work), the design program takes on a familiar
appearance:

min E(pmt) = pls + (1 — p)I
st pU(Is —cp)+ (1 —p)U
pU(Is - Ch) + (1 - p)U

RW is the reservation wage, and the payments and personal costs are appropri-
ately subscripted. Since with multiplicative CARA the structure of the solution
is invariant with respect to reservation wage and the minimum personal cost, set
RW = ¢ = 0. The solution is parameterized by p, r, and ¢;. Exploiting the
multiplicative CARA preference representation and the fact both constraints
are binding, the problem can be written in matrix form, where the information
structure is highlighted.
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For p = %,7‘ = .01, and ¢, = 10, we have

Iy =0
I, = 4791
E(pmt) = 11.98



In order to examine synergy the model must contain another agent, who, to
keep things simple, is identical to the first agent. If they are measured individ-
ually, the signal probabilities for both agents are the same. These probabilities,
as are all subsequent ones, are derived from a quantum mechanical process in
Nature. For the individual measurement/ no synergy case, the probabilities
are straightforward; the probability of success for one agent is independent of
the effort level of the other agent. For example,

prob (successy | worky, works) = p = prob (successy | worky, shirks)

If, on the other hand, measurement is on an aggregate basis, there is one,
and only one, signal for the joint output: whether the output of their joint effort
was measured as a success or a failure. The issue is to assign probabilities to
the joint success and failure signals. These probabilities, and all subsequent
ones, are derived from a quantum mechanical process in Nature described in
the Appendix, and are reported in Proposition 1.

Proposition 1 Restrict attention to no synergy. For the inputs and produc-
tion function in the Appendix, the quantum azxioms imply the following success
probabilities for aggregate measurement.

prob (success | worky, works) = 2p(1—p)
prob (success | worky, shirks) = prob(success | shirk;,works) = p
prob (success | shirky, shirks) = 0

One interpretation is that a success signal arises if there is one, and only
one, success for the individual agents when both agents work hard. If but
one or neither agents works hard, the success probability collapses to the single
agent case. The aggregate measurement control problem can be written in best
response form. That is, assume the other agent will work hard. Collusion, the
shirk-shirk strategy, is not a pressing concern as will be discussed shortly. This
provides the following design program.

min E(pmt) = 2p (1 —p) Is + (1 = 2p(1 —p)) I;
st 2p(L—p)U(Ls —cp) + (1 —=2p(L=p)) U(Iy — cp)
2p(1=p)U(Ls —cn) + (1 =2p (L = p)) U(Iy — cn)

U(RW)

>
>pU(ls —a) + (1 =p) Ul —a)

The two constraints, as is readily verified, are binding. This implies the
program can also be written as a matrix equation highlighting the aggregate
information structure.

2p(1p*p) 1*21p£11)*p) } [ ggl{;g } _ [ []U((CS)) ]

The information structure representation allows the comparison in Corollary



Corollary 1 For the no synergy case, aggregate measurement probabilities
[2p(1—p) 1—2p(1—p)}
p L—p

are a Blackwell garbling of the individual probabilities [8 1 Ip} . The garbling

1-p p
1—pl|°

matric is [

Since individual measurement Blackwell dominates aggregate, and since we
are dealing with an agency problem, we know from Grossman and Hart [1983]
that it is superior for all parametric versions of our setting. To illustrate this
for the numerical example parameters, we have an aggregate solution of

Iy = —17.42
I, = 8462
E(pmt) = 20.84

The control cost, the expected payment, increases from 11.98 to 20.84 when
aggregate measurement is used.

One way to see that shirk/shirk is not a dominant equilibrium is to note that,
since prob (success | shirk, shirk) = 0, the certainty equivalent is negative for
both agents, not even achieving the reservation wage.

It should be noted that there are other ways to define success for the group.
For example, a success could be defined as at least one individual experiences
success (as opposed to exactly one success), in which case the probabilities are
as follows.

prob (success | worky, works) = 1—(1—p)?
prob (success | worky, shirks) = prob(success | shirky,works) =p
prob (success | shirky, shirks) = 0

And, since the collusion line can be ignored, the information structure is
1—(1-p)° (1-p)
p 1-p

cess" information structure is a garbling of the "at least one success" structure
(for p < 1+2 \/5) So the control cost could be reduced by using the alternative
structure, as is easily checked. Since we are committed to using the mea-
surement systems Nature uses, we will use the less informative "exactly one"
structure. When aggregating measure, Nature is not very efficient in the no
synergy case. It is when synergy exists that Nature is quite clever, as discussed
in the next section.

It is interesting to note that the "exactly one suc-




3 Pure Synergy Case

Synergy arises from the interaction among agents. It is defined in terms of the
probabilities.

Definition 1 Synergy is present when the aggregate success probability for the
group is greater than the sum of the success probabilities when measured indi-
vidually.

In order for synergy to be defined in this manner, the individual success
probability must be less than % Otherwise we face the possibility the group
success probability might exceed unity. This "less than %" restriction will be
in place for the rest of the analysis.

An important benefit of synergy, of course, is the benefit associated with
additional production. The focus in this paper, however, is solely on the cost of
control. Basically the question is whether fewer measurements (in an aggregate
system) increase the control costs. The previous section verified that, not
surprisingly, in a setting without synergy aggregate measurement yields higher
control costs than individual measurements.

The benchmark synergy setting is presented in Propositions 2, the aggregate

case, and 3, the individual case.

Proposition 2 Restrict attention to mazimum possible synerqy (pure synergy).
For the inputs and production function in the Appendiz, the quantum azxioms
imply the following success probabilities for aggregate measurement.

prob (success | worky, works) = 4p(1—p)
prob (success | worky, shirks) = prob(success | shirky,works) =p
prob (success | shirky, shirks) = 0

Nature calculates probabilities using angles and projections. In polar co-
ordinates the projection of an angle, 6, onto the vertical (horizontal) axis is
sinf (cos#). To change into probabilities, the projection is squared; since by
Pythagoras sin? 6 +cos? § = 1, a probability measure is thereby created. Notice
that if 6 is viewed as effort level, it is sensible to think of sin’ # as the probability
of success - increasing in effort 6 as long as ¢ does not exceed 7. When Nature
deals with multiple angles, the same probability as squared projection idea is
maintained. Now, however, the probability of success is sin® (f; +65). The
salient trigonometric identity (which can be derived directly from Euler’s for-
mula) is sin (61 + 03) = sin 67 cos O3 + cos 0y sin . For the identical agent case
01 = 0, = 6, and p = sin? @ implies sin? (81 + 05) = (2sinfcosh)® = 4p (1 — p).

The alternative measurement regime is an individual measurement for each
agent. When Nature attempts an individual measurement in a pure synergy
context no information is forthcoming. In an economic setting the interpre-
tation is that coordination and cooperation are the only attributes of inter-
est. Measuring one individual’s contribution without considering joint effects
is worthless.



Proposition 3 Restrict attention to mazimum possible synerqy (pure synergy).
For the inputs and production function in the Appendiz, the quantum azxioms
imply the following success probabilities for individual measurement.

1

prob (success | worky,works) = 3

prob (success | worky, shirka) = prob(success | shirk;,works) = =
1

prob (success | shirky, shirks) = 3

Obviously, it is not possible to induce a high effort level in a pure synergy
environment using individual measurement.

Turning to aggregate measurement, reconsider the numerical example. The
best response program is

min E(pmt) =4p (1 —p) Is+ (1 —4p (1 —p)) I
st dp(1—p)U(Ls —cp)+ (1 —4p(1—p)) ULy —cp) = URW)
4p(1=p)U(s —cn) + (L —4p(1 —p)) U(ly — cp)
U

> pU(Is _Cl) ( )

(If —a)

For p = i the solution is

I} = —465
I, = 15.40
E(pmt) = 10.39

Here, as well, collusion is not a problem, as the certainty equivalent for shirk/shirk
is less than the reservation wage.

It is suggestive that in the example the aggregate measurement pure synergy
case has a lower control cost than individual measurement with no synergy. But
as stated in the following corollary, the comparison is context specific.

Corollary 2 The individual/no synergy and aggregate/pure synergy signal act
probabilities are not Blackwell comparable.

Even though they are not Blackwell comparable, they are comparable when
embedded in the CARA multiplicative agency problem. For this particular
setting the cost of control for individual/no synergy always exceeds the cost
of control for aggregate/synergy as illustrated in the numerical example (See
Fellingham and Schroeder, 2006).

So far the results are that when synergy is at its maximum (pure synergy),
aggregate measurement is better that individual measurement in the sense that
control costs are less. When there is no synergy, the ranking is reversed. Pre-
sumably, there will occur situations where there is some, but not pure, synergy.
The intermediate setting is the subject of the next section.



4 Partial Synergy

Nature is quite clever at processing information when there is some, but not
pure, synergy. Let a denote the probability the input exhibits synergy. The
conditional success probabilities are those derived in the preceding section. By
the laws of probability, the unconditional probabilities are linear combinations of
the benchmark cases. The measurement probabilities are reported in Proposi-
tion 4 for individual and aggregate measurement systems, given a best response
contracting problem with the other agent choosing to work.

Proposition 4 For the inputs and production function in the Appendiz, the
quantum azxioms imply the following success probabilities.

Individual Measurement
success  failure

No synergy work P 1—p
shirk 0 1
success  failure
Pure synergy work 1 1
shirk g %
success failure
Partial synergy  work (1—a)p+ia 1—(1—a)p—ia
shirk %a 1-— %oz

Aggregate Measurement

success failure

No synergy work 2p(1—p) 1-—2p(1—p)
shirk D 1-p
success failure

Pure synergy work 4p(1—p) 1—4p(1—p)
shirk P 1—0p

success failure

Partial synergy  work 2p(1—p)(1+a) 1—-2p(1—p)(1+ )
shirk P 1—p

Not surprisingly, for extreme values of «, one information structure is su-
perior to the other in the Blackwell sense. For example, for "little" synergy
(a close to zero), individual measurement is Blackwell superior. On the other
hand, for large values of « individual measurement is a garbling of aggregate.
The bounds defining the regions of dominance are provided in Corollary 3.

Corollary 3 Aggregate measurement is a Blackwell garbling of individual mea-
surement when 2p — a (5 — 4p) + 202 (1 — p) > 0. Individual measurement is a
Blackwell garbling of aggregate when o (1 —p) —p + 5 >0.

1

Return to the numerical example with p = ;. Individual is superior to

aggregate when % —4a+ %(){2 > (0 which is satisfied for 0 < a < % ~ 1315,



that is, for "small" values of a. At the other end of the a continuum, aggregate
is Blackwell superior when 13730‘2 + éa — % > 0, that is for % <a<l1l It
is interesting to note that, regardless of the value of p, aggregate is Blackwell
superior whenever o > % where A is the "golden ratio," an important number
in the history of mathematics. This follows from the fact that the greatest
lower bound on « occurs forlthe upper bound on p: p = %; substitute into the

condition in the Corollary. 5 is approximately .61803.

Continuing with p = %, for values of the synergy parameter, a, between
4’3@ and % the measurement systems are not Blackwell comparable. In order
to establish a ranking, it is necessary to embed the problem in more structure.
As before, let RW = ¢; =0, ¢, = 10, and r = .01. We find the control costs
are equal for @ = .206364. That is, for « levels above the cut-off, aggregate
measurement yields a lower cost of control for the specific control problem. At
the cut-off the expected payment is 13.5868 for both measurement systems.
The signal act probabilities at the cutoff are displayed in the table.

Individual Aggregate
success  failure success  failure
work  .3016 .6984 work,work  .4524 .b476
shirk  .1032 .8968 shirk, work .25 .75

This suggests comparative statics. Denote a* as the cut-off synergy level
where the control costs are equal for the two different measurement systems.
Intuitively, it follows from the Blackwell rankings that for synergy values ex-
ceeding o, aggregate measurement has lower control cost than individual mea-
surement. In other words, a® bounds the region of aggregate measurement
superiority. The comparative statics noted below demonstrate the general idea
that, when the control problem becomes more severe, aggregate measurement
becomes relatively more efficient. Though numerically confirmed as of this
writing, a form proof eludes us.

Conjecture 1

da*
or < 0
da*
ap > 0
da*
9en < 0

The reduced agency problem is parameterized by the agent risk aversion
parameter, 7, the private cost of work, ¢p, and the success signal probability,
p.  As r increases, the additional agent risk aversion will increase the cost of
control. In that case, the cutoff synergy amount declines, implying the region
in which aggregate measures are preferred to individual increases. The relative
performance of the two measurement systems goes the same way as the agency
problem increases with the private cost of work, c¢;,. As p is a measure of
the informativeness of the information structure, the agency problem eases as p
increases. A decline in p is accompanied by a decline in a*.



5 Concluding Remarks

We have enjoyed working on this project, and, by revealed preference, think Na-
ture’s production function is a useful setting in which to explore long-standing
accounting issues. This reminds us, among other things, that measurement
matters. Nature’s process does not allow us to measure simultaneously indi-
vidual and aggregate measures, just as a production process populated by a
variety of individuals is apt to behave in fundamentally different fashion de-
pending on the measures that are overlaid.

6 Appendix

(The appendix contains derivations for propositions 1-4 and corollaries 1-3 by
applying the axioms in 6.1 to the production process in 6.2 along with a little
algebraic manipulation.)

6.1 Axioms

There are four quantum axioms governing the behavior of quantum probabilities.
1. The superposition axiom:

A quantum unit (qubit) is specified by a two element vector, say [ g ] ,

with |o|® + |8)° = 1.
Dirac notation is a useful descriptor.

H

For |¢) = [ g ], (| = { g } where H is Hermitian (conjugate trans-
pose). Following standard, but unfortunate, notation, H in a superscript is
Hermitian, but H as a matrix is the Hadamard transformation as in the exam-
ples for axiom 2.

2. The transformation axiom:

A transformation of a quantum unit is accomplished by matrix multi-

plication.
1

Useful single qubit transformations are H = % { 1

1
_1}and@

0
{ 60 (1) } . Examples of the transformations in Dirac notation:

0) + 1), _ 0y —11)
S ) =

H0) = =



©10) =¢"[0); ©]0)=0)

3. The measurement axiom:
Measurement of a quantum state is accomplished by a linear projection
from a set of projection matrices which add to the identity matrix. The prob-
ability of a particular measurement occurring is the squared absolute value of
the projection. (A part of the axiom not explicitly used in the paper is that
the post-measurement state is the projection appropriately normalized; this ef-
fectively rules out multiple measurement.)
0

For an example, let the projection matrices be My = [ é 0 } and M; =

0 0
0 1
|y = a]0) + 5 |1), the projection onto |0) is My |¢)). The probability of |0)
being the result of the measurement is (10| M 1) = ||,
4. The combination axiom:
Qubits are combined by tensor multiplication.

Note that My projects onto the |0) vector, since My = |0) (0|. For

1

For example, two |0) qubits are combined as |0) ® |0) = g denoted
0

|00). It is often useful to transform one qubit in a combination and leave

another unchanged; this can also be accomplished by tensor multiplication.

Let Hy denote a Hadamard transformation on the first qubit. Then if it is

1 0 1 0

. . 1 01 0 1
applied to a two qubit system, H; = H® [ = 10 -1 o0 and

01 0 -1

H, fo0) = 0210
Another example of a two qubit transformation is the controlled not.

10 0 0
01 00
ONOT = 0 0 01
0 010

An example of important two qubit states are the Bell states defined as
follows.

100) + [11)
V2

|B:;) = CNOT H, |ij) for i,j = 0,1

The four two qubit Bell states form an orthonormal basis.
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6.2 Production process

The modelled production process consists of inputs, a production function, and
a measurement activity. Inputs are two qubit states exhibiting either no syn-
ergy or pure synergy. The no synergy input is |00); the pure synergy input
is |Bgo). The production function consists of a sequence of transformations:
H2©,H5H,©1H; which is denoted U.

Measurement can be either individual or aggregate. Individual measure-
ment requires a "success" or "failure" signal for both agents. The success

0 0 0 O
.. . . 0 0 O
projection matrix for agent one is Mg = 00 1 0 Hence, Mg, =
0 0 0 1
(1 0 0 0] 00 0 O
01 0 O .. 01 0 O
000 o0l Similarly, for agent two Mgy = 00 0 0 and Mpqe =
10 0 0 0| 0 0 0 1
(1 0 0 07
00 0 O . . .
0010l Aggregate measurement requires only a success or failure sig-
10 0 0 0|
0 0 0O 1 0 0 O
01 00 0 0 0O
nal for the group: Mg = 00 1 0 and Mp = 00 0 0
0 0 0O 0 0 0 1

There are four sets of probabilities to calculate: individual measurement
with no synergy; individual measurement with synergy; aggregate measurement
with no synergy; and aggregate measurement with synergy. For the first case
for agent one,

prob (success|01,02) (00| UH Mg, U |00)
0

0
a2 (2t
- (D)
Assign the value p = sin® (7)
For individual measurement and synergy (also for agent one):

prob (success|fr,02) = (Bool U Ms1U |Boo)
1
2

Aggregate measurement and no synergy:
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prob (success|f1,02) = (00| UH MsU |00)

0 6 0 6
-2 (Y1 2 (Y2 -2 (Y2 2
s1n(2)cos <2>+sm(2)cos<

For 01 = 0, = 0, prob (success|f1,05) = 2sin® (£) cos? (£) = 2p (1 — p).
2 2

Aggregate measurement and synergy:

prob (success|01,02) = (ﬁOO|UHM51U|BOO>

i <01+02>
= sin® | ————
2

For 1 = 0 = 0, prob (success|f1,05) = (2sin (§) cos (g))2 =4p (1 —p).
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