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Four outcomes




Agent
1
2

Sum

u@a  u(b) u(c)
30 100 40

30 50 100
100 75 68

201 225 234

Why this normalization? We could use...
Scaling u@a  u(b) u(c)
"1 30 100 40

" 1/2 40 25 50
~ 10 1000 750 680

1070 875 770

u(d)
0

0
0
0




Agent
1
2

Sum

Scaling
© 25
"1
©1.47

u(@)
30
80

100

201

u(b)
100

50
75

225

Or use...

u(a)
75

30
147

302

u(b)
250

50
110

410

u(c)
40

100

68

234

u(c)
100
100
100

300

Main result: for some choice of individual scales, the group
preference will be determined by the sum of utilities.




u,= (80, 50, 100)

u, = (75,250,100) u,= (147,110,100)

(30,100,40)

In general, we have have nraysin R™, where n is the number of
Individuals and n+ 1 the number of alternatives.




To model group preference we introduce incomplete
cardinal preferences. The group may not be decisive, i.e., it
may regard some pairs of alternatives as incomparable.

Any such incomplete preference is characterized by a convex
cone U of utility functions such that

at b ifandonlyif u(a)?® u(b) for all ul U

U (complete)

U (incompl ete)
Incompl ete preference
corresponding to the
unanimity of 5 agents.




We endow each coalition or subgroup Sin N with an
Incomplete preference and its associated utility cone U

Extended Pareto Rule: for all digoint coalitionsSand T,

If atgb and at;b,then atg;;b

whichisequivaentto Ug ;1 Co (UsU Uq).




Let H be the plane containing u,, U, and u,, each normalized so that u(c)=100

u,=(75,250,100)
([

u,=(147,110,100)
([

0,=(80,50,100)







If xt,y and xt,y,then xt,y U U, I Co(U,uU,)




If xtgy and xt;y, thenxtgry U Ug;l Co(UdJU;)




If t,, and t.,; reach acomplete agreement,
then t,,; I1snecessarily complete!

Moreover, thereis a unique utility
candidate for a bilateral agreement
between 1 and 3.

U13

[
]




We derive a“no arbitrage” condition in the utility
comparison rates.

T dy

d,, isthe utility comparison
rate between 1 and 2

dyg= dpp dyg




The case of four agents




Desar gues Theorem (1648)

Givenp, and g, i=1,2,3, let ;= pp;N g

p.g;, i=1,2,3 are concurrent U Sj» 1£ 1<]J£ 3 are collinear.







Theorem 1

Given an spanning tree of bilateral agreements, let | ; be the
Individual weights computed as follows:

If the extended Pareto Rule holds, then the group has a
complete preference, with utility given by




Theorem 2

Let all thepairsin N form bilateral agreements. Then the
extended Pareto rule holds if and only if each subgroup has a
complete preference, with utility

US: é‘iTSI iUi fOr a”Si N




If xt,y and xt,y,then xt,y U U, I Co(U,uU,)




