
Rq wkh fkdudfwhulvdwlrq ri lqyhvwru suhihuhqfhv e| fkdqjhv lq zhdowk

Fkulvwldq V1 Shghuvhq Vwhskhq H1 Vdwfkhoo

Dsulo 56/ 4<<<

Devwudfw1 Wudglwlrqdo ulvn frqfhswv kdyh fuhdwhg olqnv ehwzhhq vsh0

fl�f sduwldo rughulqjv ri jdpeohv dqg wkh vkdsh ri lqyhvwruv xwlolw| ixqfwlrqv/

lqghshqghqwo| ri lqlwldo zhdowk1 Krzhyhu/ zkhq zh zdqw wr frqvlghu frpsohwh

rughulqjv ri jdpeohv zlwk uhvshfw wr d vshfl�f xwlolw| ixqfwlrq/ zhdowk fdqqrw

eh ljqruhg1 Ehoo +4<;;/ 4<<8d dqg 4<<8e, kdv dgguhvvhg wklv gl!fxow txhvwlrq

dqg fkdudfwhulvhg wkh vshfl�f ixqfwlrqdo irup ri xwlolw| ixqfwlrqv zklfk doorz d

�qlwh qxpehu ri vzlwfkhv ehwzhhq wzr duelwudu| jdpeohv ryhu wkh hqwluh udqjh

ri lqlwldo zhdowk1 H{whqglqj wklv dqdo|vlv/ wkh dxwkruv fkdudfwhulvh d odujh vhw

ri xwlolw| ixqfwlrqv zlwk uhvshfw wr wkhlu vzlwfklqj fkdudfwhulvwlfv1

Nh|zrugv = Vwrfkdvwlf grplqdqfh/ xwlolw|/ vzlwfklqj ehwzhhq jdpeohv1

Lq wkh vhplqdo zrun ri Sudww +4<97, dqg Duurz +4<:4,/ ghflvlrq pdnlqj xqghu

xqfhuwdlqw| ghshqgv mrlqwo| xsrq wkuhh wklqjv> wkh xwlolw| ixqfwlrqv/ zhdowk dqg wkh

glvwulexwlrq ri jdpeohv1 Lq wklv wulsohw ri frqvlghudeoh frpsoh{lw|/ vwrfkdvwlf grpl0

qdqfh +Kdgdu dqg Uxvvhoo +4<9<, dqg +4<:4,/ Ilvkexuq +4<:7,/ Edzd hw1do +4<;8, dqg

pdq| rwkhuv, kdv ehhq d fhqwudo lghd lq wkh dvvhvvphqw ri wkh uhodwlyh ulvnlqhvv ri wzr

jdpeohv/ qrw ohdvw ehfdxvh wkh uhodwlrqvklsv/ ehlqj lqghshqghqw ri wkh ohyho ri lql0

wldo zhdowk/ juhdwo| vlpsol�hv wkh dqdo|vlv1 Iru zkroh fodvvhv ri xwlolw| ixqfwlrqv dqg
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doo zhdowk ohyhov/ vwrfkdvwlf grplqdqfh hqdeohv rqh wr fkdudfwhulvh wkh glvwulexwlrqv

zklfk duh suhihuuhg lq vrph sdluzlvh frpsdulvrq1 Iru h{dpsoh/ li doo lqyhvwruv zlwk

lqfuhdvlqj dqg frqfdyh xwlolw| ixqfwlrqv suhihu jdpeoh � wr jdpeoh �c wkhq � lv vdlg

wr vwrfkdvwlfdoo| grplqdwh � prqrwrqlfdoo| ri wkh vhfrqg ghjuhh1 Kdgdu dqg Uxvvhoo

+4<9<, ghulyh wkh vhw ri glvwulexwlrqv rughuhg e| vxfk d grplqdqfh fulwhulrq dqg vkrz

wkdw lw lv rqo| d sduwldo rughulqj ri jdpeohv1

Zkhq zh pryh wr wkh vlwxdwlrq zkhuh rqh lqyhvwphqw grhv qrw vwrfkdvwlfdoo|

grplqdwh dqrwkhu/ wkh uroh ri lqlwldo zhdowk/ klwkhuwr luuhohydqw/ ehfrphv lpsruwdqw1

Dowkrxjk txhvwlrqv ri jhqhudo sruwirolr zhljkw ghwhuplqdwlrq yld wkh ehkdylrxu ri

qrwlrqv ri devroxwh dqg uhodwlyh ulvn dyhuvlrq kdyh ehhq h{dplqhg/ wkh txhvwlrq ri

zklfk dvvhw vkrxog eh suhihuuhg lq d frpsohwh rughulqj zlwk uhvshfw wr d vshfl�f

xwlolw| ixqfwlrq kdv qrw ehhq h{soruhg d juhdw ghdo lq wkh hfrqrplfv olwhudwxuh1 Ehoo

+4<;;/ 4<<8d dqg 4<<8e, kdv lghqwl�hg wkh vshfl�f ixqfwlrqdo irup ri xwlolw| ixqfwlrqv

zlwk wkh surshuw| wkdw/ dv lqlwldo zhdowk lqfuhdvhv/ suhihuhqfhv vzlwfk d �qlwh qxpehu

ri wlphv +w|slfdoo| rqfh ru qrw dw doo, ehwzhhq wzr duelwudu| jdpeohv1 E| frxsolqj

wklv zlwk vwdqgdug dvvxpswlrqv vxfk dv ghfuhdvlqj devroxwh ulvn dyhuvlrq/ kh lvrodwhv

d vpdoo vhw ri ghvludeoh xwlolw| ixqfwlrqv +vhh iru h{dpsoh Ehoo +4<;;,/ Sursrvlwlrq

�,1 Wkh sxusrvh ri rxu sdshu lv wr vkrz wkdw wkhvh uhvxowv/ krzhyhu dwwudfwlyh wkh|

pd| eh lq uhgxflqj wkh qxpehu ri *ghvludeoh* xwlolw| ixqfwlrqv wr d vpdoo idplo|/ klqjh

rq wzr ihdwxuhv/ qdpho| dgglwlyh jdpeohv dqg dq dvvxpswlrq zh uhihu wr dv *joredo*

vroxwlrqv wr gl�huhqwldo htxdwlrqv1 Zkhq zh doorz iru pruh jhqhudo w|shv ri jdpeohv

dqg2ru orfdo vroxwlrqv zh jhqhudwh d udwkhu odujh fodvv ri xwlolw| ixqfwlrqv frpsdwleoh
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zlwk vzlwfklqj1 Wklv lv qrw wr eholwwoh Ehoo*v frqwulexwlrqv> zh �qg wkh lghqwl�fdwlrq

ri xwlolw| ixqfwlrqv e| wkhlu jdpeoh dqg vzlwfklqj fkdudfwhulvwlfv prvw lqwhuhvwlqj1

Wkh sdshu lv rujdqlvhg dv iroorzv = Vhfwlrq 2 uhylhzv wkh qhfhvvdu| frqfhswv dqg

glvfxvvhv wkh ghvludeoh ihdwxuhv ri dq lqyhvwruv xwlolw| ixqfwlrq1 Vhfwlrq � frqwdlqv wkh

pdlq vzlwfklqj uhvxowv dqg d glvfxvvlrq ri wkh uhodwlrqvkls wr wkh uhvw ri wkh olwhudwxuh

zkloh vhfwlrq e lv uhvhuyhg iru frqfoxvlrqv1

41 Ghvludeoh surshuwlhv ri lqyhvwru*v xwlolw|

Lq wklv vhfwlrq/ zh uhylhz wkh edvlf frqfhswv ri lqyhvwru suhihuhqfhv1 Duurz +4<:4,

dqg Sudww +4<97, lqlwldoo| zurwh ri zkdw zhuh wkh ghvludeoh ihdwxuhv ri dq lqyhvwru*v

xwlolw| ixqfwlrq1 Lq sduwlfxodu/ wkh| dujxhg wkdw d xwlolw| ixqfwlrq LE` � gh�qhg rq

zhdowk/ `c vkrxog eh lqfuhdvlqj dqg frqwlqxrxv1 Ixuwkhupruh/ wkh| lqwurgxfhg wkh

Duurz0Sudww frh!flhqw ri devroxwh ulvn dyhuvlrq

o�E` � ' �
L ��E` �

L �E` �
+4,

Wklv lv srvlwlyh iru lqfuhdvlqj/ frqfdyh LE` �c zklfk zrxog lpso| wkdw |rx suhihu d

vdih ehw wr d ulvn| rqh zlwk wkh vdph h{shfwhg ydoxh1 Lq dgglwlrq/ wkh| sursrvhg wkdw

o�E` � vkrxog eh ghfuhdvlqj lq `c vr wkdw |rxu dyhuvlrq wr ulvn ghfuhdvhv dv |rx jhw

zhdowklhu1 Wkh uhodwlyh ulvn dyhuvlrq frh!flhqw o-E` � ' `o�E` �c zklfk phdvxuhv

dyhuvlrq wr d pxowlsolfdwlyh jdpeoh/ zdv lqwurgxfhg e| Duurz1 Wklv vkrxog orjlfdoo|

dovr eh srvlwlyh iru doo ` / exw zkhwkhu lw vkrxog eh lqfuhdvlqj ru ghfuhdvlqj lq ` lv

qrw hqwluho| reylrxv1 Hhfnkrxgw dqg Jroolhu +4<<8, jlyh d jrrg glvfxvvlrq ri wkhvh

srlqwv1 Zkloh wkhvh lghdv kdyh uhpdlqhg dv ixqgdphqwdo frqfhswv lq wkh wkhru| ri ulvn
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dqg xwlolw|/ lw lv qrwhzruwk| wkdw qr vshfl�f ixqfwlrqdo irupv iru wkh xwlolw| ixqfwlrqv

zklfk vdwlvi| dq| frpelqdwlrq ri wkh deryh surshuwlhv lv uhdglo| dydlodeoh1

Iru xwlolw| ixqfwlrqv zklfk duh ulvn0dyhuvh hyhu|zkhuh zh fdq vd| vrphwklqj ixuwkhu

derxw dwwlwxgh wr jdpeohv1 Li doo lqyhvwruv zlwk vxfk lqfuhdvlqj dqg frqfdyh xwlolw|

ixqfwlrqv suhihu d jdpeoh � wr jdpeoh �c wkhq zh vd| wkdw � vwrfkdvwlfdoo| grplqdwhv

� prqrwrqlfdoo| ri wkh vhfrqg rughu/ zklfk zh ghqrwh e| �77(�1 Iluvw 0/ wklug 0/ dqg

kljkhu0rughu vwrfkdvwlf grplqdqfh duh dovr frqfhswv xvhg lq �qdqfh +vhh Kxdqj dqg

Olw}hqehujhu +4<;;,/ Fkdswhu 5 iru ghwdlov,1 Krzhyhu/ vhfrqg rughu lv prvw frpprqo|

xvhg ehfdxvh ri lwv wlh wr lqfuhdvlqj/ ulvn0dyhuvh xwlolw| dqg vr lv wkdw xsrq zklfk

zh irfxv rxu dwwhqwlrq1 Iroorzlqj Kxdqj dqg Olw}hqehujhu +4<;;,/ Fkdswhu 5/ wkh

qhfhvvdu| dqg vx!flhqw frqglwlrqv iru �77(� lv wkdw .d�o � .d�o dqg 7E+� '

+U

f

d8�E5�� 8�E5�o _5 � f iru doo +c zkhuh 8UE5� lv wkh glvwulexwlrq ixqfwlrq ri U�

Wklv olqnv wkh glvwulexwlrq ixqfwlrqv ri jdpeohv wr ghvludeoh ryhudoo fkdudfwhulvwlfv ri

xwlolw| ixqfwlrqv1 Urwkvfklog dqg Vwljolw} +4<:3, dovr ghulyh surshuwlhv rq glvwulexwlrq

ixqfwlrqv zklfk vkrxog ohdg wr d qdwxudo udqnlqj ri jdpeohv iru ulvn0dyhuvh lqyhvwruv1

Lq sduwlfxodu/ wkh| vkrz wkdw � gl�huv iurp � e| d vhulhv ri Phdq0Suhvhuylqj0Vsuhdgv

+l1h1 zhljkw lv vkliwhg wr wkh wdlov zlwkrxw d�hfwlqj wkh phdq, li dqg rqo| li � ' �n"c

zkhuh " lv d }hur0phdq qrlvh xqfruuhodwhg zlwk � li dqg rqo| li doo lqyhvwruv zlwk

frqfdyh xwlolw| ixqfwlrqv suhihu � wr �1 Krzhyhu/ wkhvh fkdudfwhulvdwlrqv uhtxluh doo

jdpeohv lqwhqghg iru frpsdulvrq wr kdyh lghqwlfdo phdqv dqg djdlq/ wkh uroh ri lqlwldo

zhdowk lv ljqruhg1 Dv glvfxvvhg hduolhu/ li zh zlvk wr frqvwuxfw d frpsohwh rughulqj ri

duelwudu| jdpeohv iru d jlyhq xwlolw| ixqfwlrq/ lqlwldo zhdowk sod|v dq lpsruwdqw uroh1
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Zh qh{w suhvhqw d vhulhv ri sdshuv iurp wkh pdqdjhphqw vflhqfh olwhudwxuh zklfk

dgguhvvhv suhflvho| wklv lvvxh1

51 Suhihuhqfh vzlwfklqj

Ehoo +4<;;, gh�qhg wkh qrwlrq ri dq ?�vzlwfk xwlolw| ixqfwlrq dv d ixqfwlrq zklfk

kdv wkh surshuw| wkdw/ dv lqlwldo zhdowk lqfuhdvhv/ zh vzlwfk suhihuhqfhv ehwzhhq dq|

wzr dgglwlyh jdpeohv dw prvw ? wlphv1 Zh ghqrwh e| ?0vzlwfk suhihuhqfhv wkh

suhihuhqfhv xqghuo|lqj dq ?0vzlwfk xwlolw| ixqfwlrq1 Shghuvhq dqg Vdwfkhoo +4<<:,

surylgh d wkrurxjk h{dplqdwlrq ri klv wkhruhpv1 Wkhuh duh dw ohdvw wkuhh lpsruwdqw

dssolfdwlrqv ri wkh vzlwfklqj surshuw|1 Rqh lv wkdw ri glvfrxqwhg fdvk  rzv1 Khuh wkh

qrwlrq ri vzlwfklqj lv vlpso| wkdw ri lpsdwlhqfh zkhuh zhdowk ehfrphv dqdorjrxv wr

wkh wlplqj ri vdwlvidfwlrq1 Wklv lv ghwdlohg lq Ehoo +4<;;,/ sdjh 4754047561 Vzlwfklqj

lv dovr olqnhg wr lvvxhv ri frqwh{wxdo xqfhuwdlqw|/ l1h1 wkh srvvlelolw| ri uhprylqj rqh ri

wzr xqfhuwdlqwlhv wkdw d�hfw |rxu lqlwldo zhdowk sulru wr ghflvlrq pdnlqj1 Lw lv vkrzq

wkdw wkhuh lv d forvh uhodwlrqvkls ehwzhhq frqwh{wxdo xqfhuwdlqwlhv dqg rqh0vzlwfklqj

lq Ehoo +4<<8e,/ Wkhruhp 41

Shukdsv wkh prvw lpsruwdqw surshuw| ri rqh0vzlwfklqj/ krzhyhu/ lv wkh olqn wr

ulvn0uhwxuq vhsdudwlrq1 Lq Ehoo +4<<8d,/ lw lv vkrzq wkdw xwlolw| ixqfwlrqv duh rqh0

vzlwfk li dqg rqo| li wkhlu h{shfwdwlrqv duh d ixqfwlrq ri d ulvn phdvxuh/ d uhwxuq

phdvxuh dqg lqlwldo zhdowk1 Wklv lq wxuq lghqwl�hv wkh vhw ri ulvn phdvxuhv zklfk

fdq eh uhsuhvhqwhg lq wklv zd| e| d vxlwdeoh xwlolw| ixqfwlrq1 Wklv dssurdfk zdv

dssolhg wr pxowlsolfdwlyh vzlwfklqj +wr eh gh�qhg, lq Ehoo +4<<9,/ dqg wkh surfhgxuh
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zdv h{whqghg wr wdnh lqwr dffrxqw grzqvlgh ulvn phdvxuhv lq Shghuvhq +4<<;,1 Mld

dqg G|hu +4<<9 dqg 4<<:, ghulyh ulvn0ydoxh prghov zklfk doorz d vlplodu vhsdudwlrq/

wkrxjk iru ulvn phdvxuhv ghulyhg iurp pruh wkhruhwlfdo frqvlghudwlrqv1 Lq Shghuvhq

dqg Vdwfkhoo +4<<:,/ lw lv vkrzq wkdw wklv lv htxdo wr }hur0vzlwfklqj ehwzhhq lghqwlfdo

jdpeohv dqg lq fxuuhqw zrun/ Shghuvhq +4<<;, olqnv kljkhu rughu vzlwfklqj wr pruh

jhqhudo ulvn0uhwxuq prghov1

Wkh fodvv ri vzlwfklqj ixqfwlrqv kdyh rqo| ehhq frpsohwho| fodvvl�hg lq wkh fdvh

zkhuh jdpeohv duh gh�qhg dgglwlyho| dqg xwlolw| ixqfwlrqv duh lq�qlwho| gl�huhqwldeoh

dqg duh joredo vroxwlrqv wr sduwlfxodu gl�huhqwldo htxdwlrqv lq d vhqvh wr eh gh�qhg1

Zh eulh | lqwurgxfh wkh uhvxowv ri Ehoo dqg h{whqvlrqv iru wkh dgglwlyh fdvh ehiruh

dujxlqj wkh fdvh iru rxu h{whqvlrqv1 E| dgglwlyh jdpeohv/ zh phdq wkdw zhdowk lv

gh�qhg dgglwlyho| zlwk uhvshfw wr jdpeohv/ wkdw lv/ �qdo zhdowk ` ' `f n ifc zkhuh

`f lv lqlwldo zhdowk dqg if lv wkh jdpeoh1 Wkh surriv ri wkh iroorzlqj wzr wkhruhpv

fdq eh irxqg lq wkh ruljlqdo wh{w1

Wkhruhp 41 +Ehoo +4<;;,/ Surs1 4,

Wkh rqo| }hur0vzlwfk xwlolw| ixqfwlrqv iru dgglwlyh jdpeohv duh wkh h{srqhqwldo

dqg wkh olqhdu ixqfwlrqv1

Wkhruhp 51 +Ehoo +4<;;,/ Surs1 5,

Wkh rqo| rqh0vzlwfk xwlolw| ixqfwlrqv iru dgglwlyh jdpeohv duh

E@� LE` � ' @` 2 n K` n S

EK� LE` � ' @eK` n Se_`



Rq wkh fkdudfwhulvdwlrq ri lqyhvwru suhihuhqfhv e| fkdqjhv lq zhdowk :

ES� LE` � ' @` n KeS`

E_� LE` � ' E@` n K�eS` +5,

iru duelwudu| frqvwdqwv @c Kc S dqg _�

Wkh xwlolw| ixqfwlrqv +5, duh lghqwlfdo wr wkh xwlolw| ixqfwlrqv irxqg e| Idutxkdu

dqg Qdndpxud +4<;:, wr vdwlvi| wkhlu dxjphqwhg frqvwdqw h{fkdqjh ulvn frqglwlrq1

Ehoo dgglwlrqdoo| vkrzv wkdw EK� dqg ES� duh lqfuhdvlqj dqg kdyh devroxwh ulvn0dyhuvlrq

dqg ghfuhdvlqj devroxwh ulvn0dyhuvlrq/ vr wkdw wkh| qrw rqo| glvsod| wkh rqh0vzlwfk

fkdudfwhulvwlfv iru duelwudu| jdpeohv exw duh frqvlvwhqw zlwk vhfrqg rughu vwrfkdvwlf

grplqdqfh iru jdpeohv ri lghqwlfdo phdq1 Dowkrxjk wkhvh kdyh uhfhlyhg prvw dwwhq0

wlrq lq whupv ri dssolfdwlrqv +vhh Ehoo +4<<8d dqg 4<<8e,,/ wkh uhvxow lv h{whqghg wr

?� vzlwfk dgglwlyh ixqfwlrqv +4<;;/ Sursrvlwlrq <,/ zklfk duh ri wkh irup

LE` � ' sfE` � n
g[
�'f

eS�`s�E` � +6,

zkhuh s�E�� lv d sro|qrpldo ri rughu ?� vxfk wkdw

g[
�'f

?� � ?n ��g

dqg S� lv d frqvwdqw iru doo ��

Lq pdq| lqyhvwphqw ghflvlrqv/ sduwlfxoduo| zkhq ` fdqqrw eh qhjdwlyh/ jdpeohv

duh pruh phdqlqjixoo| gh�qhg dv iudfwlrqv ri lqlwldo zhdowk> wkdw lv/ li |rx lqyhvw`
f
lq

d jdpeoh if wkh uhwxuq rq if lv d shufhqwdjh/ vr wkdw ` ' `
f

if� Wkh vhw ri vzlwfklqj

ixqfwlrqv iru wklv dowhuqdwlyh jdpeoh uhsuhvhqwdwlrq lv qrz suhvhqwhg1
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5141 Pxowlsolfdwlyh jdpeohv1 Wkh dqdo|vlv ri pxowlsolfdwlyh vkrfnv dv rssrvhg

wr dgglwlyh vkrfnv zlwk uhvshfw wr phdvxulqj ulvn dqg uhwxuq zdv vwxglhg lq ghwdlo

lq Ehoo +4<<9, dqg Mld dqg G|hu +4<<:,1 Lq wklv vhfwlrq zh surylgh d ixoo fkdudfwhu0

lvdwlrq ri zkdw ixqfwlrqv dgplw vzlwfklqj zkhq ulvnv duh pxowlsolfdwlyh udwkhu wkdq

dgglwlyh1 Zh jlyh suhflvh pdwkhpdwlfdo frqglwlrqv xqghu zklfk rxu uhvxowv krog1 Zh

wkhq h{dplqh wkh surshuwlhv ri wkh rqh0vzlwfk ixqfwlrqv lq ghwdlo zlwk uhvshfw wr

prqrwrqlflw|/ ulvn dyhuvlrq dqg ghfuhdvlqj ulvn dyhuvlrq dqg surylgh dq lqwxlwlyh olqn

wr wkh dgglwlyh fdvh1

Zh vwduw e| lqwurgxflqj vrph ixuwkhu qrwdwlrq dqg gh�qlwlrqv1 Iru pxowlsolfdwlyh

jdpeohv/ }hur0vzlwfklqj rffxuv zkhqhyhu if � ht +ru .LE`f
if� � .LE`f

ht �, iru doo

`f� Wr iroorz Ehoo/ zh uhvwulfw rxu dwwhqwlrq wr xwlolw| ixqfwlrqv lq wkh fodvv (
"c l1h1

wkh ixqfwlrqv iru zklfk doo ghulydwlyhv h{lvw1 Zh dovr uhtxluh wkh ydolglw| ri wkh Wd|oru

vhulhv

.LE`f
if� '

"[

�'f

` �
f
L �E`

f
�6�

�-
+7,

zkhuh L � lv wkh �|� ghulydwlyh ri LE�� dqg 6� ' .dEif � ���oc wkh �|� fhqwudo prphqw

ri if� Wkh frqglwlrqv iru wkh h{lvwhqfh ri wklv h{sdqvlrq duh jlyhq lq wkh iroorzlqj

Ohppd/ zkrvh surri lq wkh Dsshqgl{1

Ohppd 41 Li zh dvvxph wkdw

"[

?'f

` ?
f
L?E`

f
�Eif � ��?

?-
' LE`

f

if� +8,
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iru doo `f dqg if doprvw hyhu|zkhuh dqg

"[
�'f

` ?

f
mL?E`f�m.
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���

?-
	 4 +9,

wkhq +7, lv ydolg1

Dowkrxjk Ehoo*v surri uholhv xsrq wkh h{lvwhqfh ri d vlplodu vhulhv/ kh grhv qrw

ghulyh h{solflwo| wkh qhfhvvdu| pdwkhpdwlfdo frqglwlrqv1 Qrwh dovr wkdw qr h{solflw

uhodwlrqvkls ehwzhhq`f dqg if lv uhtxluhg1 Lw pljkw eh wkrxjkw wkdw wkhvh pdwkhpdw0

lfdo uhtxluhphqwv duh ri olwwoh ru qr frqvhtxhqfh1 Krzhyhu/ wkh frqglwlrqv uhtxluhg iru

ydolglw| ri +7, duh txlwh vwulqjhqw1 Dv d frxqwhu0h{dpsoh wr wkhvh frqglwlrqv/ frqvlghu

frqvwdqw devroxwh ulvn dyhuvlrq +l1h1 h{srqhqwldo xwlolw|, dqg jdpeohv gh�qhg dv orj0

qrupdo pxowlsolfdwlyh vkrfnv1 Lq wklv fdvh wkh ohiw kdqg vlgh ri +7, ehfrphv .de3`f
hf o

zkhuh if lv orj0qrupdo/ l1h1 wkh prphqw0jhqhudwlqj ixqfwlrq ri d orj0qrupdo udqgrp

yduldeoh1 Lw lv d nqrzq uhvxow lq suredelolw| wkhru| wkdw wklv fdqqrw eh uhsuhvhqwhg e|

dq lq�qlwh Wd|oru vhulhv ryhu lwv prphqwv +vhh Gxuuhww +4<<4,/ sdjh ;<0<6 iru ghwdlov,1

Vlqfh orj0qrupdolw| dqg h{srqhqwldo xwlolw| duh edvlf exloglqj eorfnv lq �qdqfh/ wklv

frxqwhu0h{dpsoh lv idu iurp sdwkrorjlfdo1

Zh qrz suhvhqw wkhruhpv iru pxowlsolfdwlyh jdpeohv dqdorjrxv wr wkrvh lq Ehoo

+4<;;,1 Wkh surriv duh doo uhohjdwhg wr wkh Dsshqgl{1 Rxu qhz wkhruhpv vwduw zlwk

wkh pxowlsolfdwlyh }hur0vzlwfk xwlolw| ixqfwlrqv1

Wkhruhp 61 Lq wkh fodvv ri lq�qlwho| gl�huhqwldeoh xwlolw| ixqfwlrqv gh�qhg xsrq

pxowlsolfdwlyh jdpeohv/ zlwk �qlwh prphqwv derxw � vxfk wkdw +7, krogv/ wkh rqo|
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}hur0vzlwfk xwlolw| ixqfwlrqv duh *?` dqg K`kc zkhq if lv d pxowlsolfdwlyh jdpeoh

vxfk wkdw .d*?Eif�o dqg .difko h{lvwv dqg K dqg k duh frqvwdqwv1

Qrwh wkdw wkhvh duh wkh dgglwlyh }hur0vzlwfk ixqfwlrqv zkhuh *?` uhsodfhv `� Zh

zloo hqfrxqwhu wklv srlqw djdlq odwhu/ exw qrz wxuq wr wkh rqh0vzlwfk ixqfwlrqv1

Wkhruhp 71 Xqghu htxlydohqw frqglwlrqv wr wkhruhp �/ dqg dvvxplqj doo uhohydqw

h{shfwdwlrqv h{lvw/ wkh rqh0vzlwfk pxowlsolfdwlyh ulvn xwlolw| ixqfwlrqv duh

E@� LE` � ' @E*?` �2 n K *?` n S

EK� LE` � ' @` K n S` _

ES� LE` � ' @ *?` n K` S

E_� LE` � ' E@ *?` n K�` S +:,

zkhuh @c Kc S dqg _ duh doo frqvwdqwv1

Zh wkxv kdyh d fodvv ri rqh0vzlwfk xwlolw| ixqfwlrqv zlwk uhvshfw wr pxowlsolfd0

wlyh jdpeohv1 Xqghu wkh frqwlqxhg dvvxpswlrq ri lq�qlwh gl�huhqwldelolw| dqg joredo

vroxwlrqv/ wkh uhvxow fdq krzhyhu eh jhqhudolvhg wr ?�vzlwfk xwlolw| ixqfwlrqv e|

hpsor|lqj wkh vdph wudqvirupdwlrq dv wkdw xwlolvhg lq wkh suhylrxv wkhruhp/ |lhoglqj

LE` � ' s
f
E*?` � n

&[

�'f

` S�s�E*?` � +;,

zkhuh s�E�� lv d sro|qrpldo ri rughu ?� vxfk wkdw

&[

�'f

?� � ?n �� &
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dqg S� lv d frqvwdqw iru doo �� D surri ri wklv lv irxqg lq Shghuvhq dqg Vdwfkhoo +4<<:,1

Wkhvh duh h�hfwlyho| vxpv ri surgxfwv ri srzhu ixqfwlrqv dqg sro|qrpldov lq *?`�

Qrw pdq| ri wkhvh kdyh ehhq xvhg lq wkh h{lvwlqj olwhudwxuh1 Krzhyhu/ jlyhq wkh

uhdvrqv zk| wkh pxowlsolfdwlyh ulvn iudphzrun lv suhihuuhg lq �qdqfh/ lw zrxog dsshdu

wkdw wkhvh frxog eh jlyhq pruh frqvlghudwlrq1 Zh eulh | wxuq wr wkh lvrodwlrq ri

ghvludeoh rqh0vzlwfk xwlolw| ixqfwlrqv zlwk wkh pxowlsolfdwlyh jdpeoh vwuxfwxuh1 Wkhuh

lv qr uhdvrq/ krzhyhu/ zk| wkh iroorzlqj dqdo|vlv frxog qrw eh h{whqghg wr ixqfwlrqv

glvsod|lqj kljkhu rughu vzlwfklqj1 Zh jhw wkh iroorzlqj uhvxow/ zkrvh surri lv lq wkh

Dsshqgl{1

Wkhruhp 81 Li d ghflvlrq pdnhu

E@� suhihuv pruh wr ohvv

EK� zlvkhv wr reh| wkh d{lrpv ri h{shfwhg xwlolw|

ES� lv ulvn dyhuvh dw doo zhdowk ohyhov

E_� kdv ghfuhdvlqj devroxwh ulvn dyhuvlrq dw doo zhdowk ohyhov

Ee� zlvkhv wr reh| wkh pxowlsolfdwlyh rqh0vzlwfk uxoh

wkhq wkh rqo| ihdvleoh xwlolw| ixqfwlrqv zklfk duh lq�qlwho| gl�huhqwldeoh hyhu|zkhuh/

duh

LE` � ' @ *?` � K`3S

dqg

LE` � ' �@`3K � S`3_
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iru srvlwlyh qxpehuv @c Kc S dqg _�

Wkhvh wzr ixqfwlrqv dsshdu lq Ehoo +4<<9, dv wkh rqo| wzr lq�qlwho| gl�huhqwldeoh/

lqfuhdvlqj/ ulvn0dyhuvh dqg ghfuhdvlqjo| ulvn dyhuvh xwlolw| ixqfwlrqv zklfk vhsdudwh

ulvn dqg uhwxuq iru pxowlsolfdwlyh ulvnv1 Lqghhg/ wkh frqglwlrqv iru vhsdudwlrq duh wkh

vdph dv rqh0vzlwfklqj dqg vr wkh deryh uhvxow fdq eh orrnhg dw lq sdudooho wr Ehoo

+4<<9,/ Wkhruhp 41 Zh qrz kdyh wzr ixuwkhu xwlolw| ixqfwlrqv zklfk glvsod| joredoo|

ghvludeoh surshuwlhv zlwk uhvshfw wr ulvn dyhuvlrq dqg wkh udqnlqj ri jdpeohv1 Ehiruh

h{whqglqj rxu dqdo|vlv wr d wklug w|sh ri jdpeohv/ zh h{dplqh wkh srvvlelolw| ri

doorzlqj orfdo udwkhu wkdq joredo vroxwlrqv1

5151 Joredo yhuvxv orfdo vroxwlrqv1 Ehoo*v surriv lq doo ri wkh deryh wkhruhpv

dvvxph wkdw LE` � lv lq�qlwho| gl�huhqwldeoh hyhu|zkhuh/ zklfk mxvwl�hv wkh xvh ri

Wd|oru h{sdqvlrqv/ dqg wkdw wkh vroxwlrqv ghulyhg dw duh joredo vroxwlrqv1 Zkloh

hfrqrplvwv uduho| uhtxluh srsxodu ixqfwlrqv wr eh pruh wkdq wzlfh gl�huhqwldeoh iru

dqdo|wlfdo sxusrvhv/ doprvw doo ixqfwlrqv xvhg duh lq idfw lq�qlwho| gl�huhqwldeoh/ vr

wklv pd| qrw vhhp xquhdvrqdeoh1 Lqghhg/ lq klv prvw uhfhqw zrun rq wklv wrslf +4<<9,/

Ehoo dujxhv lq vxssruw ri wklv dvvxpswlrq/ wkdw d xwlolw| ixqfwlrq vkrxog eh vprrwk

dqg qrw frqwdlq wdujhw ohyhov ri zhdowk1 Lq dgglwlrq/ Ehoo +4<;;, frqwdlqv d vhfwlrq

zklfk fodlpv wr h{foxgh wulfn vroxwlrq +vhh wkh hohjdqw Ohppd lq +4<;;,/ Vhfwlrq 9/

sdjhv 475604757,/ zklfk uhvxowv lq d fodlp wkdw qr rwkhu xwlolw| ixqfwlrqv/ krzhyhu

revfxuho| frqvwuxfwhg/ pd| eh d rqh0vzlwfk ixqfwlrq1

Krzhyhu/ d forvhu h{dplqdwlrq ri wkh surri ri Ehoo*v pdlq wkhruhpv uhyhdov wkdw
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vzlwfklqj lq idfw lv d orfdo surshuw|1 Lq sduwlfxodu/ wkh uhvxowv vr idu suhvhqwhg gr

qrw uhtxluh LE` � gh�qhg rq dfc4� wr kdyh wkh vdph ixqfwlrqdo irup ryhu wkh zkroh

udqjh1 Wkhuhiruh/ zh frxog uhvwulfw wkh udqjh ri rxu xwlolw| ixqfwlrqv wr vxevhwv ri

dfc4� c lpsrvh gl�huhqw ixqfwlrqdo irupv/ dqg wkhq slhfh wkhvh wrjhwkhu wr jhqhudwh

qhz ixqfwlrqv1 D uhvwulfwlrq zh qhhg wr lpsrvh lq vrph fdvhv lv wkdw �qdo zhdowk

fdqqrw mxps wr d gl�huhqw udqjh ri wkh xwlolw| ixqfwlrqv wkdq zkhuh lqlwldo zhdowk

fxuuhqwo| uhvlghv1 Wr vhh wklv/ zh zloo ghprqvwudwh d frxsoh ri h{dpsohv ri wkh odwwhu

khuh ehiruh lqwurgxflqj d qhz fodvv ri d!qh jdpeohv lq wkh qh{w vhfwlrq wr h{sdqg

xsrq wkh iruphu1

Frqvlghu wkh xwlolw| ixqfwlrq

LE` � '

;AAA?
AAA=

b` ` : #

b` � E# �` �k ` � #

<AAA@
AAA>

+<,

iru k : 2c b : f dqg zkhuh # ' `f n � iru vrph uhwxuqv wdujhw � c lv dq dgglwlyh

}hur0vzlwfk xwlolw| ixqfwlrq1 Wklv xwlolw| ixqfwlrq lv wkh phdq0orzhu sduwldo prphqw

xwlolw| ixqfwlrq/ lqwurgxfhg lq Ilvkexuq +4<::,1 Lw lv frqwlqxrxv/ wzlfh frqwlqxrxvo|

gl�huhqwldeoh/ orfdoo| ulvn dyhuvh dqg ghfuhdvlqjo| orfdoo| ulvn dyhuvh/ exw wkh wklug

ghulydwlyh lv qrw gh�qhg dw ` ' # dowkrxjk dw doo rwkhu ohyhov ri zhdowk lw lv lq�qlwho|

gl�huhqwldeoh� Wkh phdq0orzhu sduwldo prphqw ghflvlrq uxoh frqjuxhqw wr +<, zdv

uhodwhg wr vhfrqg ghjuhh vwrfkdvwlf grplqdqfh lq +4<::,1 Qrwh wkdw lw lv ri wkh irup

olqhdu plqxv srzhu ixqfwlrq zkhuh wkh srzhu ixqfwlrq lv gh�qhg ryhu d uhvwulfwhg

grpdlq1 Wkh olqhdu ixqfwlrq lv dq dgglwlyh }hur0vzlwfk dqg wkh uhvwulfwhg srzhu d

}hur0vzlwfk iru dq d!qh jdpeoh +wr eh gh�qhg odwhu,1 Shghuvhq +4<<;, vkrzv wkdw
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+<, lv dq dgglwlyh }hur0vzlwfk ixqfwlrq1 Wklv kdv lqwhuhvwlqj h�hfwv iru wkh ulvn0uhwxuq

dssolfdwlrqv ri vzlwfklqj lq Ehoo +4<<8d, lq wkdw +<, zloo lqwurgxfh grzqvlgh ulvn

phdvxuhv lq vxfk d iudphzrun1 Li zh xvh pxowlsolfdwlyh jdpeohv/ zh fdq vkrz wkdw

+<, lv rqh0vzlwfk1 Wkh surri ri wkh iroorzlqj wkhruhp lv lq wkh Dsshqgl{1

Wkhruhp 91 Zlwk pxowlsolfdwlyh ulvnv vr wkdw ` ' `f
if dqg # ' `f� c +<, lv d

rqh0vzlwfk xwlolw| ixqfwlrq1

Wkhvh h{whqvlrqv dovr krog iru rwkhu slhfhzlvh ixqfwlrqv1 Wkh qh{w vhfwlrq uhshdwv

wkh vzlwfklqj wkhruhpv e| doorzlqj wkh jdpeohv wr eh d!qh ixqfwlrqv ri lqlwldo zhdowk1

Wklv zloo |lhog vroxwlrqv zklfk duh joredo vroxwlrqv exw rqo| gh�qhg ryhu d uhvwulfwhg

udqjh1

5161 D!qh ulvn h{srvxuhv1 Udwkhu wkdq dujxlqj iru d vwudljkw pxowlsolfdwlyh

jdpeoh/ dv zdv grqh lq wkh suhylrxv vhfwlrqv/ zh zloo dvvxph wkdw dq djhqw zlwk

lqlwldo zhdowk`f wr lqyhvw/ hohfwv +ru lv irufhg, wr krog d suh0ghwhuplqhg �{hg txdqwlw|

` 	 `f lq d ulvnohvv dvvhw sd|lqj lqwhuhvw udwh o exw wdnhv d pxowlsolfdwlyh jdpeoh

if zlwk wkh uhpdlqlqj E`f �` �� Wklv pdnhv rxu vwudwhj| orrn yhu| vlplodu wr zkdw

lv nqrzq lq �qdqfh dv sruwirolr lqvxudqfh/ vlqfh dw wkh hqg ri dq lqyhvwphqw shulrg/

zh kdyh lqvxuhg djdlqvw zhdowk idoolqj ehorz `� Wkh deryh zh fdoo d Orzhu Erxqg

D!qh Ulvn H{srvxuh +OEDUH, jdpeoh1 Dojheudlfdoo|/ rxu �qdo zhdowk lv jlyhq

e|

` ' E`f �` �if n` +43,
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zkhuh ` 	 `f� Dq OEDUH jdpeoh pd| zhoo eh dq h{dpsoh ri d jdpeoh e| dq

lqvwlwxwlrq vxemhfw wr h{whuqdo uhvwulfwlrqv1 Zh zloo vhw o ' f iru frqyhqlhqfh zlwkrxw

orvv ri jhqhudolw|1 Lq wklv fdvh/ ` lv d ehqfkpdun zhdowk ohyho zklfk uhvxowv li wkh

jdpeoh uhwxuqv d }hur frqwulexwlrq wr wrwdo zhdowk1 Wkh iroorzlqj uhvxowv uho| xsrq

d vlplodu pdwkhpdwlfdo frqglwlrq wr wkdw suryhg lq Ohppd 7/ irxqg e| uhsodflqj `f

e| `f �`� Wkh surriv duh lq wkh Dsshqgl{1

Wkhruhp :1 Iru wkh fodvv ri OEDUH jdpeohv jlyhq e| +43,/ wkh }hur0vzlwfk lq�0

qlwho| gl�huhqwldeoh ixqfwlrqv duh

E@� LE` � ' *?E` �` �

EK� LE` � ' E` �` �K +44,

iru ` : ` dqg uhdo qxpehu K1

Dv pd| kdyh ehhq revhuyhg e| wkh uhdghu/ wkh ixqfwlrq E` �` �K lv rqh ri wkh

srsxodu KDUD ixqfwlrqv +wr eh gh�qhg,1 D odwhu vhfwlrq zloo looxvwudwh krz wkh

KDUD ixqfwlrqv fdq eh olqnhg wr gl�huhqw vzlwfklqj uxohv/ vrph xvlqj wkhvh OEDUH

jdpeohv1 Qrwh wkdw wkh ixqfwlrqv fdq eh duelwudulo| gh�qhg ehorz wkh wdujhw/ zklfk

lpsolhv wkdw wkh vhw ri }hur0vzlwfk ixqfwlrqv lv xqfrxqwdeo| lq�qlwh1 Qh{w zh jlyh wkh

rqh0vzlwfk ixqfwlrqv1

Wkhruhp ;1 Iru wkh fodvv ri OEDUH jdpeohv jlyhq e| +43,/ wkh lq�qlwho| gl�huhq0

wldeoh rqh0vzlwfk xwlolw| ixqfwlrqv duh

E@� LE` � ' @ *?E` �` �2 n K *?E` �` � n S
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EK� LE` � ' @E` �` �K n SE` �` �_

ES� LE` � ' @ *?E` �` � n KE` �` �S

E_� LE` � ' E@ *?E` �` � n K�E` �` � +45,

iru ` : ` dqg frqvwdqwv @c K dqg S�

Wkhvh duh |hw dqrwkhu vhw ri ixqfwlrqv zklfk glvsod| rqh0vzlwfklqj iru d w|sh ri

jdpeoh zklfk lv gluhfwo| dssolfdeoh wr �qdqfh/ exw qhyhuwkhohvv kdyh qrw dsshduhg

lq wkh olwhudwxuh1 Wkh surshuwlhv ri wkhvh ixqfwlrqv duh wkh vdph dv wkrvh ri wkh

pxowlsolfdwlyh ixqfwlrqv dqg Wkhruhp D fdq eh xvhg wr fodvvli| wkhp dffruglqj wr

ulvn dyhuvlrq dqg2ru ghfuhdvlqj ulvn dyhuvlrq1 Uhsodflqj ` e| E` � ` � jlyhv wkh

uhohydqw frqglwlrqv1 Zh fkrrvh qrw wr lqyhvwljdwh wklv ixuwkhu khuh/ exw qrwh wkdw wkh

h{whqvlrq wr wkh ?� vzlwfk fdvh/ lv jlyhq e|

LE` � ' sfd*?E` �` �o n
&[

�'f

E` �` �S�s�d*?E` �` �o

zkhuh ` : ` dqg s�E�� lv d sro|qrpldo ri rughu ?� vxfk wkdw

&[
�'f

?� � ?n �� &

Wkh surri ri wklv fdq eh irxqg lq Shghuvhq dqg Vdwfkhoo +4<<:,1

Zh qrz gh�qh d gl�huhqw h{srvxuh/ zklfk lv v|pphwulf wr wkh Orzhu Erxqg

D!qh Ulvn H{srvxuhv mxvw glvfxvvhg1 Frqvlghu wkh Xsshu Erxqg D!qh Ulvn

H{srvxuhv +XEDUH,

` ' E` �`
f
�if n E2`

f
�` � +46,
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iru `f 	 ` 	 2`fc zklfk hqvxuhv wkdw zhdowk vwd|v ehorz E2`f � ` �� Wklv uxoh

lpsolhv wkdw zh wdnh rq ohvv ulvn dv rxu lqlwldo zhdowk jhwv forvhu wr wkh xsshu wdujhw1

Lq rwkhu zrugv/ djhqwv idflqj wkh fkrlfh ri d ulvnohvv dvvhw dqg d ulvn| dvvhw kdyh d

eolvv srlqw dqg dv wkh| dssurdfk lw hohfw wr vkliw rxw ri wkh ulvn| dvvhw dqg lqwr wkh

ulvnohvv dvvhw1 E| v|pphwu| wr wkh orzhu erxqg d!qh lqyhvwphqw uxoh/ zh jhw wkh

iroorzlqj fruroodu|1 Wkh surri ri wklv lv h{dfwo| wkh vdph dv iru wkh suhylrxv wkhruhpv/

uhsodflqj E` �` � e| E` �` �c dqg frqvhtxhqwo| lv rplwwhg1

Fruroodu| 41 Iru wkh fodvv ri XEDUH jdpeohv lq +46,/ wkh }hur0vzlwfk xwlolw| ixqf0

wlrqv duh

E@� LE` � ' *?E` �` �

EK� LE` � ' E` �` �K +47,

wkh rqh0vzlwfk

E@� LE` � ' @E*?E` �` ��2 n K *?E` �` � n S

EK� LE` � ' @E` �` �K n SE` �` �_

ES� LE` � ' @ *?E` �` � n KE` �` �S

E_� LE` � ' E@ *?E` �` � n K�E` �` � +48,

dqg wkh ?� vzlwfk

s
f
d*?E` �` �o n

&[

�'f

E` �` �S�s�d*?E` �` �o +49,

zkhuh ` 	 ` dqg s�E�� lv d sro|qrpldo ri rughu ?� vxfk wkdw
&S

�'f

?� � ?n�� &� Wkh

sdudphwhuv @c Kc Sc _c dqg S� iru doo � duh doo frqvwdqwv lq wkh deryh1
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Wkhvh duh wkh vdph dv wkrvh lq Wkhruhp b rqo| gh�qhg rq wkh orzhu sduw ri

wkh glvwulexwlrq1 Wkh ihdwxuh ri prylqj rxw ri wkh ulvn| dvvhw dqg lqwr wkh ulvnohvv

dvvhw zklfk fkdudfwhulvh jdpeohv iurp wkh XEDUH fodvv khosv xv wr xqghuvwdqg wkh

zhoo0nqrzq fulwlflvp ri wkh txdgudwlf xwlolw| wkdw dv |rx lqfuhdvh zhdowk |rxu groodu

srvlwlrq lq wkh ulvn| dvvhw idoov1 Lq wkh }hur0vzlwfk fdvh EK� deryh/ wkh uhvxowv krog

iru LE` � ' �E` � ` �K dqg K ' 2 zloo wkhq jlyh wkh txdgudwlf1 Wkh ixqfwlrqv lq

Fruroodu| � dovr khos wr fdvw oljkw rq d forvh uhodwlrqvkls ehwzhhq vzlwfklqj dqg d

srsxodu jhqhudo fodvv ri xwlolw| ixqfwlrqv/ zklfk zh qrz lqwurgxfh1

5171 Vzlwfklqj dqg wkh KDUD ixqfwlrqv1 Lq rughu wr jhw d ehwwhu ryhuylhz ri

wkh odujh qxpehu ri ixqfwlrqv zh hqfrxqwhuhg vr idu/ lw zloo eh frqyhqlhqw wr lqwurgxfh

wkh K|shuerolf Devroxwh Ulvn Dyhuvlrq +KDUD, ixqfwlrqv/ gh�qhg e|

LM�-�E` � '
�� �

�

%
@`

�� �
n K

&�
+4:,

zkhuh ` :
KE�3��
@

1 Wklv fodvv lv suhvhqwhg dqg dqdo|vhg lq ghswk lq Lqjhuvroo +4<;:,

dqg Hhfnkrxgw dqg Jroolhu +4<<8,1 D odujh erg| ri frpprqo| xvhg ixqfwlrqv duh

vshfldo fdvhv ri wkh KDUD fodvv1 Lq sduwlfxodu/ +4:, frqwdlqv wkh frqvwdqw devroxwh

ulvn dyhuvlrq ixqfwlrqv

L��-�E` � ' �
�
�

k

�
e3k` +4;,

ghulyhg iurp +4:, e| vhwwlqj @

K
' k dqg ohwwlqj � $ 4c dqg wkh frqvwdqw uhodwlyh ulvn

dyhuvlrq ixqfwlrqv

L�--�E` � '

;AAA?
AAA=

`�3k

�3k
k : fc k 9' �

*?` k ' �

<AAA@
AAA>

+4<,
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zklfk zh jhw iurp +4:, e| vhwwlqj @ ' ��kc K ' f dqg � ' k +ohwwlqj � $ � jlyhv wkh

orjdulwkp,1 Wkh }hur0vzlwfk dgglwlyh ixqfwlrqv +vhh Wkhruhp �, duh wkh frqvwdqw de0

vroxwh ulvn dyhuvlrq KDUD ixqfwlrqv +4;,/ zkloh wkh }hur0vzlwfk pxowlsolfdwlyh xwlolw|

ixqfwlrqv +Wkhruhp e, duh wkh frqvwdqw uhodwlyh ulvn dyhuvlrq KDUD ixqfwlrqv +4<,1

Dsduw iurp wkh olplw ixqfwlrqv phqwlrqhg deryh/ wkh KDUD fodvv frqwdlqv vhyhudo

sro|qrpldo ixqfwlrqv/ lqfoxglqj wkh txdgudwlf/ zklfk zdv vkrzq wr eh dq dgglwlyh

rqh0vzlwfk +vhh +5,,1

Dgglwlrqdoo|/ wkh rwkhu rqh0vzlwfk dgglwlyh ixqfwlrqv duh doo gh�qhg dv vxpv ri/ ru

vxpv ri surgxfwv ri/ vhsdudwh KDUD ixqfwlrqv1 Vxfk ixqfwlrqv dulvh zkhq zh frqvlghu

uhsuhvhqwdwlyh djhqw xwlolw| ixqfwlrqv zkhuh d vrfldo sodqqhu kdv doorfdwhg srvlwlyh

zhljkwv wr xwlolw| ixqfwlrqv dqg doo djhqwv kdyh ehhq jlyhq wkh vdph zhdowk1 Lw vkrxog

eh fohdu wkdw vlpsoh pdqlsxodwlrq ri +4:, ohdgv wr LE` � ' E�3���3�

�
d@` n KE�� ��o�

dqg e| vhwwlqj @ ' � dqg KE�� �� ' �` +ru @ ' �� dqg KE�� �� ' ` � zh uhfryhu

wkh }hur0vzlwfk ixqfwlrqv fruuhvsrqglqj wr wkh ulvn h{srvxuhv +43, +ru +46,, iurp wkh

suhylrxv vhfwlrq1 Qrwh wkdw wkh orjdulwkplf ixqfwlrqv duh djdlq rewdlqhg lq wkh olplw1

Lw kdv wkxv ehhq vkrzq wkdw doo wkh KDUD ixqfwlrqv fdq eh lghqwl�hg dv hlwkhu }hur0

vzlwfk pxowlsolfdwlyh ixqfwlrqv/ ?� vzlwfk dgglwlyh ixqfwlrqv iru vrph qrq0qhjdwlyh

lqwhjhu ? ru }hur0vzlwfk d!qh ulvn h{srvxuh ixqfwlrqv1 Wkh iroorzlqj wdeoh vxpv xs

wklv glvfxvvlrq 0 DUD vwdqgv iru Devroxwh Ulvn Dyhuvlrq dqg GDUD iru Ghfuhdvlqj

Devroxwh Ulvn Dyhuvlrq1 Sdudphwhuv uhihu wr +4:,1 Wkh grxeoh E%c +� xqghu Uxoh

ghqrwhv jdpeoh w|sh % +hlwkhu dgglwlyh +D,/ pxowlsolfdwlyh +P, ru d!qh ulvn h{srvxuh

+DUH,,/ dqg zkhwkhu lw lv d }hur0 ru rqh0vzlwfk/ l1h1 + ' f ru �1
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Wdeoh 41 Wkh KDUD ixqfwlrqv dqg wkhlu vzlwfklqj uxohv

Ixqfwlrq Sdudphwhuv DUD GDUD Uxoh

Orj @ ' �c K ' fc � ' f �
`

Dozd|v +P/3,

Srzhu @ ' �� qc K ' fc � ' q E�3q�

`
q 	 � +P/3,

Txdgudwlf @ ' 2qc K ' �c � ' 2 2q
E�32q` �

Qhyhu +D/4,

H{srqhqwldo @

K
' qc � ' �4 0q Qhyhu +D/3,

E` �` �q @ ' �c KE�� �� ' `c� ' q
E�3q�

E`3` �
q 	 � +OEDUH/3,

E` �` �q @ ' ��c�KE�� �� ' `c� ' q E�3q�

E`3` �
q 	 � +XEDUH/3,

+53,

Lq dgglwlrq/ wkh ?� vzlwfk dgglwlyh jdpeoh ixqfwlrqv zklfk duh qrw lq +4:, fdq eh

prghoohg e| wkh dssursuldwh vxp ru surgxfw ri KDUD ixqfwlrqv1 Dv wkh KDUD*v duh

fhqwudo wr ghflvlrq pdnlqj xqghu xqfhuwdlqw|/ wklv zrxog dgg vxssruw wr wkh xvh ri

suhihuhqfh vzlwfklqj dv dq dlg wr xqghuvwdqglqj ghvludeoh xwlolw| ixqfwlrqv1 Krzhyhu/

lw vlpxowdqhrxvo| zhdnhqv wkh vzlwfklqj surshuw| vlqfh lw lv fohdu wkdw wkh fkrlfh ri

jdpeoh lq xhqfhv wkh vhw ri vzlwfklqj ixqfwlrqv txlwh vxevwdqwldoo|11

61 Frqfoxvlrq

Rxu sdshu kdv ghprqvwudwhg wkdw wkh vzlwfklqj jdpeoh fkdudfwhulvdwlrq fdq eh xvhg

dv d wd{rqrplf ghylfh iru xwlolw| zklfk/ xqolnh qrwlrqv ri vwrfkdvwlf grplqdqfh/ jlyhv

dq h{solflw uroh wr wkh zhdowk ohyho1 Lw lv qrw xqltxh exw khosixo lq dqdo|vlqj wkh

frpsoh{lw| ri suhihuhqfhv ryhu gl�huhqw w|shv ri jdpeohv dqg ohyhov ri zhdowk1 Lw grhv

qrw ohdg wr d vpdoo qxpehu ri ghvludeoh xwlolw| ixqfwlrqv dv Ehoo +4<;;, kdv fodlphg1
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Lqghhg/ e| uhod{lqj wkh dvvxpswlrqv ri Ehoo dqg doorzlqj iru orfdo vroxwlrqv dqg2ru

dowhuqdwlyh w|shv ri jdpeohv/ zh kdyh lghqwl�hg d odujh qxpehu ri xwlolw| ixqfwlrqv

zklfk doorz dq| �qlwh qxpehu ri vzlwfkhv iru vshfl�f w|shv ri jdpeohv1 Lq sduwlfxodu/

zh vkrz wkdw wkh KDUD ixqfwlrqv fdq eh uhfrqvwuxfwhg iurp d vhulhv ri vzlwfklqj

wkhruhpv1 Rxu dqdo|vlv lv e| qr phdqv h{kdxvwlyh1 Wkhuh duh jdpeohv wkdw rqh

frxog frqvlghu gl�huhqw iurp rxu pxowlsolfdwlyh/ OEDUH dqg XEDUH gh�qlwlrqv iru

h{dpsoh1 Ixuwkhupruh/ vzlwfklqj pd| qrw eh dq lpsruwdqw ehkdylrudo fkdudfwhulvwlf

wr irfxv dqdo|vlv durxqg1 Vrph rwkhu dvshfw ri wkh lqwhuuhodwlrqvkls ehwzhhq zhdowk

suhihuhqfh dqg jdpeohv pd| zrun pxfk ehwwhu1
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71 Dsshqgl{

Surri ri Ohppd 4

Qrwh �uvw wkdw +9, jlyhv

4 :
"[
�'f

` ?

f mL?E`f�m.
���Eif � ��?

���
?-

'
"[
�'f

m`?

f L
?E`f�m

���U ���Eif � ��?R_sEif�
������

?-

vlqfh .
���Eif � ��?

��� dqg R_sEif� duh erwk srvlwlyh1 Wklv lq wxuq lpsolhv wkdw

4 :
"[
�'f

�����`
?

f L
?E`f�

U
Eif � ��?R_sEif�

?-

�����
'

"[
�'f

�����
]

` ?

f L
?E`f�Eif � ��?R_sEif�

?-

����� +54,

Zh dsso| wkh Ehssr0Ohyl wkhruhp4 lq Dvsoxqg dqg Exqjduw +4<99, +sdjh 97099,

gluhfwo|1 Ohwwlqj s?Eif� ' L
?E`f�E hf3��?

?-
R_sEif� dqg

sEif� ' LE`f
if�R_sEif�

4
Wkh Ehssr0Ohyl wkhruhp lv qrw frpprqo| xvhg lq hfrqrplfv1 Irupdoo|/ lw vd|v wkdw li

4S
q@4

iq lv

d vhulhv ri lqwhjudeoh ixqfwlrqv vxfk wkdw

4[
q@4

]
m iq m g{ ?4

wkhq
4S
q@4

iq+{, frqyhujhv iru doprvw doo {> dqg li dgglwlrqdoo| i lv d ixqfwlrq wkdw htxdov
4S
q@4

iq

doprvw hyhu|zkhuh/ wkhq i lv lqwhjudeoh dqg

]
i @

4[
q@4

]
iqg{

Lw lv forvho| uhodwhg wr wkh frqyhujhqfh wkhruhpv ri Ohehvtxh +vhh/ iru lqvwdqfh/ Julpphww dqg

Vwlujd}hu ^47`/ sdjh 493,1
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wkhq +8, dqg +54, lpso| wkdw wkh frqglwlrqv ri wkh Ehssr0Ohyl wkhruhp duh vdwlv�hg1

Dv d uhvxow/ zh jhw wkdw LE`f
if�R_sEif� lv lqwhjudeoh dqg

]
LE`f

if�R_s '
"[
?'f

]
L?E`

f
�Eif � ��?

?-
R_sEif�

zklfk lq wxuq lpsolhv wkdw

.dLE`
f

if�o '
"[
?'f

L?E`
f
�
U
Eif � ��?R_sEif�

?-
'
"[
�'f

` �

f
L �E`

f
�6

�

�-

zkhuh L � lv wkh �|� ghulydwlyh ri LE�� dqg 6
�
' .dEif � ���oc wkh �|� fhqwudo prphqw

ri if derxw ��

Surri ri Wkhruhp 6

+Vx!flhqf|, Frqvlghu dq| jdpeoh if� Fohduo|/

.d*?E`
f

if�o ' *?`
f
n.d*?Eif�o

dqg

.dKE`
f

if�ko ' K`k

f
.difko

vr wkdw/ iru doo `
f
c

.dLE`
f

if�o�.dLE`
f

ht �o ' .d*?Eif�� *?E ht �o

dqg

.dLE`
f

if�o� .dLE`
f

ht �o ' K`k

f
i.d*?Eif�o�.d*?E ht �oj

uhvshfwlyho|1 Wkhvh duh dozd|v srvlwlyh ru dozd|v qhjdwlyh/ dqg vr qr suhihuhqfh

vzlwfklqj fdq rffxu1
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+Qhfhvvlw|,

Vxssrvh wkdw if dqg ht duh jdpeohv5 dqg/ zlwkrxw orvv ri jhqhudolw|/ if � ht �

Fohduo|/ iru dq| zhdowk ohyho `f

.dLE`f
if�o� .dLE`f

ht �o

'
"[
�'�

L �E`f�`
�

f^� ' @E`f� +55,

zkhuh ^� ' .dEhf3���o3.dEht3���o

�-
� Li LE�� h{klelwv }hur0vzlwfklqj/ lw pxvw eh wkdw iru

dq| sdlu ri zhdowk ohyhov/ `f dqg `�c @E`f�@E`�� � f� Lq sduwlfxodu/ wkh uhvwulfwhg

v|vwhp

2[
�'�

L �E`f�`
�

f^� ' @E`f� +56,

fdqqrw kdyh d vroxwlrq iru wzr gl�huhqw zhdowk ohyhov`f dqg`� xqohvv @E`f�@E`�� �

f� Wklv lpsolhv wkdw wkh v|vwhp fdq qrw kdyh d jhqhudo vroxwlrq/ zklfk uhtxluhv wkh

h{lvwhqfh ri d uhdo qrq0}hur vroxwlrq w wr wkh gl�huhqwldo htxdwlrq

L ��E` �` 2 n wL �E` �` ' f +57,

iru doo `c vlqfh rwkhuzlvh zh frxog xvh +55, wr �qg vroxwlrqv wr +56, iru @E`f� 	 f

dqg @E`�� : f zklfk zrxog lpso| d vzlwfk lq suhihuhqfhv1 Vroylqj +57,/ zh jhw

LE` � '

;AAA?
AAA=

@ *?` w ' ��

K` w3� w 9' ��

+58,

iru frqvwdqwv @c K dqg w�

5Qrwlfh wkdw xqolnh Ehoo ^8` zh gr qrw qhhg wkh jdpeoh wr eh *vxlwdeo| vpdoo*1 Lqvwhdg/ zh qhhg

rqo| kdyh wkdw jdpeohv fdqqrw wdnh d qrq0srvlwlyh ydoxh1
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Surri ri Wkhruhp 7

+Vx!flhqf|,

Wr vkrz wkdw wkh irxu ixqfwlrqv doo vdwlvi| wkh rqh0vzlwfk uxoh/ zh djdlq frqvlghu

hdfk rqh lq wxuq1 Lw vx!fhv wr vkrz wkdw .dLE`f
if�o� .dLE`f

if�o ' f kdv dw prvw

rqh uhdo vroxwlrq iru `f�

+d, .dLE`f
if�o� .dLE`f

if�o

' .i@E*?E`f
if��2 n K *?E`f

if� n S� @E*?E`f
ht ��2 n K *?E`f

ht �� Sj

' E2@ *?`f n K�E.E*? if�� .E*? ht �� n @E.E*? if�2 � .E*? ht �2�

' 2@E.E*? if��.E*? ht �� *?`f n KE.E*? if��.E*? ht �� n @E.E*? if�2 �.E*? ht �2�

' f / `f ' e
3KE.E*? hf�3.E*?ht ��3@E.E*? hf�23.E*?ht �2�

2@E.E*? hf�3.E*?ht ��

+e, .dLE`f
if�o� .dLE`f

ht �o

' @.E`f
if�K n S.E`f

if�_ � @.E`f
ht �K � S.E`f

ht �

' @` K

f
E.EifK�� .E ht K�� n S` _

f
E.Eif_��.E ht _��

' f / `f '

#
�SE.Eif_��.E ht _��

@E.EifK��.E ht K��

$ �
K3_

+f, .dLE`f
if�o� .dLE`f

ht �o

' @.E*?E`f
if�� n S.E`f

if�_ � @.E*?E`f
ht ��� S.E`f

ht �_

' @E.E*? if��.E*? ht �� n S` _

f
E.Eif_��.E ht _��

' f / `f '

#
�@E.E*? if�� .E*? ht ��

SE.Eif_�� .E ht _��

$�
_

dqg �qdoo|/
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+g, .dLE`f
if�o� .dLE`f

ht �o

' .iE@ *?E`f
if�� n K�E`f

if�Sj � i.E@ *?E`f
ht �� n K�E`f

ht �Sj

' @` S

f
E*?`f�.EifS� n K` S

f
.EifS� n @` S

f
.EifS *? if�

�@` S

f
E*?`f�.E ht S�� K` S

f
.E ht S�� @` S

f
.E ht S *? ht �

' ` S

f
iE@ *?`f n K�E.EifS��.E ht S�� n @E.EifS *? if�� .E ht S *? ht ��j

' f / `f ' e
3@E.EhfS *? hf�3.Eht S *?ht ��3KE.EhfS�3.Eht S��

@E.EhfS�3.Eht S��

+Qhfhvvlw|,

Vxssrvh wkdw MET � lv d rqh0vzlwfk xwlolw| ixqfwlrq1 Vlqfh +7, krogv/ wklv lp0

solhv wkdw iru wkuhh glvwlqfw zhdowk ohyhov/ T� : T2 : T�c wkh fruuhvsrqglqj qxpehuv

@ET��c @ET2� dqg @ET�� +dv gh�qhg e| +55,,/ fdqqrw vdwlvi| @ET�� : fc @ET2� 	 f dqg

@ET�� : f ru @ET�� 	 fc @ET2� : f dqg @ET�� 	 f1 D qhfhvvdu| frqglwlrq iru wklv

lv wkdw wkh M �ET �c M ��ET � dqg M ���ET � duh froolqhdu +vlqfh li qrw/ rqh frxog vroyh wkh

vxe0v|vwhp ri htxdwlrqv +55, +� ' �c 2c �� iru DQ\ ydoxhv ri @ET
�
� e| vlpsoh pdwul{

lqyhuwlrq1 Wklv phdqv zh fdq vroyh

w�M
�ET �T n w2M

��ET �T 2 nM ���ET �T � ' f +59,

iru w� dqg w2� Qrwh wkh vlpsoh h{whqvlrq wr +57, r�huhg e| +59,1 Wr vroyh wklv/ zh xvh d

vlpsoh wudqvirupdwlrq prwlydwhg e| wkh revhuydwlrq wkdw wkh irxu vx!flhqw ixqfwlrqv

zh vhhn duh lq idfw htxdo wr Ehoo*v rqh0vzlwfk ixqfwlrqv zkhq T lv uhsodfhg e| oqT�

E| ohwwlqj ` ' *?T dqg MET � ' LE*?T �c zh jhw

M �ET � ' L �E` � �
_`

_T
' L �E` � �

�

T
+5:,
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Wkxv/

M ��ET � ' L ��E` � �
_`

_T
�
�

T
�

�

T 2
� L �E` �

vr wkdw

M ��ET � '
�

T 2
dL ��E` �� L �E` �o +5;,

Ilqdoo|/ lw fdq eh vkrzq e| d vlplodu dujxphqw wkdw

M ���ET � '
�

T �
dL ���E` �� �L ��E` � n L �E` �o +5<,

Vxevwlwxwlqj +5:,/ +5;, dqg +5<, lqwr +59, dqg vlpsoli|lqj wkhq jlyhv

L �E` �d2� w� � w2o n L ��E` �dw2 � �o n L ���E` � ' f

Vhwwlqj �� ' 2� w� � w2 dqg �2 ' w� � �c zklfk lv d rqh0wr0rqh pdsslqj/ wklv fdq eh

vlpsol�hg wr

��L
�E` � n �2L

��E` � n L ���E` � ' f

dv uhtxluhg1 Wkh uhdo vroxwlrqv wr wklv htxdwlrq duh jlyhq e| +5, dqg vhwwlqj` ' *?`

|lhogv wkh uhvxow1

Surri ri Wkhruhp 8

Surri1 E| Wkhruhp 7/ rqo| xwlolw| ixqfwlrqv lq +:, vdwlvi| wkh rqh0vzlwfk

uxoh1 Doo ri wkhvh reh| wkh d{lrpv ri h{shfwhg xwlolw|1 Khqfh EK� dqg Ee� duh vdw0

lv�hg1 Qrz frqvlghu wkh surshuwlhv E@�c ES� dqg E_� iru hdfk ixqfwlrq lq wxuq1 Iru

LE` � ' @E*?` �2 n K *?` n Sc L �E` � ' 2@ *?`nK

`
c L ��E` � ' 2@E�3*?` �3K

` 2 c oE` � '

�

`

k
�� 2@

E2@ *?`nK�

l
dqg o�E` � ' �

`2

k
e@2

E2@ *?`nK�2
n 2@

E2@ *?`nK�
� �

l
� LE` � zloo eh lq0

fuhdvlqj dqg ulvn0dyhuvh iru ` : e�3
K

2@ 1 Krzhyhu/ wklv zrxog lpso| o�E` � : f�
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Khqfh/ wklv ixqfwlrq fdq qrw eh erwk ulvn0dyhuvh dqg kdyh ghfuhdvlqj ulvn dyhuvlrq1

Iru LE` � ' @` K n S` _c zh kdyh L �E` � ' @K` K3� n S_` _3�c L ��E` � ' @K2` K32 n

S_2` _32c oE` � ' 3@K
2
`

K32
3S_

2
`

_32

@K` K3�nS_`_3� dqg o�
�
E` � ' @

2
K
�
`

2K3enS2_�`2_3en@KS_EKn_�` Kn_3e

E@K` K3�nS_`_3��

Khqfh/ zh fdq jhw L �E` � : fc o�E` � : f dqg o�
�
E` � 	 f iru doo ` � f e| vhohfwlqj

@c Kc Sc _ doo qhjdwlyh1 Zkhq LE` � ' @ *?` n K` Sc L �E` � ' @

`
n KS` S3�c L ��E` � '

3@

`2 n KSES� ��` S32c oE` � ' �

`

k
@3KSES3��` S

@nKS` S

l
' �

`

k
�� KS

2
`

S

@nKS` S

l
dqg

o�E` � ' �

`

k
� �

`
n KS

2
`

S

E@nKS` S�
� @KS

�
`

S

E@nKS` S�2

l
� Wklv phdqv zh djdlq fdq hqvxuh L �E` � :

fc o�E` � : f dqg o�
�
E` � 	 f iru doo ` � f/ wklv wlph e| vhohfwlqj @ : fc K 	 f

dqg S 	 f1 Wkh irxuwk dqg �qdo fdvh lv LE` � ' E@ *?` n K�` Sc iru zklfk L �E` � '

` S3�d@E� n *?` � n Koc L ��E` � ' ` S32d@E2 n *?` � n Koc oE` � ' � d@E2n*?` �nKo

` d@E�n*?` �nKo
'

�

`

k
�� @

d@E2n*?` �nKo

l
dqg o�E` � ' �

`2

��
@

@E2n*?` �nK

�2
n

�
�� @

d@E2n*?` �nKo

��
�Khqfh LE` �

lv lqfuhdvlqj dqg ulvn dyhuvh rqo| zkhq ` : e3
K

@ � Krzhyhu/ wklv lv h{dfwo| wkh frqgl0

wlrq zklfk pdnhv wkh vhfrqg eudfnhwhg whup lq o�E` � srvlwlyh1 Khqfh/ wklv ixqfwlrq

fdqqrw eh lqfuhdvlqj/ ulvn0dyhuvh dqg ghfuhdvlqjo| ulvn dyhuvh ryhu dq| zhdowk uh0

jlrq1 Wkxv/ rqo| wkh wzr xwlolw| ixqfwlrqv phqwlrqhg lq wkh wkhruhp vdwlv�hv doo wkh

d{lrpv

Surri ri Wkhruhp 9

Uhfdoo +<,/ exw qrz dvvxph # ' `f�c +� qrz ehlqj d pxowlsolfdwlyh uhwxuqv wdujhw,



Rq wkh fkdudfwhulvdwlrq ri lqyhvwru suhihuhqfhv e| fkdqjhv lq zhdowk 5<

dqg frqvlghu wzr jdpeohv if dqg ht 1 Zh jhw

.LE`f
if� : .LE`f

ht �

/ �hi`f
if : #j.dbE`f

if� m `f
if : #o

n�hi`f
if 	 #jE.dbE`f

if�� E# �` �k m `f
if 	 #o�

: �hi`f
ht : #j.dbE`f

ht � m `f
ht : #o

n�hi`f
ht 	 #jE.dbE`f

ht �� E# �` �k m `f
ht 	 #o�

/ b.difo�`k

f
�hiif 	 �j.dE� � if�k m if 	 � o

: b.d ht o�`k

f
�hi ht 	 �j.dE� � ht �k m ht 	 � o

/ `k

f
: bE.dht o3.dhfo�

�htht 	��.dE�3ht �k�ht 	� o3�hthf	��.dE�3 hf�k�hf	� o

vr wkdw suhihuhqfh ehwzhhq if dqg ht vzlwfk dw prvw rqfh1

Surri ri Wkhruhp :

Zh suryh wklv wkhruhp gluhfwo|/ dowkrxjk rqh fdq hpsor| wkh pxowlsolfdwlyh }hur0

vzlwfk ixqfwlrqv iru dq dowhuqdwlyh dssurdfk1

+Vx!flhqf|,

Iru E@�/ .dLEE`f �` �if n` �o� .dLEE`f �` �if n` �o

' .d*?dE`f �` �ifod�.d*?dE`f �` � ht oo

' *?E`f �` � n *?Eif�� *?E`f �` �� *?E ht �

' *?Eif�� *?E ht �

zklfk lv lqghshqghqw ri `f� Olnhzlvh iru EK�c zh jhw .dLEE`f � ` �if n ` �o �

.dLEE`f �` �if n` �o

' .ddE`f �` �ifoKo� .ddE`f �` � ht oKo
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' E`f �` �KE.difKo� .d ht Ko�

zklfk zloo qrw fkdqjh vljq dv `f lqfuhdvhv/ vlqfh ` 	 `f1

+Qhfhvvlw|,

Iroorzlqj Wkhruhp �/ h{sdqglqj xvlqj d Wd|oru vhulhv durxqg if ' � jlyhv

.dLEE`f �` �if n` �o� .dLEE`f �` � ht n` �o

'
"[

�'�

L �E`f �` �E`f �` ��6� +63,

zkhuh 6� '
.dEhf3���o3.dEht3���o

�-
� D qhfhvvdu| frqglwlrq iru LE�� wr eh }hur0vzlwfk lv

wkdw wkh v|vwhp

"[

�'�

L �E`f �` �E`f �` ��6� ' @E`f�

"[

�'�

L �E`� �` �E`� �` ��6� ' @E`��

grhv qrw kdyh d vroxwlrq zkhuh @E`f�@E`�� 	 f� Reylrxvo| wklv zloo wkhq dovr kdyh

wr krog iru wkh vpdoohu vhw

2[

�'�

L �E`f �` �E`f �` ��6� ' @E`f�

2[

�'�

L �E`� �` �E`� �` ��6� ' @E`��

zklfk lq wxuq uhtxluhv wkdw zh fdqqrw �qg d jhqhudo vroxwlrq wr wklv vxe0v|vwhp/ l1h1

wkdw wkh �uvw wzr ghulydwlyhv ri LE�� duh froolqhdu1 Wklv phdqv wkdw

L ��E` �` � n wL �E` �` � ' f

zklfk kdv dv vroxwlrq wkh wzr ixqfwlrqv lq +44,
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Surri ri Wkhruhp ;

+Vx!flhqf|,

Wr vkrz vx!flhqf|/ zh vxevwlwxwh iru zhdowk dv gh�qhg lq +43, dqg vkrz wkhuh lv dw

prvw rqh vzlwfk ehwzhhq wzr gl�huhqw jdpeohv if dqg ht 1 Wr vlpsoli| surfhhglqjv/ zh

qrwh wkh iroorzlqj uhodwlrqvkls = Li LE` � lv d pxowlsolfdwlyh ixqfwlrqc wkhq LE` � '

LE`f
if�1 Li LE` � lv d ixqfwlrq gh�qhg rq pl{hg jdpeohv zkhuh �qdo zhdowk lv rqh

ri wkh deryh/ wkhq e| gh�qlwlrq L d` �` o ' L dE`f�` �ifo� Khqfh/ zh fdq vlpsoli|

rxu dqdo|vlv e| uhihuulqj wr wkh vx!flhqf| frqglwlrqv lq Wkhruhp 7 dqg uhsodfh `f

e| E`f�` �� Vlqfh `f : ` doo orjv dqg iudfwlrqdo srzhuv duh vwloo gh�qhg1 Zh qrz

vroyh

E@� .dLEE`f �` �if n` �o� .dLEE`f �` � ht n` �o

' E2@ *?E`f �` � n K�E.E*? if�� .E*? ht �� n @E.E*? if�2 � .E*? ht �2�

EK� .dLEE`f �` �if n` �o� .dLEE`f �` � ht n` �o

' @E`f �` �KE.EifK��.E ht K�� n SE`f �` �_E.Eif_�� .E ht _��

ES� .dLEE`f �` �if n` �o� .dLEE`f �` � ht n` �o

' @E.E*? if�� .E*? ht �� n SE`f �` �_E.Eif_�� .E ht _��

E_� .dLEE`f �` �if n` �o� .dLEE`f �` � ht n` �o

' E`f �` �SiE@ *?E`f �` � n K�E.EifS�� .E ht S�� n @E.EifS *? if�� .E ht S *? ht ��j

E| wkh dujxphqwv lq Wkhruhp 7/ doo ri wkhvh zloo vzlwfk vljq dw prvw rqfh dv `f

lqfuhdvhv1

+Qhfhvvlw|,

Zh djdlq dsshdo wr d frqqhfwlrq wr Wkhruhp 71 Zkhq �qdo zhdowk lv gh�qhg dv
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` ' E`f �` �if n`c frqvlghu

.dLEE`f �` �if n` �o� .dLEE`f �` � ht n` �o

'
"[

�'�

L �E`f �` �E`f �` ��6� +64,

e| wkh Wd|oru vhulhv durxqg if ' �� D qhfhvvdu| frqglwlrq iru d xwlolw| ixqfwlrq ri

wklv w|sh wr eh rqh0vzlwfk lv wkdw wkh v|vwhp

"[

�'�

L �E`f �` �E`f �` ��6� ' @E`f�

"[

�'�

L �E`� �` �E`� �` ��6� ' @E`��

"[

�'�

L �E`2 �` �E`2 �` ��6� ' @E`2�

kdv qr vroxwlrq iru d uhvwulfwhg udqjh ri wkh @E`��� ixqfwlrqv dqg gl�huhqw zhdowk

ohyhov `fc`� dqg `21 Iroorzlqj wkh surri ri Wkhruhp 8/ zh qhhg wr hqvxuh wkh

vxev|vwhp frqvlvwlqj ri wkh orzhvw ghulydwlyh whupv +uhsodfh
"S
�'�

e|
�S
�'�

� fdqqrw kdyh

d jhqhudo vroxwlrq/ zklfk lq wxuq uhtxluhv xv wr kdyh wkh iroorzlqj olqhdulw| frqglwlrq

��L
�E`�` �E`�` �n�2L

��E`�` �E`�` �2nL ���E`�` �E`�` �� ' f +65,

Qrz ohw T ' ` � ` dqg MET � ' LE` � ` �� Qrwh wkdw M �ET � ' L �E` �

` �_E`U3` �

_T
' L �E` � ` �c M ��ET � ' L ��E` � ` �_E`3` �

_T
' L ��E` � ` � dqg

M ���ET � ' L ���E` � ` �_E`3` �

_T
' L ���E` � ` �c vlqfh _E`3` �

_T
' �� Khqfh/ +65,

ehfrphv

��M
�ET �T n �2M

��ET �T 2 nM ���ET �T � ' f

zklfk lv lghqwlfdo wr +59,1 Zh nqrz wkh uhdo vroxwlrqv wr wklv htxdwlrq duh wkh ixqfwlrqv

lq +:,1 Wudqviruplqj wkhvh edfn lq whupv ri LE` �` � ' MET �c dqg xvlqj +43,/ zh
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jhw wkh vroxwlrq dv LE` �` � dv uhtxluhg1 Wkh ixqfwlrqv zklfk jlyh rqh0vzlwfklqj

zkhq �qdo zhdowk lv gh�qhg dv lq +43, duh wkrvh lq +45,
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Uhihuhqfhv

^4` Duurz/ N1 +4<:4,/ Hvvd|v lq wkh wkhru| ri ulvn ehdulqj1 Pdunkdp/ Fklfdjr1

^5` Dvsoxqg/ N1 dqg Exqjhuw/ O1 +4<<9,/ D �uvw frxuvh lq lqwhjudwlrq1 Krow/ Ulqhkduw

dqg Zlqvwrq

^6` Edzd/ Y1/ Ergxuwkd/ M1/ Udr/ P1 dqg Vxul/ K1 +4<;8,/ Rq ghwhuplqdwlrq ri

vwrfkdvwlf grplqdqfh rswlpdo vhwv1 Wkh Mrxuqdo ri Ilqdqfh/ 73+5,=74:�7641

^7` Edzd/ Y1 dqg Olqghqehuj/ H1 +4<::,/ Fdslwdo pdunhw htxloleulxp lq d phdq0orzhu

sduwldo prphqw iudphzrun1 Mrxuqdo ri Ilqdqfldo Hfrqrplfv 8/ sdjhv 4;<�5331

^8` Ehoo/ G1 +4<;;,/ Rqh0vzlwfk xwlolw| ixqfwlrqv dqg d phdvxuh ri ulvn1 Pdqdjhphqw

Vflhqfh/ 67+45,=4749�47571

^9` Ehoo/ G1 +4<<8d,/ D frqwh{wxdo xqfhuwdlqw| frqglwlrq iru ehkdylrxu xqghu ulvn1

Pdqdjhphqw Vflhqfh/ sdjhv 4478�44831

^:` Ehoo/ G1 +4<<8e,/ Ulvn/ uhwxuq dqg xwlolw|1 Pdqdjhphqw Vflhqfh/ 74+4,=56�631

^;` Ehoo/ G1 +4<<9,/ Phdvxulqj ulvn dqg uhwxuq ri sruwirolrv1 Lq Zlvh Fkrlfhv1 KEV

Sxeolvklqj1

^<` Gxuuhww/ U1 +4<<4,/ Suredelolw| = Wkhru| dqg h{dpsohv1 Zdgvzruwk Sxeolvkllqj

Frpsdq|1

^43` Hhfnkrxgw/ O1 dqg Jroolhu/ F1 +4<<8,/ Ulvn = Hydoxdwlrq/ pdqdjhphqw dqg

vkdulqj1 Suhqwlfh Kdoo2Kduyhvwhu Zkhdwohdi1
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^44` Idutxkdu/ S1 dqg Qdndpxud/ \1 +4<;:,/ Frqvwdqw h{fkdqjh ulvn surshuwlhv1

Rshudwlrqv Uhvhdufk/ sdjhv 539�5471

^45` Ilvkexuq/ S1 +4<:7,/ Frqyh{ vwrfkdvwlf grplqdqfh zlwk frqwlqxrxv glvwulexwlrq

ixqfwlrqv1 Mrxuqdo ri Hfrqrplf Wkhru|/ :=476048;1

^46` Ilvkexuq/ S1 +4<::,/ Phdq0ulvn dqdo|vlv zlwk ulvn dvvrfldwhg zlwk ehorz0wdujhw

uhwxuqv1 Wkh Dphulfdq Hfrqrplf Uhylhz/ 9:+5,=449�459/ Pdufk1

^47` Julpphww/ J1 dqg Vwlujd}hu/ G1 +4<<5,/ Suredelolw| dqg Udqgrp Surfhvvhv1

Foduhqgrq Suhvv/ R{irug/ 5qg hglwlrq1

^48` Kdgdu/ M1 dqg Uxvvhoo/ Z1 +4<9<,/ Uxohv iru rughulqj xqfhuwdlq survshfwv1 Dphu0

lfdq Hfrqrplf Uhylhz/ 8<=58�671

^49` Kdgdu/ M1 dqg Uxvvhoo/ Z1 +4<:4,/ Vwrfkdvwlf grplqdqfh dqg glyhuvl�fdwlrq1

Mrxuqdo ri Hfrqrplf Wkhru|/ 6=5;;�6381

^4:` Kxdqj/ F1 dqg Olw}hqehujhu/ U1 +4<;;,/ Irxqgdwlrqv iru �qdqfldo hfrqrplfv1

Hovhylhu Vflhqfh Sxeolvklqj Fr1/ Lqf1

^4;` Lqjhuvroo/ M1 +4<;:,/ Wkhru| ri �qdqfldo ghflvlrq pdnlqj1 Urzpdq

^4<` Mld/ M1 dqg G|hu/ M1 +4<<9,/ D vwdqgdug phdvxuh ri ulvn dqg ulvn0ydoxh prghov1

Pdqdjhphqw Vflhqfh/ 75+45,=49<4�4:381

^53` Mld/ M1 dqg G|hu/ M1 +4<<:,/ Uhodwlyh ulvn0ydoxh prghov1 Hxurshdq Mrxuqdo ri

Rshudwlrqdo Uhvhdufk1
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^54` Shghuvhq/ F1 +4<<;,/ Wrslfv lq ulvn lq �qdqfh1 SkG wkhvlv/ Wulqlw| Froohjh/

Xqlyhuvlw| ri Fdpeulgjh/ Hqjodqg/ +Wr eh vxeplwwhg Qryhpehu 4<<;,1

^55` Shghuvhq/ F1 dqg Vdwfkhoo/ V1 +4<<:,1 Ulvn/ xwlolw| dqg vzlwfklqj ehwzhhq jdpeohv1

GDH Zrunlqj Sdshu/ Dpdojdpdwhg Vhulhv Qr1 <:68/ Xqlyhuvlw| ri Fdpeulgjh1

^56` Sudww/ M1 +4<97,/ Ulvn dyhuvlrq lq wkh vpdoo dqg wkh odujh1 Hfrqrphwulfd/ 65+40

5,=455�4691

^57` Urwkvfklog/ P1 dqg Vwljolw}/ M1 +4<:3,/ Lqfuhdvlqj ulvn = L1 d gh�qlwlrq1 Mrxuqdo

ri Hfrqrplf Wkhru|/ 5+6,=558�5761


