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41 Lqwurgxfwlrq

Wkh ulvn suhplxp ri d jdpeoh/ �uvw ghulyhg lqghshqghqwo| e| Duurz ^4` dqg Sudww
^5;`/ ghshqgv xsrq wkuhh fkdudfwhulvwlfv/ wkh irup ri wkh xwlolw| ixqfwlrq/ wkh glvwul0
exwlrq ri wkh jdpeoh frqvlghuhg +dqg vr wkh glvwulexwlrq ri �qdo zhdowk, dqg wkh
ohyho ri lqlwldo zhdowk1 Vhyhudo vwxglhv kdyh dqdo|vhg zkdw duh ghvludeoh ihdwxuhv ri
wkhvh iru d *vhqvleoh* �qdqfldo lqyhvwru1 Duurz dqg Sudww wkhpvhoyhv dujxh wkdw wkh
olqn ehwzhhq wkh xwlolw| ixqfwlrq dqg zhdowk vkrxog eh wkdw devroxwh ulvn dyhuvlrq
vkrxog ghfuhdvh lq zhdowk zkloh/ lq vrph fdvhv/ uhodwlyh ulvn dyhuvlrq vkrxog lqfuhdvh1
Olnhzlvh/ Urwkvfklog dqg Vwljolw} ^5<` surylgh d fkdudfwhulvdwlrq ri krz fkdqjhv lq
glvwulexwlrqv d�hfw wkh ulvn suhplxp iru wkh fodvv ri xwlolw| ixqfwlrqv zklfk duh lq0
fuhdvlqj dqg frqfdyh1 Wklv lqfoxghv wkh qrwlrq ri vwrfkdvwlf grplqdqfh/ zklfk lv rqh
ri wkh prvw iuhtxhqwo| xvhg ulvn fkdudfwhulvdwlrqv lq �qdqfh1 D jrrg h{dplqdwlrq
ri vwrfkdvwlf grplqdqfh lv jlyhq lq Edzd hw1do1^6` dqg Kxdqj dqg Olw}hqehujhu ^4;`1
Hlwkhu rqh ri wkhvh dssurdfkhv surylgh d iudphzrun iru hydoxdwlqj wkh xvhixoqhvv
ri d xwlolw| ixqfwlrq1 Krzhyhu/ wkh olqn ehwzhhq �qdo zhdowk +hvvhqwldoo| wkurxjk
wkh fkrlfh ri glvwulexwlrq ri wkh jdpeoh, dqg lqlwldo zhdowk kdv qrw/ wr wkh dxwkruv
nqrzohgjh/ ehhq dqdo|vhg lq wkh suhvhqw �qdqfh olwhudwxuh1

Lq d vhulhv ri h{flwlqj dqg ruljlqdo sdshuv/ Ehoo +^8` dqg ^:`, kdv xvhg wkh ixqgd0
phqwdo lghd ri krz dq h{shfwhg xwlolw| ixqfwlrq fdq fdswxuh d vzlwfk lq suhihuhqfhv
ehwzhhq wzr ulvn| jdpeohv dv wkh lqlwldo zhdowk ri wkh lqyhvwru fkdqjhv/ wr lghqwli|
wkh fruuhvsrqglqj xwlolw| ixqfwlrq1 Vzlwfklqj zrxog dsshdu txlwh sodxvleoh1 Frqvlghu
dq lqyhvwru zlwk Â4/333/ zkr grhv qrw frqvlghu d idlu jdpeoh iru Â833 pruh ghvludeoh
wkdq d idlu jdpeoh iru Â831 Li |rx zhuh wr jlyh wklv lqyhvwru dq dgglwlrqdo Â4</333
sulru wr wkh jdpeolqj ghflvlrq ehlqj wdnhq/ vr lqlwldo zhdowk lv qrz Â53/333/ lw zrxog
eh txlwh ihdvleoh wkdw vkh zrxog suhihu wkh jdpeoh iru odujhu vwdnhv1 Wkhuh pd| hyhq
eh fdvhv zkhuh lw lv ghvludeoh wr vzlwfk suhihuhqfhv iru wkhvh jdpeohv djdlq iru dq
hyhq kljkhu zhdowk ohyho1

Xvlqj d vpdoo vhw ri d{lrpv/ lqfoxglqj d vlpsoh rqh0vzlwfk uxoh/ Ehoo qduurzv grzq
wkh fodvv ri xwlolw| ixqfwlrqv vdwlvi|lqj wkhvh uhtxluhphqwv wr wkh txdgudwlf dqg fhuwdlq
w|shv ri h{srqhqwldo ixqfwlrqv1 E| lpsrvlqj dgglwlrqdo uhtxluhphqwv rq wkh irup ri

�Wkh �uvw dxwkru lv vsrqvruhg e| wkh Hfrqrplf dqg Vrfldo Uhvhdufk Frxqflo1 Wkh vhfrqg dxwkru

zlvkhv wr wkdqn Guhvgqhu Nohlqzruw Ehqvrq dqg wkh Qhzwrq Wuxvw iru �qdqfldo vxssruw1
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wkh xwlolw| ixqfwlrq/ vxfk dv ghfuhdvlqj devroxwh ulvn dyhuvlrq +GDUD,/ kh lv ohiw zlwk
rqo| rqh fdqglgdwh xwlolw| ixqfwlrq/

LE` � ' @` � Ke3S`

zkhuh ` lv zhdowk dqg @c K dqg S duh srvlwlyh frqvwdqwv1 Kh dovr jlyhv wkh jhqhudo
irup ri wkh xwlolw| ixqfwlrqv iru kljkhu rughu +?� vzlwfk, uxohv1

Lq wkh odwwhu sdshu ^:`/ kh olqnv wkh vzlwfklqj surshuw| wr wkh vhsdudwlrq ri ulvn
dqg uhwxuq lq suhihuhqfhv ryhu jdpeohv dqg ghulyhv wkh fodvv ri xwlolw| ixqfwlrqv zklfk
dghtxdwho| surylgh vhsdudwlrq1 Mld dqg G|hu ^53` surylgh d vlplodu uhvxow/ dowkrxjk
wkh| uhvwulfw wkhlu dwwhqwlrq wr phdq0}hur jdpeohv1 Wkhvh lghdv duh vxuyh|hg dqg
eurxjkw wrjhwkhu lq Vdulq dqg Zhehu ^64`1 Wkh gl!fxow| zlwk wklv olwhudwxuh iru
�qdqfldo hfrqrplvwv lv wkdw wkh shuvshfwlyh lv wrr eurdg1 Khuh/ zh vkdoo frqfhqwudwh
rqo| rq wkrvh lvvxhv zh eholhyh duh lpsruwdqw lq �qdqfldo hfrqrplfv1 Wklv zdv dovr wkh
irfxv ri pruh uhfhqw zrun e| Ehoo ^;`/ zkr ghulyhg ulvn phdvxuhv iurp wklv dssurdfk/
lpsolflwo| xvlqj pxowlsolfdwlyh jdpeolqj lq wkh surfhvv1

Zh zloo vfuxwlql}h wkh dujxphqwv hpsor|hg lq wkhvh sdshuv e| lqlwldoo| fkdqjlqj
wkh dqdo|vlv wr pxowlsolfdwlyh udwkhu wkdq dgglwlyh jdpeohv1 Wklv lv wkh dssursuldwh
jdpeoh lq lqyhvwphqw sureohpv1 Zh ghulyh uhvxowv dqdorjrxv wr wkrvh ri erwk Ehoo dqg
Mld dqg G|hu lq wklv fdvh/ uhvwulfwlqj rxu dwwhqwlrq wr vzlwfkhv ehwzhhq wzr jdpeohv1
Vhfrqgo|/ zh orrn dw zklfk ixqfwlrqv fdq dghtxdwho| vhsdudwh ulvn dqg uhwxuq/ xvlqj
d olqn wr rqh0vzlwfklqj1 Zh dovr orrn dw pl{hg jdpeohv/ zklfk kdyh dq dgglwlyh dqg
d pxowlsolfdwlyh frpsrqhqw1 Wkhvh duh prwlydwhg e| wkhlu uhvhpeohqfh wr �qdqfldo
lqyhvwphqw vwudwhjlhv/ zkhuh rqh vhhnv wr vhfxuh vrph orzhu wkuhvkrog ohyho ri zhdowk1
Lw wudqvsluhv wkdw wkh }hur0vzlwfk ixqfwlrqv iru wklv fodvv ri jdpeohv duh lq wkh KDUD
fodvv ri xwlolw| ixqfwlrqv +vhh Kxdqj dqg Olw}hqehujhu ^4;`/ Hhfnkrxgw dqg Jroolhu
^45` ru Lqjhuvroo ^4<`,1 Ilqdoo|/ zh uhfdoo wkh wkhru| ri Frqvwdqw Sursruwlrqdo Sruwirolr
Lqvxudqfh lqwurgxfhg lq Eodfn dqg Mrqhv ^<`/ dqg jlyh vx!flhqw frqglwlrqv iru wkhlu
xwlolw| ixqfwlrq wr eh }hur0vzlwfk1

Wkh sdshu lv rujdqlvhg dv iroorzv = Vhfwlrq 5 lqwurgxfhv qrwdwlrq dqg suholplqdu|
gh�qlwlrqv/ dqg glvfxvvhv wkh prwlydwlrq iru orrnlqj dw pxowlsolfdwlyh jdpeohv dqg
pruh frpsolfdwhg ulvn h{srvxuhv1 Zh dovr jlyh vrph edvlf uhvxowv rq ixqgdphqwdo
h{shfwhg xwlolw| wkhru| xqghu wkhvh frqglwlrqv1 Zh wkhq jlyh wkh pdlq wkhruhpv rq
suhihuhqfh vzlwfklqj dqg vshfl�f xwlolw| ixqfwlrqv lq vhfwlrq 61 Ulvn0uhwxuq vhsdudwlrq
lv dgguhvvhg lq ixoo lq vhfwlrq 7 dqg frqfoxvlrqv iroorz lq vhfwlrq 81

51 Ghilqlwlrq/ prwlydwlrq dqg edvlf uhvxowv

Iluvw zh suhvhqw wkh qrwlrq ri ulvn0suhplxp zlwk dgglwlyh ulvnv1 Dv lv vwdqgdug/ zh ohw
LE`f� eh wkh lqglylgxdo*v xwlolw| ixqfwlrq ryhu lqlwldo zhdowk dqg ghqrwh wkh jdpeoh

e| wkh udqgrp yduldeoh hf/ zklfk zloo uhpdlq lqghshqghqw ri `f1 Lw lv dvvxphg
wkurxjkrxw wkdw LE�� lv gh�qhg rqo| iru srvlwlyh dujxphqwv1 Wkh ulvn suhplxp ri

wkh jdpeoh lv Z ' ZE`fc hf�c gh�qhg dv wkh vroxwlrq wr wkh htxdwlrq

LE`f � Z� ' .ELE`f n hf�� +4,
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Zkhq LE�� lv frqwlqxrxv dqg vwulfwo| lqfuhdvlqj zh fdq vroyh +4, iru d xqltxh ydoxh
ri Z� Ilqdo zhdowk lv lpsolflwo| dvvxphg wr eh gh�qhg dvì ' `f n hf +5,

zklfk/ lq wxuq/ uhtxluhv wkh dvvxpswlrq hf : �`f/ vlqfh zh gr qrw gh�qh xwlolw| ryhu
qhjdwlyh zhdowk1 Wklv dvvxpswlrq lv lqdssursuldwh iru dw ohdvw wzr uhdvrqv1 Iluvwo|/
lw lpsolhv wkdw zh fdq qrw dqdo|vh doo jdpeohv dw doo ohyhov ri zhdowk1 Iru lqvwdqfh/ li
`f ' �fff dqg hf fdq wdnh wkh ydoxh �Dff ru Dff zlwk htxdo suredelolwlhv/ zh fdq
vroyh iru wkh ulvn suhplxp1 Krzhyhu/ dw lqlwldo zhdowk `f ' �ff/ wklv lv qrw srvvleoh/
dv wkh hydoxdwlrq ri wkh uljkw kdqg vlgh ri +4, lqyroyhv wkh xqgh�qhg whup LE�2ff�1

Rqh pljkw wklqn wkdw wklv frxog eh uhvroyhg e| xvlqj wuxqfdwhg jdpeohv hfA ' hf
vxfk wkdw hf : �`fc zklfk kdv d suredelolw| ghqvlw| ixqfwlrq +sgi, gh�qhg e|

R_sE hfA � '
R_sE hf�

�hE hf : �`f�
+6,

Krzhyhu/ xqghu wklv vshfl�fdwlrq/ .E hfA � ghshqgv h{solflwo| xsrq lqlwldo zhdowk/ zkloh

wkh ghulydwlrq ri wkh ulvn suhplxp lq +4, uhtxluhv wkdw wkh prphqwv dqg sgi ri hf duh
lqghshqghqw ri `f�

Vhfrqgo|/ dv zh zloo eh orrnlqj dw wklv sureohp iurp d �qdqfldo dqjoh/ zh qhhg wr
frqvlghu wkh ehwv wkdw duh wdnhq lq wkh �qdqfldo pdunhwv1 Prvw �qdqfldo lqyhvwphqwv
kdyh sd|r� frpsrqhqwv zklfk duh pxowlsohv ri wkh lqlwldo fdslwdo lqyhvwhg1 Frxsrqv
rq erqgv/ glylghqgv rq vkduhv/ dqg wrwdo uhwxuqv rq sruwirolrv ri dq| lqvwuxphqwv/
duh h{dpsohv ri wklv1 Zklovw lw lv srvvleoh wr sxufkdvh dq ryhu0wkh0frxqwhu rswlrq
wkdw surylghv dq| ghvluhg sdwwhuq ri sd|rxw/ wkh dxwkruv duh xqdzduh ri �qdqfldo
jdpeohv lqyroylqj d sxuho| dgglwlyh rxwfrph/ zlwk h{fhswlrq ri orwwhulhv1 Wkhvh duh
qrw uhjdughg dv d pdmru dvvhw fodvv1

Wkhvh wzr uhdvrqv dovr h{sodlq zk| Ehoo*v xwlolw| ixqfwlrqv kdyh qrw irxqg idyrxu
hpslulfdoo| lq d �qdqfldo frqwh{w1 Wr eh wudfwdeoh hpslulfdoo| dv prghov ri lqyhvwru
ehkdylrxu zrxog uhtxluh xv wr eh deoh wr lqfoxgh fdvhv zkhuh hf lv qrupdoo| glvwule0
xwhg/ zklfk zrxog ylrodwh wkh orzhu erxqg frqglwlrq rq hf�

Wkh deryh glvfxvvlrq vxjjhvwv wkh xvh ri pxowlsolfdwlyh jdpeohv dv dq dowhuqdwlyh
wr wkh dgglwlyh h�hfwv frpprqo| xvhg lq wkh olwhudwxuh1 Pxowlsolfdwlyh jdpeohv zhuh
lqwurgxfhg lq wkh ruljlqdo duwlfoh e| Duurz ^4` dqg glvfxvvhg e| Hhfnkrxgw dqg Jroolhu
^45`/ zkr uhghulyh wkh Duurz0Sudww uhvxowv lqfoxglqj d ghwdlohg dujxphqw1 Lq d uhfhqw
sdshu ^;`/ Ehoo dovr prwlydwhv wkh xvh ri pxowlsolfdwlyh jdpeohv lq d �qdqfldo frqwh{w1
Pdwkhpdwlfdo sv|fkrorjlvwv +h1j1 Oxfh ^57` dqg Vdulq ^63`, kdyh xvhg pxowlsolfdwlyh
jdpeohv wr ghulyh h{solflw ulvn phdvxuhv1 Wkh olqn ehwzhhq wkh sv|fkrorj| olwhudwxuh
dqg wkh pdqdjhphqw vflhqfh olwhudwxuh zdv kljkoljkwhg lq erwk Vdulq dqg Zhehu ^64`
dqg Shghuvhq dqg Vdwfkhoo ^5:`/ dqg zloo uhvxuidfh lq odwhu vhfwlrqv1

Vxssrvh zh gh�qh �qdo zhdowk dvì ' `f
hf +7,
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dqg uhvwulfw hf � f� Qrwh wkdw hf qrz rqo| lqyroyhv uhvwulfwlrqv wkdw duh lqghshqghqw
ri `f� Dgglwlrqdoo|/ li d �qdqfldo lqyhvwru krogv d sruwirolr zklfk sd|v udwh ri uhwxuqhoRc khu �qdo zhdowk/ jlyhq lqlwldo lqyhvwphqw`fc zloo eh jlyhq e| +7, zkhuh hf ' �nhoR1
Wklv prgho lv dovr hdv| wr lpsohphqw hpslulfdoo|/ dv wkh dvvxpswlrq wkdw hf lv orj0
qrupdoo| glvwulexwhg fdq eh pdgh zlwkrxw kdylqj wr zruu| derxw zkdw kdsshqv li
uhwxuqv duh qhjdwlyh1 Iluvw zh lqwurgxfh vrph edvlf uhvxowv1

5141 Edvlf Uhvxowv1 Lq wklv vhfwlrq/ zh uhfdoo wkh edvlf dqdo|vlv ri Duurz ^4`
dqg Sudww ^5;`/ r�hulqj dq dq lqwxlwlyh zd| ri orrnlqj dw devroxwh dqg uhodwlyh ulvn
dyhuvlrq frh!flhqwv1 Zh ghulyh d edvlf uhvxow uhodwlqj wkh gl�huhqw frh!flhqwv ri ulvn0
dyhuvlrq zklfk dulvh iurp xvlqj dgglwlyh dqg pxowlsolfdwlyh jdpeohv1 Wkh Duurz0Sudww
frh!flhqw ri devroxwh ulvn dyhuvlrq o�E`f� lv wudglwlrqdoo| gh�qhg dv

o�E`f� ' �
L ��E`f�

L �E`f�
+8,

Wkh uhodwlrqvkls ehwzhhq +8, dqg +4, lv ixqgdphqwdo1 E| h{sdqglqj erwk vlghv ri
+4, dqg wuxqfdwlqj dssursuldwho| +vhh Kxdqj dqg Olw}hqehujhu ^4;` iru ghwdlov,/ rqh
ghulyhv wkh iroorzlqj dssur{lpdwlrq

ZE`fc hf� r
�

2
T @oE hf�o�E`f� +9,

Dq htxlydohqw dssurdfk dssolhg wr wkh pxowlsolfdwlyh fdvh +7, zloo |lhog d fdqglgdwh
iru d fruuhsrqglqj phdvxuh ri ulvn dyhuvlrq1 Wklv zdv grqh lq Hhfnkrxgw dqg Jroolhu
^45`1 Zh suhvhqw dq dowhuqdwlyh ghulydwlrq1 Zh qhhg wr vroyh wkh iroorzlqj htxdwlrq
iru Z =

LE`fE�� Z�� ' .ELE`f
hf��

zkhuh qrz hf lv d vpdoo ulvn zlwk phdq �1 H{sdqglqj wkh ohiw kdqg vlgh durxqg Z ' fc
wuxqfdwlqj diwhu wkh olqhdu whup/ zkloh h{sdqglqj wkh uljkw kdqg vlgh durxqg hf ' �c
wuxqfdwlqj dw wkh txdgudwlf whup/ |lhogv

LE`f�� Z`fL
�E`f� ' .iLE`f� n E hf � ��`fL

�E`f� n
�

2
E hf � ��2` 2

f
L ��E`f�j

Wdnlqj h{shfwdwlrqv dqg fdqfhoolqj/ rqh fdq uhduudqjh wr jhw

ZE`fc hf� r �
�

2
T @oE hf�

`fL
��E`f�

L �E`f�

Khqfh/ li zh gh�qh

o�E`f� ' �
`fL

��E`f�

L �E`f�

zh rewdlq

ZE`fc hf� r
�

2
T @oE hf�o�E`f� +:,
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zklfk/ olnh +9,/ vd|v wkdw wkh ulvn suhplxp ulvhv lq wkh yduldqfh ri wkh jdpeoh dqg
wkh +qrz pxowlsolfdwlyh, ulvn dyhuvlrq1 Wklv vlplodulw| wr wkh frpprqo| dffhswhg
htxdwlrq +9,/ ohdgv xv wr wuhdw pxowlsolfdwlyh ulvn dyhuvlrq dv

o�E`f� ' �
`fL

��E`f�

L �E`f�
+;,

Lw lv zruwk qrwlqj wkdw wklv lv lq idfw wkh uhodwlyh ulvn dyhuvlrq frh!flhqw +vhh ^4`,1
Lw vhhpv lqwxlwlyh wr ylhz ulvn dyhuvlrq e| +;, lq d pxowlsolfdwlyh iudphzrun/ vlqfh dv
wkh jdpeoh lv eholhyhg wr eh d pxowlsoh ri zhdowk/ vr orjlfdoo| vkrxog ulvn dyhuvlrq1 Zh
zloo vd| wkdw dq lqglylgxdo lv uhodwlyho| ulvn dyhuvh zkhq o�E`f� : f� Qrwh wkdw dv
zhdowk lv srvlwlyh/ dq lqglylgxdo lv uhodwlyho| ulvn0dyhuvh li dqg rqo| li vkh lv ulvn dyhuvh
lq wkh Duurz0Sudww vhqvh1 Krzhyhu/ wkh ulvn fkdudfwhulvwlfv pd| fkdqjh gl�huhqwo| dv
zhdowk fkdqjhv iru pxowlsolfdwlyh dqg dgglwlyh ulvn0dyhuvh lqglylgxdov1 Wkhlu suhflvh
uhodwlrqvkls zdv glvfxvvhg lq ghwdlo lq Olx ^56` dqg Hhfnkrxgw dqg Jroolhu ^45`1 Zh
uhwxuq wr wklv srlqw lq d odwhu vhfwlrq1

61 Suhihuhqfh vzlwfklqj

Ehoo ^8` gh�qhg wkh qrwlrq ri dq ?�vzlwfk xwlolw| ixqfwlrq dv d ixqfwlrq zklfk kdv
wkh surshuw| wkdw/ dv lqlwldo zhdowk lqfuhdvhv/ zh vzlwfk suhihuhqfhv ehwzhhq dq| wzr
jdpeohv dw prvw ? wlphv1 Zh dovr ghqrwh e| q0vzlwfk suhihuhqfhv wkh suhihuhqfhv
xqghuo|lqj dq ?0vzlwfk xwlolw| ixqfwlrq/ l1h1 suhihuhqfhv zklfk zloo qrw vzlwfk pruh
wkdw ? wlphv ehwzhhq dq| sdlu ri jdpeohv dv zhdowk lqfuhdvhv1 Zh gr qrw suhvhqw
klv zrun lq ghwdlo/ exw lqfoxgh wkh wkhruhpv zklfk duh prvw uhohydqw wr wklv sdshu1
Shghuvhq ^59` surylghv d pruh wkrxurxjk h{dplqdwlrq ri klv wkhruhpv1

Lw lv qrw dw doo fohdu zkhwkhu }hur/ rqh ru ?� vzlwfklqj lv d qdwxudo surshuw| iru
dq lqyhvwru1 Rqh0vzlwfklqj lv fhuwdlqo| qrw lpsodxvleoh1 Zh suhihu orwwhu| wlfnhwv wr
wudghg ixqgv zkhq srru +dw orz `f, exw prvw olnho| uhyhuvh wklv suhihuhqfh dv zh
ehfrph ulfkhu1 Lqghhg/ lq vxssruw ri wzr0vzlwfklqj/ lw pd| zhoo eh wkh fdvh wkdw wkh
xujh wr jdpeoh rq wkh orwwhu| uhdvvhuwv lwvhoi dw yhu| kljk zhdowk ohyhov1 Wkh surriv
ri wkh iroorzlqj wzr wkhruhpv fdq eh irxqg lq ^8`1

Wkhruhp 41 +Ehoo ^8`/ Surs1 4,
Wkh rqo| }hur0vzlwfk xwlolw| ixqfwlrqv duh wkh h{srqhqwldo dqg wkh olqhdu ixqfwlrqv1

Wkhruhp 51 +Ehoo ^8`/ Surs1 5,
Wkh rqo| rqh0vzlwfk xwlolw| ixqfwlrqv duh

E@� LE` � ' @` 2 n K` n S

EK� LE` � ' @eK` n Se_`

ES� LE` � ' @` n KeS`

E_� LE` � ' E@` n K�eS` +<,
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Wkh xwlolw| ixqfwlrqv +<, duh lghqwlfdo wr wkh xwlolw| ixqfwlrqv irxqg e| Idutxkdu
dqg Qdndpxud ^46` wr vdwlvi| wkhlu dxjphqwhg frqvwdqw h{fkdqjh ulvn frqglwlrq1 Dv
Ehoo qrwhv/ dowkrxjk erwk wklv dqg wkh rqh0vzlwfk frqglwlrqv duh frqglwlrqv gh�qhg
ryhu doo zhdowk ohyhov/ wkh| duh qrw reylrxvo| lghqwlfdo1 Lw zloo eh vkrzq odwhu wkdw
wkhvh ixqfwlrqv fdq eh lqfuhdvlqj ru ghfuhdvlqj/ ulvn0dyhuvh ru ulvn0orylqj dqg kdyh
ghfuhdvlqj ru lqfuhdvlqj ulvn dyhuvlrq ghshqglqj rq uhvwulfwlrqv rq wkh sdudphwhuv1

Ehoo*v surriv ri Wkhruhpv � dqg 2 erwk dvvxph wkdw LE` � lv lq�qlwh gl�huhqwldeoh
hyhu|zkhuh/ zklfk mxvwl�hv wkh xvh ri Wd|oru h{sdqvlrqv1 Zkloh hfrqrplvwv uduho|
uhtxluh srsxodu ixqfwlrqv wr eh pruh wkdq wzlfh gl�huhqwldeoh iru dqdo|wlfdo sxusrvhv/
doprvw doo ixqfwlrqv xvhg duh lq idfw lq�qlwho| gl�huhqwldeoh/ vr wklv pd| qrw vhhp
xquhdvrqdeoh1 Lqghhg/ lq klv prvw uhfhqw zrun rq wklv wrslf ^;`/ Ehoo dujxhv/ lq
vxssruw ri wklv dvvxpswlrq/ wkdw d xwlolw| ixqfwlrq vkrxog eh vprrwk dqg qrw frqwdlq
wdujhw ohyhov ri zhdowk1

Lq dgglwlrq/ Ehoo ^8` frqwdlqv d vhfwlrq wr h{foxglqj wulfn vroxwlrq +vhh wkh hohjdqw
Ohppd lq ^8`/ Vhfwlrq 9/ sdjhv 475604757,/ zklfk uhvxowv lq d fodlp wkdw qr rwkhu xwlo0
lw| ixqfwlrqv/ krzhyhu revfxuho| frqvwuxfwhg/ pd| eh d rqh0vzlwfk ixqfwlrq1 Krzhyhu/
d forvhu h{dplqdwlrq ri wkh surri ri Ehoo*v pdlq wkhruhp uhyhdov wkdw wkh vwdwhphqw
rq vzlwfklqj duh iru lqglylgxdo ohyhov ri zhdowk/ l1h1 zkloh lw lv wuxh wkdw wkh ixqfwlrqv
lq klv wkhruhpv duh vx!flhqw iru vzlwfklqj/ wkh| duh rqo| qhfhvvdu| li zh dvvxph dq
lqglylgxdo kdv wkh vdph xwlolw| ixqfwlrq dw DOO ohyhov ri lqlwldo zhdowkv1 Wklv kdv
ehhq lpsolflwo| dvvxphg lq klv surri1 D rqh0vzlwfk xwlolw| ixqfwlrq pxvw wdnh rqh ri
wkh �yh irupv jlyhq dw hyhu| ohyho ri zhdowk/ exw qrw qhfhvvdulo| wkh VDPH ixqfwlrqdo
irupv dw doo zhdowk ohyhov/ lq rwkhu zrugv lw lv d vwdwhphqw ri orfdo surshuwlhv1

Zh zloo dujxh wkdw �uvwo|/ wkhuh duh ixqfwlrqv zklfk fdq eh }hur0vzlwfk dqg qrw
lq�qlwho| gl�huhqwldeoh dqg/ vhfrqgo|/ wkdw wkhvh qhhg qrw eh revfxuh dw doo1 Frqvlghu
wkh iroorzlqj wkhruhp1

Wkhruhp 61 Wkh xwlolw| ixqfwlrq

LE` � '

�
b` ` : #

b` � E# �` �k ` � #
+43,

iru srvlwlyh kc b / E� 	 k 	 2� dqg zkhuh # ' `f n � iru vrph uhwxuqv wdujhw �c lv dq
dgglwlyh }hur0vzlwfk xwlolw| ixqfwlrq1

Surri1 Wr vhh wklv lv dq dgglwlyh }hur0vzlwfk/ frqvlghu wzr jdpeohv hf dqg ht
dqg lqlwldo zhdowk `f� Fohduo|

.LE`f n hf� : .LE`f n ht �

/ �hi`f n hf : #j.dbE`f n hf� m `f n hf : #o

n�hi`f n hf � #jE.dbE`f n hf�� E`f n � �`f � hf�ko m `f n hf � #�

: �hi`f n ht : #j.dbE`f n ht � m `f n ht : #o

n�hi`f n ht � #jE.dbE`f n ht �� E`f n � �`f � ht �k m `f n ht � #o�

/ b.d hfo� �hi hf � �j.dE� � hf�k m hf � � o :

b.dht o� �hiht � �j.dE� � ht �k m ht � � o
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Wklv lv lqghshqghqw ri `f dqg vr suhihuhqfhv fdq qrw vzlwfk dv zhdowk lqfuhdvhv1
Khqfh/ +43, lv dq dgglwlyh }hur0vzlwfk xwlolw| ixqfwlrq zklfk lv qrw lq�qlwlho| gl�hu0
hqwldeoh hyhu|zkhuh

Lq wklv ixqfwlrq/ # lv d zhdowk wdujhw1 Wkh xwlolw| ixqfwlrq +43, lv wkh phdq0
orzhu sduwldo prphqw xwlolw| ixqfwlrq/ lqwurgxfhg lq Ilvkexuq ^48`1 Wklv ixqfwlrq lv
wzlfh gl�huhqwldeoh/ orfdoo| ulvn dyhuvh dqg ghfuhdvlqjo| orfdoo| ulvn dyhuvh/ exw wkh
wklug ghulydwlyh lv qrw gh�qhg dw ` ' #� Wkh phdq0orzhu sduwldo prphqw ghflvlrq
uxoh frqjuxhqw wr +43, zdv uhodwhg wr vhfrqg ghjuhh vwrfkdvwlf grplqdqfh lq ^7`1 Zh
vkrxog dovr phqwlrq wkh zrun ri Krowkdxvhq ^4:` lq wklv frqwh{w/ zkr jlyhv dqrwkhu
slhfhzlvh xwlolw| ixqfwlrq zklfk fdq eh vkrzq wr eh dgglwlyh }hur0vzlwfk/ +vkrzq lq
Shghuvhq ^59`, dqg lv frqjuxhqw wr d vlplodu ghflvlrq uxoh1 Zh gr qrw sxuvxh wklv
srlqw ixuwkhu lq wklv sdshu/ exw wkhvh revhuydwlrqv ixuwkhu prwlydwh rxu vwxg| ri wkh
vzlwfklqj surshuw| dqg Ehoo*v dqdo|vlv lq sduwlfxodu1

Wkh lqwxlwlyh dsshdo ri wkh vzlwfklqj surshuw| lv pdgh pruh fohdu zlwk wkh ds0
solfdwlrq wr glvfrxqwhg fdvk  rzv1 Khuh wkh qrwlrq ri vzlwfklqj lv vlpso| wkdw ri
lpsdwlhqfh zkhuh zhdowk ehfrphv dqdorjrxv wr wkh wlplqj ri vdwlvidfwlrq1 Irupdoo|/
li zh gh�qh d glvfrxqw ixqfwlrq _E|�c | ' �c 2c �c �����c zkhuh _Ef� ' �c _E4� ' f dqg
_�E|� 	 f dqg gh�qh rqh frqvxpswlrq vwuhdp %E|� suhihuuhg wr dqrwkhu/ +E|�c e|

"[
�'f

%E|�_E|� :

"[
�'f

+E|�_E|�

wkhq zh fdq gh�qh lqfuhdvlqj2ghfuhdvlqj2frqvwdqw lpsdwlhqfh e| _EAn|�

_EA �
: _E|�c _EAn|�

_EA �
	

_E|� dqg _EAn|�

_EA �
' _E|� uhvshfwlyho|/ iru srvlwlyh A� Lq wklv frqwh{w/ d vzlwfk uhihuv

wr fkdqjlqj |rxu suhihuhqfh iurp %E|� wr +E|� dv A lqfuhdvhv1 Ehoo ^8`/ sdjh 4755/
Sursrvlwlrq ;/ vkrzv wkdw wkhruhpv derxw vzlwfklqj lq zhdowk whupv duh dqdorjrxv
wr vzlwfklqj lq wlph1

Dqrwkhu prwlydwlrq iru vzlwfklqj lv jlyhq lq Ehoo ^9`1 Wklv uhihuv wr lvvxhv ri
frqwh{wxdo xqfhuwdlqw|/ l1h1 wkh srvllelolw| ri uhprylqj rqh ri wzr xqfhuwdlqwlhv wkdw
d�hfw |rxu lqlwldo zhdowk sulru wr ghflvlrq pdnlqj1 Lw lv vkrzq wkdw wkhuh lv d forvh
uhodwlrqvkls ehwzhhq frqwh{wxdo xqfhuwdlqwlhv dqg rqh0vzlwfklqj lq ^9`/ Wkhruhp 41

Zlwk wkhvh dujxphqwv lq plqg dqg wkh suhylrxv glvfxvvlrq idyrxulqj pxowlsolfdwlyh
ulvnv/ zh qrz lqwurgxfh wkh pxowlsolfdwlyh jdpeohv/ zklfk frpsohphqw wkh h{lvwlqj
dqdo|vlv/ doo ri zklfk kdv dvvxphg dgglwlylw|1

6141 Pxowlsolfdwlyh jdpeohv1 Wkh dqdo|vlv ri pxowlsolfdwlyh vkrfnv dv rssrvhg
wr dgglwlyh vkrfnv zlwk uhvshfw wr phdvxulqj ulvn dqg uhwxuq zdv grqh lq ghwdlo lq
^;`1 Zh zloo wdnh d forvhu orrn dw wkdw lq d odwhu vhfwlrq1 Lq wklv vhfwlrq zh surylgh d
ixoo fkdudfwhulvdwlrq ri zkdw ixqfwlrqv dgplw vzlwfklqj zkhq ulvnv duh pxwlsolfdwlyh
udwkhu wkdq dgglwlyh1

Zh vwduw e| lqwurgxflqj vrph ixuwkhu qrwdwlrq dqg gh�qlwlrqv1 Iru pxowlsolfdwlyh
jdpeohv/ }hur0vzlwfklqj rffxuv zkhqhyhu hf � ht +ru .LE`f

hf� � .LE`f
ht �, iru doo

`f� Wr iroorz Ehoo/ zh uhvwulfw rxu dwwhqwlrq wr xwlolw| ixqfwlrqv lq wkh fodvv (
"c l1h1
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wkh ixqfwlrqv iru zklfk doo ghulydwlyhv h{lvw1 Zh dovr uhtxluh wkh ydolglw| ri wkh Wd|oru
vhulhv

.LE`f
hf� '

"[
�'f

` �

f
L �E`

f
�6�

�-
+44,

zkhuh L � lv wkh �|� ghulydwlyh ri LE�� dqg 6� ' .dE hf � ���oc wkh �|� fhqwudo prphqw

ri hf� Wkh frqglwlrqv iru wkh h{lvwhqfh ri wklv h{sdqvlrq duh jlyhq lq wkh iroorzlqj
Ohppd1

Ohppd 71 Li zh dvvxph wkdw
"[
?'f

`?

f
L?E`

f
�E hf � ��?

?-
' LE`

f

hf� +45,

iru doo `
f
dqg hf doprvw hyhu|zkhuh dqg

"[
�'f

`?

f
mL?E`

f
�m.

���E hf � ��?
���

?-
	 4 +46,

wkhq +44, lv ydolg1

Surri1 Qrwh �uvw wkdw +46, jlyhv

4 :

"[
�'f

` ?

f
mL?E`

f
�m.

���E hf � ��?
���

?-

'

"[
�'f

m` ?

f
L?E`

f
�m
���U ���E hf � ��?R_sE hf�

������
?-

vlqfh .
���E hf � ��?

��� dqg R_sE hf� duh erwk srvlwlyh1 Wklv lq wxuq lpsolhv wkdw

4 :

"[
�'f

�����` ?

f
L?E`

f
�
U
E hf � ��?R_sE hf�

?-

�����
'

"[
�'f

�����
]

` ?

f
L?E`

f
�E hf � ��?R_sE hf�

?-

����� +47,

Zh dsso| wkh Ehssr0Ohyl wkhruhp4 lq Dvsoxqg dqg Exqjduw ^5` +sdjh 97099, gluhfwo|1
Ohwwlqj

s?E hf� '
L?E`

f
�E hf � ��?

?-
R_sE hf�

4Wkh Ehssr0Ohyl wkhruhp lv qrw frpprqo| xvhg lq hfrqrplfv1 Irupdoo|/ lw vd|v wkdw li
4S

q@4

iq lv

d vhulhv ri lqwhjudeoh ixqfwlrqv vxfk wkdw
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dqg
sE hf� ' LE`f

hf�R_sE hf�

wkhq +45, dqg +47, lpso| wkdw wkh frqglwlrqv ri wkh Ehssr0Ohyl wkhruhp duh vdwlv�hg1

Dv d uhvxow/ zh jhw wkdw LE`f
hf�R_sE hf� lv lqwhjudeoh dqg]

LE`f
hf�R_s '

"[
?'f

]
L?E`

f
�E hf � ��?

?-
R_sE hf�

zklfk lq wxuq lpsolhv wkdw

.dLE`
f

hf�o '

"[
?'f

L?E`
f
�
U
E hf � ��?R_sE hf�

?-
'

"[
�'f

` �

f
L �E`

f
�6�

�-

zkhuh L � lv wkh �|� ghulydwlyh ri LE�� dqg 6� ' .dE hf � ���oc wkh �|� fhqwudo prphqw

ri hf derxw ��
Dowkrxjk Ehoo*v surri uholhv xsrq wkh h{lvwhqfh ri d vlplodu vhulhv/ kh grhv qrw

ghulyh h{solflwo| wkh qhfhvvdu| pdwkhpdwlfdo frqglwlrqv1 Qrwh dovr wkdw qr h{solflw
uhodwlrqvkls ehwzhhq `

f
dqg hf lv uhtxluhg/ lq frqwudvw wr zkdw zdv vkrzq wr eh

qhfhvvdu| iru Ehoo*v dqdo|vlv lq wkh �uvw vhfwlrq1 Lw pljkw eh wkrxjkw wkdw wkhvh
pdwkhpdwlfdo uhtxluhphqwv duh ri olwwoh ru qr frqvhtxhqfh1 Krzhyhu/ wkh frqglwlrqv
uhtxluhg iru ydolglw| ri +44, duh txlwh vwulqjhqw1 Dv d frxqwhu0h{dpsoh wr wkhvh frqgl0
wlrqv/ frqvlghu frqvwdqw devroxwh ulvn dyhuvlrq +l1h1 h{srqhqwldo xwlolw|, dqg jdpeohv
gh�qhg dv orj0qrupdo pxowlsolfdwlyh vkrfnv1 Lq wklv fdvh wkh ohiw kdqg vlgh ri +44,

ehfrphv .de3`f
hf o zkhuh hf lv orj0qrupdo/ l1h1 wkh prphqw0jhqhudwlqj ixqfwlrq ri

d orj0qrupdo udqgrp yduldeoh1 Lw lv d nqrzq uhvxow lq suredelolw| wkhru| wkdw wklv
fdqqrw eh dssur{lpdwhg e| dq lq�qlwh Wd|oru vhulhv ryhu lwv prphqwv +vhh Gxuuhww
^44`/ sdjh ;<0<6 iru ghwdlov,1 Vlqfh orj0qrupdolw| dqg h{srqhqwldo xwlolw| duh edvlf
exloglqj eorfnv lq �qdqfh/ wklv frxqwhu0h{dpsoh lv idu iurp sdwkrorjlfdo1

Zh qrz suhvhqw wkhruhpv dqdorjrxv wr wkrvh lq Ehoo ^8` iru pxowlsolfdwlyh jdpeohv1
Rxu qhz wkhruhpv vwduw zlwk wkh pxowlsolfdwlyh }hur0vzlwfk xwlolw| ixqfwlrqv1

4[
q@4

]
m iq m g{ ?4

wkhq

4S
q@4

iq+{, frqyhujhv iru doprvw doo {> dqg li dgglwlrqdoo| i lv d ixqfwlrq wkdw htxdov
4S

q@4

iq

doprvw hyhu|zkhuh/ wkhq i lv lqwhjudeoh dqg

]
i @

4[
q@4

]
iqg{

Lw lv forvho| uhodwhg wr wkh frqyhujhqfh wkhruhpv ri Ohehvtxh +vhh/ iru lqvwdqfh/ Julpphww dqg
Vwlujd}hu ^49`/ sdjh 493,1
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Wkhruhp 81 Lq wkh fodvv ri lq�qlwho| gl�huhqwldeoh xwlolw| ixqfwlrqv gh�qhg xsrq
pxowlsolfdwlyh jdpeohv/ zlwk �qlwh prphqwv derxw � vxfk wkdw +44, krogv/ wkh rqo|

}hur0vzlwfk xwlolw| ixqfwlrqv duh *?` dqg K`kc zkhq hf lv d pxowlsolfdwlyh jdpeoh
vxfk wkdw .d*?E hf�o dqg .d hfko h{lvwv dqg K dqg k duh frqvwdqwv1

Surri1 +Vx!flhqf|, Frqvlghu dq| jdpeoh hf� Fohduo|/

.d*?E`f
hf�o ' *?`f n.d*?E hf�o

dqg
.dKE`f

hf�ko ' K`k

f
.d hfko

vr wkdw/ iru doo `fc

.dLE`f
hf�o�.dLE`f

ht �o ' .d*?E hf�� *?Eht �o

dqg
.dLE`f

hf�o� .dLE`f
ht �o ' K`k

f
i.d*?E hf�o�.d*?Eht �oj

uhvshfwlyho|1 Wkhvh duh dozd|v srvlwlyh ru dozd|v qhjdwlyh/ dqg vr qr suhihuhqfh
vzlwfklqj fdq rffxu1

+Qhfhvvlw|,

Vxssrvh wkdw hf dqg ht duh jdpeohv5 dqg/ zlwkrxw orvv ri jhqhudolw|/ hf � ht �

Fohduo|/ iru dq| zhdowk ohyho `f

.dLE`f
hf�o� .dLE`f

ht �o

'
"[
�'�

L �E`f�`
�

f^� ' @E`f� +48,

zkhuh ^� ' .dE hf3���o3.dEht3���o

�-
� Li LE�� h{klelwv }hur0vzlwfklqj/ lw pxvw eh wkdw iru

dq| sdlu ri zhdowk ohyhov/ `f dqg `�c @E`f�@E`�� � f� Lq sduwlfxodu/ wkh uhvwulfwhg
v|vwhp

2[
�'�

L �E`f�`
�

f^� ' @E`f� +49,

fdqqrw kdyh d vroxwlrq iru wzr gl�huhqw zhdowk ohyhov`f dqg`� xqohvv @E`f�@E`�� �
f� Wklv lpsolhv wkdw wkh v|vwhp fdq qrw kdyh d jhqhudo vroxwlrq/ zklfk uhtxluhv wkh
h{lvwhqfh ri d uhdo qrq0}hur vroxwlrq w wr wkh gl�huhqwldo htxdwlrq

L ��E` �` 2 n wL �E` �` ' f +4:,

5Qrwlfh wkdw xqolnh Ehoo ^8` zh gr qrw qhhg wkh jdpeoh wr eh *vxlwdeo| vpdoo*1 Lqvwhdg/ zh qhhg

rqo| kdyh wkdw jdpeohv fdqqrw wdnh d qrq0srvlwlyh ydoxh1
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iru doo `c vlqfh rwkhuzlvh zh frxog xvh +48, wr �qg vroxwlrqv wr +49, iru @E`f� 	 f
dqg @E`�� : f zklfk zrxog lpso| d vzlwfk lq suhihuhqfhv1 Vroylqj +4:,/ zh jhw

LE` � '

�
@ *?` w ' ��
K` w3� w 9' ��

+4;,

iru frqvwdqwv @c K dqg w�

Qrwh wkdw wkhvh duh wkh dgglwlyh }hur0vzlwfk ixqfwlrqv zkhuh *?` uhsodfhv `� Zh
zloo hqfrxqwhu wklv srlqw djdlq odwhu/ exw qrz wxuq wr wkh rqh0vzlwfk ixqfwlrqv1

Wkhruhp 91 Xqghu htxlydohqw frqglwlrqv wr wkh suhylrxv wkhruhp/ dqg dvvxplqj doo
uhohydqw h{shfwdwlrqv h{lvw/ wkh rqh0vzlwfk pxowlsolfdwlyh ulvn xwlolw| ixqfwlrqv duh

E@� LE` � ' @E*?` �2 n K *?` n S

EK� LE` � ' @` K n S` _

ES� LE` � ' @ *?` n K` S

E_� LE` � ' E@ *?` n K�` S +4<,

Surri1 +Vx!flhqf|,
Wr vkrz wkdw wkh irxu ixqfwlrqv doo vdwlvi| wkh rqh0vzlwfk uxoh/ zh djdlq frqvlghu

hdfk rqh lq wxuq1 Lw vx!fhv wr vkrz wkdw .dLE`f
hf�o� .dLE`f

hf�o ' f kdv dw prvw
rqh uhdo vroxwlrq iru `f�

+d, .dLE`f
hf�o� .dLE`f

hf�o

' .i@E*?E`f
hf��2 n K *?E`f

hf� n S� @E*?E`f
ht ��2 n K *?E`f

ht �� Sj

' E2@ *?`f n K�E.E*? hf�� .E*? ht �� n @E.E*? hf�2 � .E*? ht �2�
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' f / `f ' e
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+e, .dLE`f
hf�o� .dLE`f

ht �o
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hf�K n S.E`f
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+f, .dLE`f
hf�o� .dLE`f

ht �o

' @.E*?E`f
hf�� n S.E`f

hf�_ � @.E*?E`f
ht ��� S.E`f

ht �_

' @E.E*? hf��.E*? ht �� n S` _
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E.E hf_��.Eht _��

' f / `f '

#
�@E.E*? hf�� .E*? ht ��
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dqg �qdoo|/
+g, .dLE`f

hf�o� .dLE`f
ht �o

' .iE@ *?E`f
hf�� n K�E`f

hf�Sj � i.E@ *?E`f
ht �� n K�E`f

ht �Sj

' @` S

f
E*?`f�.E hfS� n K` S

f
.E hfS� n @` S

f
.E hfS *? hf�

�@` S

f
E*?`f�.Eht S�� K` S

f
.Eht S�� @` S

f
.Eht S *? ht �

' ` S

f
iE@ *?`f n K�E.E hfS��.Eht S�� n @E.E hfS *? hf�� .Eht S *? ht ��j

' f / `f ' e
3@E.E hfS *? hf�3.E ht S *? ht ��3KE.E hfS�3.Eht S��

@E.E hfS�3.Eht S��

+Qhfhvvlw|,
Vxssrvh wkdw MET � lv d rqh0vzlwfk xwlolw| ixqfwlrq1 Vlqfh +44, krogv/ wklv lp0

solhv wkdw iru wkuhh glvwlqfw zhdowk ohyhov/ T� : T2 : T�c wkh fruuhvsrqglqj qxpehuv
@ET��c @ET2� dqg @ET�� +dv gh�qhg e| +48,,/ fdqqrw vdwlvi| @ET�� : fc @ET2� 	 f dqg
@ET�� : f ru @ET�� 	 fc @ET2� : f dqg @ET�� 	 f1 D qhfhvvdu| frqglwlrq iru wklv
lv wkdw wkh M �ET �c M ��ET � dqg M ���ET � duh froolqhdu +vlqfh li qrw/ rqh frxog vroyh wkh
vxe0v|vwhp ri htxdwlrqv +48, +� ' �c 2c �� iru DQ\ ydoxhv ri @ET

�
� e| vlpsoh pdwul{

lqyhuwlrq1 Wklv phdqv zh fdq vroyh

w�M
�ET �T n w2M

��ET �T 2 nM ���ET �T � ' f +53,

iru w� dqg w2� Qrwh wkh vlpsoh h{whqvlrq wr +4:, r�huhg e| +53,1 Wr vroyh wklv/ zh xvh d
vlpsoh wudqvirupdwlrq prwlydwhg e| wkh revhuydwlrq wkdw wkh irxu vx!flhqw ixqfwlrqv
zh vhhn duh lq idfw htxdo wr Ehoo*v rqh0vzlwfk ixqfwlrqv zkhq T lv uhsodfhg e| oqT�
E| ohwwlqj ` ' *?T dqg MET � ' LE*?T �c zh jhw

M �ET � ' L �E` � �
_`

_T
' L �E` � �

�

T
+54,

Wkxv/

M ��ET � ' L ��E` � �
_`

_T
�
�

T
�

�

T 2
� L �E` �

vr wkdw

M ��ET � '
�

T 2
dL ��E` �� L �E` �o +55,

Ilqdoo|/ lw fdq eh vkrzq e| d vlplodu dujxphqw wkdw

M ���ET � '
�

T �
dL ���E` �� �L ��E` � n L �E` �o +56,

Vxevwlwxwlqj +54,/ +55, dqg +56, lqwr +53, dqg vlpsoli|lqj wkhq jlyhv

L �E` �d2� w� � w2o n L ��E` �dw2 � �o n L ���E` � ' f

Vhwwlqj �
�
' 2� w� � w2 dqg �

2
' w� � �c zklfk lv d rqh0wr0rqh pdsslqj/ wklv fdq eh

vlpsol�hg wr
�
�
L �E` � n �

2
L ��E` � n L ���E` � ' f
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dv uhtxluhg1 Wkh uhdo vroxwlrqv wr wklv htxdwlrq duh jlyhq e| +<, dqg vhwwlqj` ' *?`
|lhogv wkh uhvxow1

Zh wkxv kdyh d fodvv ri rqh0vzlwfk xwlolw| ixqfwlrqv zlwk uhvshfw wr pxowlsolfdwlyh
jdpeohv1 Lw fdq dovr eh vkrzq wkdw lq wklv fdvh zh �qg dgglwlrqdo rqh0vzlwfk ixqfwlrqv
e| uhod{lqj wkh dvvxpswlrq ri lq�qlwh gl�huhqwldelolw|1 Uhfdoo +43,/ exw qrz dvvxph
# ' `f� c +� qrz ehlqj d pxowlsolfdwlyh uhwxuqv wdujhw,1 Zh jhw

.LE`f
hf� : .LE`f

ht �

/ �hi`f
hf : #j.dbE`f

hf� m `f
hf : #o

n�hi`f
hf 	 #jE.dbE`f

hf�� E# �` �k m `f
hf 	 #o�

: �hi`f
ht : #j.dbE`f

ht � m `f
ht : #o

n�hi`f
ht 	 #jE.dbE`f

ht �� E# �` �k m `f
ht 	 #o�

/ b.d hfo�`k

f
�hi hf 	 �j.dE� � hf�k m hf 	 � o

: b.dht o�`k

f
�hiht 	 �j.dE� � ht �k m ht 	 � o

/ `k

f
:

bE.dht o3.d hfo�

�htht 	��.dE�3ht �k�ht 	� o3�ht hf	��.dE�3 hf�k� hf	� o

Khqfh/ wkhuh lv d xqltxh zhdowk ohyho dw zklfk suhihuhqfhv frxog vzlwfk/ dqg +43,
zlwk # ' `f� lv d pxowlsolfdwlyh rqh0vzlwfk1 Wkhuh duh qdwxudoo| pdq| rwkhu slhfh0
zlvh ixqfwlrqv zklfk zrxog eh ?�vzlwfk ixqfwlrqv iru hlwkhu dgglwlyh ru pxowlsolfdwlyh
jdpeohv/ iru ydulrxv ydoxhv ri ?� Ghwdlov ri vxfk h{dpsohv du jlyhq lq Shghuvhq ^59`1

Xqghu lq�qlwh gl�huhqwldelolw|/ wkh uhvxow fdq eh jhqhudolvhg wr ?�vzlwfk xwlolw|
ixqfwlrqv e| hpsor|lqj wkh vdph wudqvirupdwlrq dv wkdw xwlolvhg lq wkh suhylrxv wkh0
ruhp1 Zh vwdwh wkh iroorzlqj uhvxow zlwkrxw surri1 Wkh surri lq lwv hqwluhw| fdq eh
irxqg lq Shghuvhq ^59`1

Wkhruhp :1 Dq lq�qlwho| gl�huhqwldeoh xwlolw| ixqfwlrq vdwlvi|lqj wkh frqglwlrqv ri
wkh deryh wkhruhp lv dq ?�vzlwfk xwlolw| ixqfwlrq li dqg rqo| li lw fdq eh zulwwhq lq
wkh irup

sfE*?` � n
&[
�'f

` S�s�E*?` �

zkhuh s�E�� lv d sro|qrpldo ri rughu ?� vxfk wkdw

&[
�'f

?� � ?n �� &

Zh qrz wxuq wr wkh lvrodwlrq ri ghvludeoh xwlolw| ixqfwlrqv zlwk wkh pxowlsolfdwlyh
jdpeoh vwuxfwxuh dqg wkh ?� vzlwfk uxohv1 Wr xvh pxowlsolfdwlyh vzlwfklqj ixqfwlrqv
dv d vhohfwlrq fulwhuld iru xwlolw|/ zh lqlwldoo| uhfdoo wkh iroorzlqj uhvxow1

Wkhruhp ;1 +Ehoo ^8`/ Surs1 6,
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Li d ghflvlrq pdnhu

E@� suhihuv pruh wr ohvv

EK� zlvkhv wr reh| wkh d{lrpv ri h{shfwhg xwlolw|

ES� lv ulvn dyhuvh dw doo zhdowk ohyhov

E_� lv ghfuhdvlqjo| ulvn dyhuvh dw doo zhdowk ohyhov

Ee� zlvkhv wr reh| wkh dgglwlyh rqh0vzlwfk uxoh

Es� zloo dssurdfk ulvn0qhxwudolw| iru vpdoo jdpeohv zkhq h{wuhpho| ulfk

wkhq wkh rqo| ihdvleoh xwlolw| ixqfwlrq zklfk lv lq�qlwho| gl�huhqwldeoh hyhu|zkhuh/ lv

LE` � ' ` � Ke3S` +57,

iru srvlwlyh qxpehuv K dqg S�

Wkhvh surshuwlhv duh doprvw doo dffhswhg dv vw|ol}hg idfwv rq lqyhvwru ehkdylrxu1 Lw
zrxog eh lqfrqflhydeoh wkdw dv zh vkrxog hyhu eh vdwxudwhg frpsohwho| lq prqhwdu|
whupv1 Wklv fdvh lv h{foxghg lq E@�� Wkh h{shfwhg xwlolw| d{lrpv ri Yrq0Qhxpdqq
Prujhuqvwhuq/ ghvfulehg lq doprvw doo plfurhfrqrplf wh{werrnv/ kdyh ehhq jhqhu0
dolvhg e| Pdfklqd ^58` lq uhvsrqvh wr d odujh erg| ri hpslulfdo fulwlflvp +vxuyh|hg
zhoo lq Ilvkexuq ^47`,/ exw wkh dojheudlf vlpsolflw| ri wkh ruljlqdo iudphzrun kdv uhlq0
irufhg lwv srvlwlrq dv wkh pdlq wkhru| ri h{shfwhg xwlolw|1 Wkxv/ d{lrp EK� lv ghhphg
uhdvrqdeoh1 Zkloh Es� lv d vrphzkdw vxshu�fldo frqglwlrq/ lqfoxghg pdlqo| wr hqdeoh
Ehoo wr vhsdudwh +57, iurp +<e,/ Ee� lv wkh reylrxv dssolfdwlrq ri wkh dgglwlyh rqh0
vzlwfk uxoh zh qrz zlvk wr vxevwlwxwh iru pxowlsolfdwlyh vzlwfklqj1 Vlplodu wkhruhpv
frxog eh suryhg iru }hur0/ wzr0 ru ?� vzlwfk uxohv/ e| h{dplqlqj wkhlu surshuwhv lq
ghwdlo1 Vrph srvvlelolwlhv dorqj wklv olqh duh h{dplqhg lq ghwdlo lq Shghuvhq ^59`1 ES�
dqg E_� lqyroyh wzr ri wkh ixqgdphqwdo frqfhswv lq h{shfwhg xwlolw| wkhru|1 D jrrg
glvfxvvlrq ri wkh devroxwh dqg uhodwlyh ulvn dyhuvlrqv dqg wkhlu ehkdylrxu dv zhdowk
lqfuhdvhv lv irxqg lq Hhfnkrxgw dqg Jroolhu ^45`1 Iru d pdwkhpdwlfdo looxvwudwlrq ri
wkh uhodwlrqvkls ehwzhhq wkhp/ rqh vkrxog frqvxow Olx ^56`1

Lw lv jhqhudoo| dffhswhg wkdw lqyhvwruv zloo dozd|v sd| d srvlwlyh prqhwdu| dprxqw
wr dyrlg devroxwh ru uhodwlyh ulvnv1 Khqfh ES� lv ixqgdphqwdo wr dffhswhg ulvn ehkdylrxu
dqg wkh whup �devroxwh� frxog eh uhsodfhg zlwk �uhodwlyh� zlwkrxw d�hfwlqj wkh uhvxow/
vlqfh wkh| gl�hu rqo| e| d srvlwlyh pxowlsoh/ `f� Lw lv dovr ghhphg uhdvrqdeoh wkdw
devroxwh ulvn dyhuvlrq vkrxog eh ghfuhdvlqj/ vxssruwlqj surshuw| E_�� Dv shrsoh jhw
zhdowklhu/ wkh| fduh ohvv derxw wkh ulvnv wkh| idfh dqg frqvhtxhqwo|/ wkh ulvn suhplxp
lv vpdoohu1 Dowhuqdwlyho|/ rqh frxog vd| wkdw wkh xwlolw| ixqfwlrq jhwv ohvv frqfdyh dv
zhdowk lqfuhdvhv1

Krzhyhu/ lw lv qrw vr fohdu zkhwkhu uhodwlyh ulvn dyhuvlrq vkrxog eh lqfuhdvlqj ru
ghfuhdvlqj lq zhdowk1 Duurz ^4` dujxhg wkdw uhodwlyh ulvn dyhuvlrq vkrxog eh lqfuhdvlqj
lq zhdowk1 Hhfnkrxgw dqg Jroolhu +sdjhv 7907:, vsolw wkh h�hfwv ri lqfuhdvlqj `f lqwr
wkh *zhdowk h�hfw* dqg d *ulvn h�hfw*1 Wkh zhdowk h�hfw vd|v wkdw dv zhdowk lqfuhdvhv/
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wkh lqyhvwru ihhov zhdowklhu dqg li ulvn lv nhsw frqvwdqw/ ulvn dyhuvlrq zrxog kdyh wr
ghfuhdvh1 Wkh ulvn h�hfw/ rq wkh rwkhu kdqg/ vd|v wkdw vlqfh ulvn lv pxowlsolfdwlyh/ dq
lqfuhdvh lq zhdowk lpsolhv dq lqfuhdvh lq ulvn zklfk lqfuhdvhv wkh dyhuvlrq wr wkh ulvn
idfhg1 Khqfh/ wkhuh duh lq idfw wzr rssrvlqj idfwruv lq ghwhuplqlqj zkhwkhu ru qrw
uhodwlyh ulvn dyhuvlrq lqfuhvhv ru ghfuhdvhv dv zhdowk lqfuhdvhv1 Wkh| sxw iruzdug d
k|srwkhvlv zklfk lv frqvlvwhqw zlwk Duurz*v eholhiv/ l1h1 wkdw wkh odwwhu h�hfw rxwzhljkv
wkh iruphu dqg zh fdq dvvxph wkdw uhodwlyh ulvn dyhuvlrq lqfuhdvhv lq zhdowk1

Rqh frxog wkxv lpsrvh dowhuqdwlyh fulwhuld xsrq ghvludeoh xwlolw| ixqfwlrqv/ dqg
hyhq suryh wkhruhpv ri qrq0h{lvwhqfh ri xwlolw| ixqfwlrqv zlwk d jlyhq vhw ri surshuwlhv1
Zh ohdyh wklv iru ixwxuh uhvhdufk1 Rxu pdlq remhfwlyh lv wkh sdudooho wkhruhp wr
wkh deryh zlwk pxowlsolfdwlyh jdpeohv udwkhu wkdq dgglwlyh1 Zh hohfw wr rplw wkh
vxshu�fldo surshuw| Es�c dqg fkdqjh surshuw| Ee� dffruglqjo|1 Zh jhw wkh iroorzlqj
uhvxow1

Wkhruhp <1 +Sdudooho wr Ehoo ^8`/ Surs1 6,
Li d ghflvlrq pdnhu

E@� suhihuv pruh wr ohvv

EK� zlvkhv wr reh| wkh d{lrpv ri h{shfwhg xwlolw|

ES� lv ulvn dyhuvh dw doo zhdowk ohyhov

E_� kdv ghfuhdvlqj devroxwh ulvn dyhuvlrq dw doo zhdowk ohyhov

Ee� zlvkhv wr reh| wkh pxowlsolfdwlyh rqh0vzlwfk uxoh

wkhq wkh rqo| ihdvleoh xwlolw| ixqfwlrqv zklfk duh lq�qlwho| gl�huhqwldeoh hyhu|zkhuh/
duh

LE` � ' @ *?` � K`3S +58,

dqg
LE` � ' �@`3K � S`3_

iru srvlwlyh qxpehuv @c Kc S dqg _�

Surri1 E| Wkhruhp 8/ rqo| xwlolw| ixqfwlrqv lq +4<, vdwlvi| wkh rqh0vzlwfk
uxoh1 Doo ri wkhvh reh| wkh d{lrpv ri h{shfwhg xwlolw|1 Khqfh EK� dqg Ee� duh vdw0
lv�hg1 Qrz frqvlghu wkh surshuwlhv E@�c ES� dqg E_� iru hdfk ixqfwlrq lq wxuq1 Iru

LE` � ' @E*?` �2 n K *?` n Sc L �E` � ' 2@ *?`nK

`
c L ��E` � ' 2@E�3*?` �3K

` 2 c oE` � '
�

`

k
�� 2@

E2@ *?`nK�

l
dqg o�E` � ' �

` 2

k
e@2

E2@ *?`nK�2
n 2@

E2@ *?`nK�
� �

l
� LE` � zloo eh lq0

fuhdvlqj dqg ulvn0dyhuvh iru ` : e�3
K

2@ 1 Krzhyhu/ wklv zrxog lpso| o�E` � : f�
Khqfh/ wklv ixqfwlrq fdq qrw eh erwk ulvn0dyhuvh dqg kdyh ghfuhdvlqj ulvn dyhuvlrq1
Iru LE` � ' @` Kn S` _c zh kdyh L �E` � ' @K` K3�n S_` _3�c L ��E` � ' @K2` K32n

S_2` _32c oE` � ' 3@K
2
`

K32
3S_

2
`

_32

@K` K3�nS_`_3� dqg o�
�
E` � ' @

2
K
�
`

2K3enS2_�`2_3en@KS_EKn_�` Kn_3e

E@K` K3�nS_`_3��

Khqfh/ zh fdq jhw L �E` � : fc o�E` � : f dqg o�
�
E` � 	 f iru doo ` � f e| vhohfwlqj

@c Kc Sc _ doo qhjdwlyh1 Zkhq LE` � ' @ *?` n K` Sc L �E` � ' @

`
n KS` S3�c L ��E` � '
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3@

`2 n KSES� ��` S32c oE` � ' �

`

k
@3KSES3��` S

@nKS` S

l
' �

`

k
�� KS

2
`

S

@nKS` S

l
dqg

o�E` � ' �

`

k
� �

`
n KS

2
`

S

E@nKS` S�
� @KS

�
`

S

E@nKS` S�2

l
� Wklv phdqv zh djdlq fdq hqvxuh L �E` � :

fc o�E` � : f dqg o�
�
E` � 	 f iru doo ` � f/ wklv wlph e| vhohfwlqj @ : fc K 	 f

dqg S 	 f1 Wkh irxuwk dqg �qdo fdvh lv LE` � ' E@ *?` n K�` Sc iru zklfk L �E` � '

` S3�d@E� n *?` � n Koc L ��E` � ' ` S32d@E2 n *?` � n Koc oE` � ' � d@E2n*?` �nKo

` d@E�n*?` �nKo
'

�

`

k
�� @

d@E2n*?` �nKo

l
dqg o�E` � ' �

` 2

��
@

@E2n*?` �nK

�2

n
�
�� @

d@E2n*?` �nKo

��
� Khqfh

LE` � lv lqfuhdvlqj dqg ulvn dyhuvh rqo| zkhq ` : e3
K

@ � Krzhyhu/ wklv lv h{dfwo|
wkh frqglwlrq zklfk pdnhv wkh vhfrqg eudfnhwhg whup lq o�E` � srvlwlyh1 Khqfh/ wklv
ixqfwlrq fdqqrw eh lqfuhdvlqj/ ulvn0dyhuvh dqg ghfuhdvlqjo| ulvn dyhuvh ryhu dq| zhdowk
uhjlrq1 Wkxv/ rqo| wkh wzr xwlolw| ixqfwlrqv phqwlrqhg lq wkh wkhruhp vdwlv�hv doo wkh
d{lrpv

Wkhvh wzr ixqfwlrqv dsshdu lq Ehoo ^;` dv wkh rqo| wzr lqfuhdvlqj/ ulvn0dyhuvh dqg
ghfuhdvlqjo| ulvn dyhuvh xwlolw| ixqfwlrqv zklfk vhsdudwh ulvn dqg uhwxuq iru pxowlsolfd0
wlyh ulvnv1 Lqghhg/ dv zh zloo vhh odwhu/ wkh frqglwlrqv iru vhsdudwlrq duh wkh vdph dv
rqh0vzlwfklqj dqg vr wkh deryh uhvxow fdq eh orrnhg dw lq sdudooho wr Ehoo ^;`/ Wkhruhp
41 Dq lqwhuhvwlqj txhvwlrq lv zkhwkhu wkhuh lv d olqn ehwzhhq wkh uhodwlyh ulvn dyhuvlrq
ri wkh pxowlsolfdwlyh ?�vzlwfk xwlolw| ixqfwlrqv dqg wkh devroxwh ulvn dyhuvlrq ri wkh
dgglwlyh ?�vzlwfk xwlolw| ixqfwlrqv1 Wkh dqvzhu olhv lq wkh wudqvirupdwlrq ehwzhhq
wkh wzr w|shv ri ixqfwlrqv/ dv suryhg lq wkh iroorzlqj Ohppd1

Ohppd 431 Frqvlghu d xwlolw| ixqfwlrq LE` �/ zklfk kdv Duurz0Sudww devroxwh ulvn

dyhuvlrq frh!flhqw oE` � ' �L
��E` �

L �E` �
� Li ` ' *?T dqg LE*?T � ' MET �c wkhq MET �

kdv uhodwlyh ulvn dyhuvlrq phdvxuhg e| o�E` � ' �L
��E` �

L �E` �
c zkhuh

o�E` � ' � n oE` �

Surri1 Frqvlghu d xwlolw| ixqfwlrq LE` �1 Li ` ' *?T dqg LE*?T � ' MET �c
wkhq

M �ET � ' L �E` � �
_`

_T
' L �E` � �

�

T

dqg

M ��ET � ' L ��E` � �
_`

_T
�
�

T
�

�

T 2
� L �E` �

vr wkdw

M ��ET � '
�

T 2
dL ��E` �� L �E` �o

dqg vr wkh uhodwlyh ulvn frh!flhqw iru MET � fdq eh zulwwhq dv o�E` � ' �T M
��ET �

M�ET �
'

�L
��E` �3L �E` �

L �E` �
' � n oE` �

Lq zrugv/ wkh uhodwlyh ulvn dyhuvlrq ri d pxowlsolfdwlyh ulvn rqh0vzlwfk ixqfwlrq lv
htxdo wr rqh soxv wkh devroxwh ulvn dyhuvlrq ri wkh fruuhvsrqglqj dgglwlyh ulvn rqh0
vzlwfk xwlolw| ixqfwlrq1 Iurp wklv zh fdq ghgxfh wzr lqwhuhvwlqj uhvxowv lq uhodwlrq
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wr vzlwfklqj1 Iluvwo|/ li dq dgglwlyh ixqfwlrq glvsod|v devroxwh ulvn dyhuvlrq/ wkh
pxowlsolfdwlyh ixqfwlrq zloo eh ulvn dyhuvh 0 wkh frqyhuvh krogv zkhq uhodwlyh ulvn
dyhuvlrq ri wkh pxowlsolfdwlyh ixqfwlrq lv odujhu wkdq ��� Vhfrqgo|/ wkh uhodwlyh ulvn
dyhuvlrq ri wkh pxowlsolfdwlyh rqh0vzlwfk xwlolw| ixqfwlrq lv lqfuhdvlqj +ghfuhdvlqj, li
dqg rqo| li devroxwh ulvn dyhuvlrq ri wkh fruuhvsrqglqj dgglwlyh ixqfwlrq ri Ehoo lv
lqfuhdvlqj +ghfuhdvlqj,1

Zh qrz wxuq rxu dwwhqwlrq wr d wklug w|sh ri jdpeohv/ wkh d!qh ulvn h{srvxuh/
zklfk xvh wkh pxowlsolfdwlyh jdpeohv wr gh�qh ulvnv pruh frpsoh{ wkdq vlpsoh dggl0
wlyh ru pxowlsolfdwlyh rqhv1

6151 D!qh ulvn h{srvxuhv1 Rxu qh{w dssolfdwlrq dqg h{whqvlrq ri suhihuhqfh
vzlwfklqj lv wr d w|sh ri jdpeohv rqh zrxog prvw h{shfw wr vhh lq wkh �qdqfldo zruog1
Udwkhu wkdq dujxlqj iru d vwudljkw pxowlsolfdwlyh jdpeoh/ dv zdv grqh lq wkh suhylrxv
vhfwlrqv/ zh zloo dvvxph wkdw d �qdqfldo lqyhvwru zlwk lqlwldo zhdowk `f wr lqyhvw/
hohfwv +ru lv irufhg, wr krog d suh0ghwhuplqhg �{hg txdqwlw| ` 	 `f lq d ulvnohvv

dvvhw sd|lqj lqwhuhvw udwh o exw wdnhv d pxowlsolfdwlyh jdpeoh hf zlwk wkh uhpdlqlqj
E`f � ` �� Rqh pd| lqwhusuhw wklv vlwxdwlrq lq vhyhudo zd|v1 D ixqg pdqdjhu fdq
hlwkhu eh ylhzhg dv sdvvlyh li kh lv lqvwuxfwhg wr vhfxuh wkh zhdowk ` dqg vr fdqqrw
lqyhvw lw/ exw dowhuqdwlyho|/ li wkh prqh| lv dydlodeoh dqg kh fkrrvhv wr jxdudqwhh `
e| lqyhvwlqj lw vdiho|/ shukdsv iru ihdu ri orvlqj klv mre/ kh lv pruh dfwlyh exw fduhixo1
Lq erwk fdvhv/ wkh vdph uxoh lv iroorzhg 0 lq wkh iruphu fdvh e| pdqdjhphqw/ lq wkh
odwwhu fdvh e| wkh ixqg pdqdjhu1

Zh zloo vhw o ' f iru frqyhqlhqfh zlwkrxw orvv ri jhqhudolw|1 Lq wklv fdvh/ ` lv
d ehqfkpdun zhdowk ohyho zklfk uhvxowv li wkh jdpeoh uhwxuqv d }hur frqwulexwlrq wr
wrwdo zhdowk1 Uhfdoo wkdw pxowlsolfdwlyh jdpeohv duh uhvwulfwhg wr eh srvlwlyh1

Wklv pdnhv rxu vwudwhj| orrn yhu| vlplodu wr sruwirolr lqvxudqfh/ vlqfh dw wkh hqg
ri dq lqyhvwphqw shulrg/ zh kdyh lqvxuhg djdlqvw zhdowk idoolqj ehorz `� Zh fdoo
vxfk dq h{srvxuh wr ulvn d Orzhu Erxqg D!qh Ulvn H{srvxuh1 Dojheudlfdoo|/
rxu �qdo zhdowk lv jlyhq e|

` ' E`f �` � hf n` +59,

Qrwh wkdw wkh uhvwulfwlrq zh qhhg rq hf lv djdlq hf � f� Wkh iroorzlqj uhvxowv uho|
xsrq d vlplodu pdwkhpdwlfdo frqglwlrq wr wkdw suryhg lq Ohppd 7/ irxqg e| uhsodflqj
`f e| `f �`� Zh jhw wkh iroorzlqj uhvxowv1

Wkhruhp 441 Iru wkh fodvv ri Orzhu Erxqg D!qh Ulvn H{srvxuhv jlyhq lq +59,/ wkh
}hur0vzlwfk lq�qlwho| gl�huhqwldeoh ixqfwlrqv duh

E@� LE` � ' *?E` �` �

EK� LE` � ' E` �` �K +5:,

iru ` : ` dqg uhdo qxpehu K1 Lq wkh uhjlrq ` � `c wkh ixqfwlrq fdq wdnh dq|
ydoxh1
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Surri1 Zh suryh wklv wkhruhp gluhfwo|/ dowkrxjk rqh fdq hpsor| wkh pxowl0
solfdwlyh }hur0vzlwfk ixqfwlrqv iru dp dowhuqdwlyh dssurdfk1

+Vx!flhqf|,

Iru E@�/ .dLEE`f �` � hf n` �o� .dLEE`f �` � hf n` �o

' .d*?dE`f �` � hfod�.d*?dE`f �` �ht oo

' *?E`f �` � n *?E hf�� *?E`f �` �� *?Eht �

' *?E hf�� *?Eht �

zklfk lv lqghshqghqw ri `f� Olnhzlvh iru EK�c zh jhw .dLEE`f � ` � hf n ` �o �

.dLEE`f �` � hf n` �o

' .ddE`f �` � hfoKo� .ddE`f �` �ht oKo

' E`f �` �KE.d hfKo� .dht Ko�

zklfk zloo qrw fkdqjh vljq dv `f lqfuhdvhv/ vlqfh ` 	 `f1
+Qhfhvvlw|,

Iroorzlqj Wkhruhp 8/ h{sdqglqj xvlqj d Wd|oru vhulhv durxqg hf ' � jlyhv

.dLEE`f �` � hf n` �o� .dLEE`f �` �ht n` �o

'
"[
�'�

L �E`f �` �E`f �` ��6� +5;,

zkhuh 6� '
.dE hf3���o3.dEht3���o

�-
� D qhfhvvdu| frqglwlrq iru LE�� wr eh }hur0vzlwfk lv

wkdw wkh v|vwhp

"[
�'�

L �E`f �` �E`f �` ��6� ' @E`f�

"[
�'�

L �E`� �` �E`� �` ��6� ' @E`��

grhv qrw kdyh d vroxwlrq zkhuh @E`f�@E`�� 	 f� Reylrxvo| wklv zloo wkhq dovr kdyh
wr krog iru wkh vpdoohu vhw

2[
�'�

L �E`f �` �E`f �` ��6� ' @E`f�

2[
�'�

L �E`� �` �E`� �` ��6� ' @E`��

zklfk uhtxluhv wkdw zh fdqqrw �qg d jhqhudo vroxwlrq/ l1h1 wkdw wkh �uvw wzr ghulydwlyhv
ri LE�� duh froolqhdu1 Wklv phdqv wkdw

L ��E` �` � n wL �E` �` � ' f
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zklfk kdv dv vroxwlrq wkh wzr ixqfwlrqv lq +5:,
Dv pd| kdyh ehhq revhuyhg e| wkh uhdghu/ wkh ixqfwlrq E` �` �K lv rqh ri wkh

srsxodu KDUD ixqfwlrqv +wr eh gh�qhg,1 D odwhu vhfwlrq zloo looxvwudwh krz wkh KDUD
ixqfwlrqv fdq eh olqnhg wr gl�huhqw vzlwfklqj uxohv/ lqfoxglqj wkhvh d!qh jdpeohv1

Qh{w zh jlyh wkh rqh0vzlwfk ixqfwlrqv1

Wkhruhp 451 Iru wkh fodvv ri Orzhu Erxqg D!qh Ulvn H{srvxuhv jlyhq e| +59,/
wkh lq�qlwho| gl�huhqwldeoh rqh0vzlwfk xwlolw| ixqfwlrqv duh

E@� LE` � ' @ *?E` �` �2 n K *?E` �` � n S

EK� LE` � ' @E` �` �K n SE` �` �_

ES� LE` � ' @ *?E` �` � n KE` �` �S

E_� LE` � ' i@ *?E` �` � n Kji` �`j +5<,

iru ` : `� Lq wkh uhjlrq ` � `c wkh ixqfwlrq fdq wdnh dq| ydoxh1

Surri1 +Vx!flhqf|,
Wr vkrz vx!flhqf|/ zh vxevwlwxwh iru zhdowk dv gh�qhg lq +59, dqg vkrz wkhuh lv dw

prvw rqh vzlwfk ehwzhhq wzr gl�huhqw jdpeohv hf dqg ht 1 Wr vlpsoli| surfhhglqjv/ zh
qrwh wkh iroorzlqj uhodwlrqvkls = Li LE` � lv d pxowlsolfdwlyh ixqfwlrqc wkhq LE` � '

LE`f
hf�1 Li LE` � lv d ixqfwlrq gh�qhg rq pl{hg jdpeohv zkhuh �qdo zhdowk lv rqh

ri wkh deryh/ wkhq e| gh�qlwlrq L d` �` o ' L dE`f�` � hfo� Khqfh/ zh fdq vlpsoli|
rxu dqdo|vlv e| uhihuulqj wr wkh vx!flhqf| frqglwlrqv lq Wkhruhp 8 dqg uhsodfh `f

e| E`f�` �� Vlqfh `f : ` doo orjv dqg iudfwlrqdo srzhuv duh vwloo gh�qhg1 Zh qrz
vroyh

E@� .dLEE`f �` � hf n` �o� .dLEE`f �` �ht n` �o

' E2@ *?E`f �` � n K�E.E*? hf�� .E*? ht �� n @E.E*? hf�2 � .E*? ht �2�

EK� .dLEE`f �` � hf n` �o� .dLEE`f �` �ht n` �o

' @E`f �` �KE.E hfK��.Eht K�� n SE`f �` �_E.E hf_�� .Eht _��

ES� .dLEE`f �` � hf n` �o� .dLEE`f �` �ht n` �o

' @E.E*? hf�� .E*? ht �� n SE`f �` �_E.E hf_�� .Eht _��

E_� .dLEE`f �` � hf n` �o� .dLEE`f �` �ht n` �o

' E`f �` �SiE@ *?E`f �` � n K�E.E hfS�� .Eht S�� n @E.E hfS *? hf�� .Eht S *? ht ��j

E| wkh dujxphqwv lq Wkhruhp 9/ doo ri wkhvh zloo vzlwfk vljq dw prvw rqfh dv `f

lqfuhdvhv1
+Qhfhvvlw|,
Zh djdlq dsshdo wr d frqqhfwlrq wr Wkhruhp 91 Zkhq �qdo zhdowk lv gh�qhg dv

` ' E`f �` � hf n`c frqvlghu

.dLEE`f �` � hf n` �o� .dLEE`f �` �ht n` �o

'

"[
�'�

L �E`f �` �E`f �` ��6� +63,
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e| wkh Wd|oru vhulhv durxqg hf ' �� D qhfhvvdu| frqglwlrq iru d xwlolw| ixqfwlrq ri
wklv w|sh wr eh rqh0vzlwfk lv wkdw wkh v|vwhp

"[
�'�

L �E`f �` �E`f �` ��6� ' @E`f�

"[
�'�

L �E`� �` �E`� �` ��6� ' @E`��

"[
�'�

L �E`2 �` �E`2 �` ��6� ' @E`2�

kdv qr vroxwlrq iru d uhvwulfwhg udqjh ri wkh @E`��� ixqfwlrqv dqg gl�huhqw zhdowk
ohyhov `fc`� dqg `21 Iroorzlqj wkh surri ri Wkhruhp 8/ zh qhhg wr hqvxuh wkh

vxev|vwhp frqvlvwlqj ri wkh orzhvw ghulydwlyh whupv +uhsodfh
"S
�'�

e|
�S

�'�

� fdqqrw kdyh

d jhqhudo vroxwlrq/ zklfk lq wxuq uhtxluhv xv wr kdyh wkh iroorzlqj olqhdulw| frqglwlrq

��L
�E`�` �E`�` �n�2L

��E`�` �E`�` �2nL ���E`�` �E`�` �� ' f +64,

Qrz ohw T ' ` � ` dqg MET � ' LE` � ` �� Qrwh wkdw M �ET � ' L �E` �

` �_E`U3` �

_T
' L �E` � ` �c M ��ET � ' L ��E` � ` �_E`3` �

_T
' L ��E` � ` � dqg

M ���ET � ' L ���E` � ` �_E`3` �

_T
' L ���E` � ` �c vlqfh _E`3` �

_T
' �� Khqfh/ +64,

ehfrphv
��M

�ET �T n �2M
��ET �T 2 nM ���ET �T � ' f

zklfk lv lghqwlfdo wr +53,1 Zh nqrz wkh uhdo vroxwlrqv wr wklv htxdwlrq duh wkh ixqfwlrqv
lq +4<,1 Wudqviruplqj wkhvh edfn lq whupv ri LE` �` � ' MET �c dqg xvlqj +59,/ zh
jhw wkh vroxwlrq dv LE` �` � dv uhtxluhg1 Wkh ixqfwlrqv zklfk jlyh rqh0vzlwfklqj
zkhq �qdo zhdowk lv gh�qhg dv lq +59, duh wkrvh lq +5<,

Wkhvh ixqfwlrqv duh lqwhuhvwlqj lq wkdw wkh| duh qrw gh�qhg ehorz wkh wdujhw zhdowk
ohyho1 Frqvhtxhqwo|/ wkhuh duh dq xqfrxqwdeo| lq�qlwh qxpehu ri rqh0vzlwfk xwlolw|
ixqfwlrqv iru wklv w|sh ri ulvn h{srvxuhv1 Zh fdq h{whqg wkh surri wr wkh ?� vzlwfk
fdvh/ wkxv jhwwlqj wkh iroorzlqj uhvxow/ suryhg lq Shghuvhq ^59`1

Wkhruhp 461 Iru wkh fodvv ri d!qh lqyhvwphqw uxohv jlyhq e| +59,/ wkh lq�qlwho|
gl�huhqwldeoh rqh0vzlwfk xwlolw| ixqfwlrqv duh

sfd*?E` �` �o n
&[
�'f

E` �` �S�s�d*?E` �` �o

zkhuh ` : ` dqg s�E�� lv d sro|qrpldo ri rughu ?� vxfk wkdw

&[
�'f

?� � ?n �� &

Wkh| fdq wdnh dq| iurp rq wkh uhjlrq ` � `�
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D gl�huhqw exw vlplodu h{srvxuh lv wkh Xsshu Erxqg D!qh Ulvn H{srvxuh

` ' E` �`f� hf n E2`f �` � +65,

zklfk hqvxuhv wkdw zhdowk vwd|v ehorz E2`f �` �� Wklv uxoh lpsolhv wkdw zh wdnh rq
ohvv ulvn dv rxu lqlwldo zhdowk jhwv forvhu wr wkh xsshu wdujhw1 Zh zloo vkruw wkh jdpeoh
dqg jr orqj wkh ulvn| dvvhw1 Lq rwkhu zrugv/ li zh duh d �qdqfldo lqyhvwru idflqj wkh
fkrlfh ri htxlw| dqg erqgv/ zh kdyh d eolvv srlqw dqg dv zh dssurdfk lw/ zh vkliw rxw
ri htxlw| dqg lqwr erqgv1 E| v|pphwu| wr wkh orzhu erxqg d!qh lqyhvwphqw uxoh/ zh
jhw wkh iroorzlqj fruroodu|1 Wkh surri ri wklv lv h{dfwo| wkh vdph dv iru wkh suhylrxv
wkhruhpv/ uhsodflqj E` �` � e| E` �` �1

Fruroodu| 471 Iru wkh lqyhvwphqw uxoh +65,/ wkh }hur0vzlwfk xwlolw| ixqfwlrqv duh

E@� LE` � ' *?E` �` �

EK� LE` � ' E` �` �K +66,

wkh rqh0vzlwfk

E@� LE` � ' @E*?E` �` ��2 n K *?E` �` � n S

EK� LE` � ' @E` �` �K n SE` �` �_

ES� LE` � ' @ *?E` �` � n KE` �` �S

E_� LE` � ' E@ *?E` �` � n K�E` �` � +67,

dqg wkh ?� vzlwfk

s
f
d*?E` �` �o n

&[
�'f

E` �` �S�s�d*?E` �` �o +68,

zkhuh ` 	 ` dqg s�E�� lv d sro|qrpldo ri rughu ?� vxfk wkdw

&[
�'f

?� � ?n �� &

Wkh ixqfwlrqv duh doo duelwudu| dw ru deryh `�

Wkhvh duh doo wkh vdph dv ehiruh rqo| gh�qhg rq wkh orzhu sduw ri wkh glvwulex0
wlrq1 Wkhvh ixqfwlrqv/ zkloh lqwhuhvwlqj lq wkhlu rzq uljkw/ dovr fdvw oljkw rq d forvh
uhodwlrqvkls ehwzhhq vzlwfklqj dqg d srsxodu jhqhudo fodvv ri xwlolw| ixqfwlrqv/ zklfk
zh qrz lqwurgxfh1
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6161 Vzlwfklqj dqg wkh KDUD ixqfwlrqv1 Lq rughu wr jhw d ehwwhu ryhuylhz ri
wkh odujh qxpehu ri ixqfwlrqv zh hqfrxqwhuhg vr idu/ lw zloo eh frqyhqlhqw wr lqwurgxfh
wkh K|shuerolf Devroxwh Ulvn Dyhuvlrq +KDUD, ixqfwlrqv/ gh�qhg e|

LM�-�E` � '
�� �

�

�
@`

�� �
n K

��
+69,

zkhuh ` :
KE�3��
@

1 Wklv fodvv lv suhvhqwhg dqg dqdo|vhg lq ghswk lq Lqjhuvroo ^4<` dqg
Hhfnkrxgw dqg Jroolhu ^45`1 D odujh erg| ri frpprqo| xvhg ixqfwlrqv duh vshfldo
fdvhv ri wkh KDUD fodvv1 Lq sduwlfxodu/ +69, frqwdlqv wkh frqvwdqw devroxwh ulvn
dyhuvlrq ixqfwlrqv

L��-�E` � ' �

�
�

k

�
e3k` +6:,

ghulyhg iurp +69, e| vhwwlqj @

K
' k dqg ohwwlqj � $ 4c dqg wkh frqvwdqw uhodwlyh ulvn

dyhuvlrq ixqfwlrqv

L�--�E` � '

�
`�3k

�3k
k : fc k 9' �

*?` k ' �
+6;,

zklfk zh jhw iurp +69, e| vhwwlqj @ ' � � kc K ' f dqg � ' k +ohwwlqj � $ � jlyhv
wkh orjdulwkp,1

Wkh }hur0vzlwfk dgglwlyh ixqfwlrqv +vhh Wkhruhp 4, duh wkh frqvwdqw devroxwh ulvn
dyhuvlrq KDUD ixqfwlrqv +6:,/ zkloh wkh }hur0vzlwfk pxowlsolfdwlyh xwlolw| ixqfwlrqv
+Wkhruhp 7, duh wkh frqvwdqw uhodwlyh ulvn dyhuvlrq KDUD ixqfwlrqv +6;,1 Dsduw iurp
wkh olplw ixqfwlrqv phqwlrqhg deryh/ wkh KDUD fodvv frqwdlqv vhyhudo sro|qrpldo
ixqfwlrqv/ lqfoxglqj wkh txdgudwlf/ zklfk zdv vkrzq wr eh dgglwlyh rqh0vzlwfk +vhh
<,1 Lq jhqhudo/ wkhuh lv dq ?� ghjuhh sro|qrpldo ixqfwlrq lq wkh KDUD fodvv zklfk
zloo eh dq dgglwlyh E? � ��� vzlwfk ixqfwlrq1 Wkh sro|qrpldo ixqfwlrqv kdyh wkh
surshuw| wkdw/ lq d �qdqfldo vhwwlqj/ dq lqyhvwru zlwk dq ?�ghjuhh sro|qrpldo xwlolw|
ixqfwlrq zloo fduh rqo| derxw wkh �uvw ? prphqwv ri wkh uhwxuq glvwulexwlrq1 Nudxv
dqg Olw}hqehujhu ^55` ghulyh d ��prphqw Fdslwdo Dvvhw Sulflqj Prgho zklfk xvhv d
fxelf xwlolw| ixqfwlrq/ iru h{dpsoh1 Khqfh/ wkh qxpehu ri pd{lpxp vzlwfkhv doorzhg
ehwzhhq dq| sdlu ri dgglwlyh jdpeohv lv htxdo wr wkh rughu ri wkh kljkhvw prphqw ri
wkh uhwxuq glvwulexwlrq d�hfwlqj wkh lqyhvwphqw ghflvlrqv ohvv ��

Dgglwlrqdoo|/ wkh rwkhu rqh0vzlwfk dgglwlyh ixqfwlrqv duh doo gh�qhg dv vxpv ri/
ru vxpv ri surgxfwv ri/ vhsdudwh KDUD ixqfwlrqv1 Wkh odvw pdmru w|sh ri ixqfwlrqv
zklfk duh vshfldo fdvhv ri wkh KDUD*v fdq eh ghulyhg e| uhduudqjlqj +69,1 Lw vkrxog

eh fohdu wkdw vlpsoh pdqlsxodwlrq ri +69, ohdgv wr LE` � ' E�3���3�

�
d@` n KE�� ��o�

dqg e| vhwwlqj @ ' � dqg KE�� �� ' �` +ru @ ' �� dqg KE�� �� ' ` � zh uhfryhu
wkh }hur0vzlwfk ixqfwlrqv fruuhvsrqglqj wr wkh ulvn h{srvxuhv +59, +ru +65,, iurp wkh
suhylrxv vhfwlrq1 Qrwh wkdw wkh orjdulwkplf ixqfwlrqv duh djdlq rewdlqhg lq wkh olplw1
Lw kdv wkxv ehhq vkrzq wkdw doo wkh KDUD ixqfwlrqv fdq eh lghqwl�hg dv hlwkhu }hur0
vzlwfk pxowlsolfdwlyh ixqfwlrqv/ ?� vzlwfk dgglwlyh ixqfwlrqv iru vrph qrq0qhjdwlyh
lqwhjhu ? ru }hur0vzlwfk d!qh ulvn h{srvxuh ixqfwlrqv1 Wkh iroorzlqj wdeoh vxpv xs
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wklv glvfxvvlrq 0 DUD vwdqgv iru Devroxwh Ulvn Dyhuvlrq dqg GDUD iru Ghfuhdvlqj
Devroxwh Ulvn Dyhuvlrq1 Sdudphwhuv uhihu wr +69,1 Wkh grxeoh E%c +� xqghu Uxoh
ghqrwhv jdpeoh w|sh % +hlwkhu dgglwlyh +D,/ pxowlsolfdwlyh +P, ru d!qh ulvn h{srvxuh
+DUH,,/ dqg zkhwkhu lw lv d }hur0 ru rqh0vzlwfk/ l1h1 + ' f ru �1

Wdeoh 41 Wkh KDUD ixqfwlrqv dqg wkhlu vzlwfklqj uxohv

Sdudphwhuv DUD GDUD Uxoh

Orj @ ' �c K ' fc � ' f �
`

Dozd|v +P/3,

Srzhu @ ' �� qc K ' fc � ' q
E�3q�

`
q 	 � +P/3,

Txdgudwlf @ ' 2qc K ' �c � ' 2 2q

E�32q` �
Qhyhu +D/4,

H{srqhqwldo @

K
' qc � ' �4 0q Qhyhu +D/3,

E` �` �q @ ' �c KE�� �� ' `c� ' q
E�3q�

E`3` �
q 	 � +DUH/3,

E` �` �q @ ' ��c�KE�� �� ' `c� ' q
E�3q�

E`3` �
q 	 � +DUH3,

+6<,

Lq dgglwlrq/ wkh ?� vzlwfk dgglwlyh jdpeoh ixqfwlrqv zklfk duh qrw lq +69, fdq
eh prghoohg e| wkh dssursuldwh vxp ru surgxfw ri KDUD ixqfwlrqv1 Dv wkh KDUD*v
duh ydvwo| srsxodu lq hfrqrplfv/ wklv zrxog dgg vxssruw wr wkh xvh ri suhihuhqfh
vzlwfklqj dv d surshuw| ri ghvludeoh xwlolw| ixqfwlrqv1

Qh{w zh lqwurgxfh d nqrzq �qdqfldo xwlolw| ixqfwlrq zklfk olhv rxwvlgh wklv srsxodu
grpdlq/ dqg dqdo|vh lwv uhodwlrqvkls wr suhihuhqfh vzlwfklqj1

6171 Frqvwdqw Sursruwlrqdo Sruwirolr Lqvxudqfh1 Eodfn dqg Shurog ^43` glv0
fxvv wkh wkhru| ri Frqvwdqw Sursruwlrqdo Sruwirolr Lqvxudqfh +FSSL,1 Wklv lv
d pxowl0shulrg lqyhvwphqw uxoh lq zklfk |rx lqyhvw d fhuwdlq iudfwlrq ri |rxu h{fhvv
zhdowk +zlwk uhvshfw wr vrph wdujhw zhdowk ohyho, lq d ulvn| dvvhw dqg wkh uhvw lq d ulvn0
ohvv dvvhw1 Lqlwldoo| vxjjhvwhg dv d sodxvleoh lqyhvwphqw vfhqdulr e| Eodfn dqg Mrqhv
^<`/ FSSL zrunv dv iroorzv = Iru d �{hg zhdowk  rru/ ohw wkh fxvklrq eh wkh suhvhqw
ohyho ri zhdowk plqxv wkh  rru1 Li zh fdq lqyhvw lq wzr dvvhwv/ d ulvnohvv dqg2ru d ulvn|
rqh/ wkh h{srvxuh lv gh�qhg dv wkh lqyhvwphqw lq wkh ulvn| dvvhw1 FSSL wkhq uhtxluhv
wkdw wkh h{srvxuh eh d frqvwdqw pxowlsoh ri wkh fxvklrq1 Khqfh/ zkhq zh duh ehorz
wkh  rru dqg wkh fxvklrq lv qhjdwlyh/ zh vkruw wkh ulvn| dvvhw/ zkhq zh duh deryh wkh
 rru/ zh vkruw wkh erqg1 Wkhlu pdlq uhvxow/ +vhh ^43`/ Sursrvlwlrq 44, suryhv wkdw wkh
uxoh fdq eh ghulyhg dv dq rswlpdo vwhdg|0vwdwh srolf| iru d pxowl0shulrg rswlplvdwlrq
ri wkh iroorzlqj xwlolw| ixqfwlrq/ zklfk lv olqhdu lq wkh ehorz0wdujhw uhwxuqv exw d
srzhu ixqfwlrq lq deryh0wdujhw zhdowk/ l1h1

LKREk�E` � '

�
�

�3k
` �3k ` � #

�n�` ` 	 #
+73,

zkhuh vhohfwlqj � ' LKREk�E#�� #L �

KREk�E#� dqg � ' `L �

KREk�E#� zloo jxdudqwhh frqwl0
qxlw| dqg gl�huhqwldelolw|1

Qrwh wkdw wklv lv doprvw wkh uhyhuvh ri wkh orzhu sduwldo prphqw xwlolw| ixqfwlrq
+43,1 Krzhyhu/ wkh idfw wkdw wkh srzhu whup rq wkh deryh wdujhw vhfwlrq ri wkh +73,
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lv qrw lq whupv ri ghyldwlrqv iurp wkh wdujhw phdqv wkdw zh fdq qrw dsso| vlplodu
dujxphqwv wr suryh lw lv dq ?� vzlwfk ixqfwlrq iru dq| ri wkh hduolhu w|shv ri jdpeohv1
Zh qhhg vrph rwkhu w|sh ri jdpeoh wr fdswxuh wklv ixqfwlrq1

Zh zloo h{dplqh wkh frqglwlrqv xqghu zklfk wklv xwlolw| ixqfwlrq lv }hur0vzlwfk1
Vlqfh zh lqlwldoo| zrxog olnh wr hpsor| dv ihz glvwulexwlrqdo uhvwulfwlrqv rq wkh dfwxdo
surfhvv iru wkh jdpeohv/ lw lv zruwk revhuylqj wkdw wkh vhfwlrq ri +73, ehorz wkh wdujhw
lv dq dgglwlyh }hur0vzlwfk/ zkloh wkh deryh0wdujhw slhfh lv d pxowlsolfdwlyh }hur0vzlwfk1
Khqfh/ dv zh zrxog uhtxluh wkh ixqfwlrq wr eh }hur0vzlwfk ryhu erwk slhfhv/ lq wkh oljkw
ri wkh vx!flhqw frqglwlrqv iru }hur0vzlwfklqj jlyhq lq wkh suhylrxv vhfwlrqv/ zh frxog
zrun zlwk d slhfh0zlvh jdpeoh uxoh wr dyrlg uhvwulfwlyh glvwulexwlrqdo dvvxpswlrqv1 Lq
idfw/ frqvlghu wkh iroorzlqj gh�qlwlrq ri �qdo zhdowk

` '

+
`f

hf `f � #

`f n hf `f 	 #
+74,

Dw orz ohyhov/ dffruglqj wr wklv uxoh/ jdpeohv duh dgglwlyh/ zkloh dw kljk ohyhov
jdpeohv duh pxowlsolfdwlyh1 Wklv gh�qlwlrq vhhpv dw ohdvw dv sodxvleoh dv wkh sxuho|
dgglwlyh gh�qlwlrq prvw frpprqo| xvhg/ hvshfldoo| vlqfh prvw jdpeohv dydlodeoh dw
yhu| orz zhdowk ohyhov duh orwwhulhv/ zklfk duh dgglwlyh/ zkloh doprvw doo rwkhu jdpeohv
duh e| gh�qlwlrq pxowlsolfdwlyh1 Jlyhq wklv vwuxfwxuh/ zh fdq suryh wkh iroorzlqj
wkhruhp1

Wkhruhp 481 Jlyhq +74,/ +73, lv d }hur0vzlwfk ixqfwlrq li zh uhvwulfw wkh jdpeohv
wr �

` � #c li `f � #

` 	 #c li `f 	 #

�
+75,

Surri1 Frqvlghu wzr glvwlqfw jdpeohv hf dqg ht � Fohduo|/ li `f 	 #c

.dLE`f n hf�o� .dLE`f n ht �o '

�hi`f n hf 	 #j.d�E`f n hf� n Ko n �hi`f n hf � #j.

�
�

�� k
E`f

hf��3k
�

��hi`f n ht 	 #j.d�E`f n ht � n Ko� �hi`f n ht � #j.

�
�

�� k
E`f

ht ��3k
�

Krzhyhu/ wkh uhvwulfwlrqv lq +75, lpso| wkdw li `f 	 # wkhq �hi`f n hf � #j ' fc
dqg wkh deryh vlpsol�hv wr

.d�E`f n hf� n Ko�.d�E`f n ht � n Ko ' .d hfo�.dht o

zklfk lv fohduo| vx!flhqw iru }hur0vzlwfklqj1 Olnhzlvh/ zkhq `f 	 #c

.dLE`f
hf�o� .dLE`f

ht �o '

�hi`f
hf 	 #j.d�E`f n hf� n Ko n �hi`f

hf � #j.

�
�

�� k
E`f

hf��3k
�

��hi`f
ht 	 #j.d�E`f n ht � n Ko� �hi`f

ht � #j.

�
�

�� k
E`f

ht ��3k
�
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Krzhyhu/ wkh uhvwulfwlrqv lq +75, lpso| wkdw li `f � # wkhq �hi`f n hf 	 #j ' fc
dqg wkh deryh vlpsol�hv wr

.

�
�

�� k
E`f

hf��3k
�
� .

�
�

�� k
E`f

hf��3k
�
'

` �3k

f

�� k

k
.
� hf�3k

�
� .

�ht �3k

�l
zklfk lv dovr vx!flhqw iru }hur0vzlwfklqj

Zh pdnh qr fodlp wkdw wkhvh duh qhfhvvdu| frqglwlrqv/ qru lqghhg wkdw qhfhvvdu|
frqglwlrqv zlwk vxfk vlpsoh jdpeoh uhvwulfwlrqv h{lvw1 Wkh zhdnqhvvhv zlwk wkh deryh
dujxphqwv lv mxvw wkh zhdnqhvvhv ri dgglwlyh jdpeohv phqwlrqhg lq vhfwlrq 51 Qh{w
zh lqyhvwljdwh wkh srvvlelolw| ri uhvwulfwlqj wkh grpdlq ri wkh jdpeohv ryhu zklfk
vzlwfklqj wdnhv sodfh1

6181 Uhvwulfwlqj wkh grpdlq ri jdpeohv1 Xs wr qrz/ zh kdyh frqfhqwudwhg
pdlqo| xsrq d vlqjoh sdshu/ Ehoo ^8`1 Ehiruh prylqj rq wr klv h{whqvlrqv wr ulvn0
uhwxuq vhsdudwlrq/ zh whpsrudulo| wxuq wr wkh uhodwhg zrun ri Mld dqg G|hu ^53` dqg
^54`1 Iru wklv/ zh qhhg vrph ixuwkhu qrwdwlrq1 Iru wkh dgglwlyh ru pxowlsolfdwlyh
jdpeohv frqvlghuhg vr idu/ zh lqwurgxfh wzr lpsruwdqw vxefodvvhv1 Ohw � eh wkh vhw
ri suredelolw| glvwulexwlrqv +ru orwwhulhv, rq d qrq0hpsw| vhw ri rxwfrphv1 Ghqrwh e|hf d jhqhudo phpehu ri �� Ohw

�� ' i hf� m hf� ' hf � .d hfoc hf 5 �j +76,

eh gh�qhg dv wkh *qrupdolvhg glvwulexwlrqv zlwk uhvshfw wr dgglwlyh ulvn* dqg

�� ' i hf� m hf� '
hf

.d hfo
c hf � fc hf 5 �j +77,

wkh *qrupdolvhg glvwulexwlrqv zlwk uhvshfw wr pxowlsolfdwlyh ulvn*1 Qrwh wkdw doo php0
ehuv ri �� kdyh phdq }hur/ zkloh phpehuv ri �� kdyh wkh surshuw| wkdw wkh phdq ri
wkhlu orjdulwkpv lv }hur1 Qrwh ixuwkhu wkdw vlqfh zh pxvw kdyh srvlwlyh �qdo zhdowk/ lq
wkh pxowlsolfdwlyh fdvh wkh rqo| jdpeoh zlwk .d hfo ' f lv ghjhqhudwh1 Frqvhtxhqwo|/
zh kdyh qr wurxeoh ri glylvlrq e| }hur lq +77,1 Gh�qh suhihuhqfhv "�

�
ryhu orwwhulhv

lq �� +dgglwlyh ulvn,/ zklfk lv wkh fdvh vwxglhg e| Mld dqg G|hu ^53`/ dqg suhihuhqfhv
"�
�
ryhu �� +pxowlsolfdwlyh ulvn,/ suhvhqwhg lq ^54`1 Lq hlwkhu fdvh/ suhihuhqfhv duh

wkh lqyhuvh ri ulvn suhihuhqfhv/ "�
-
dqg "�

-
uhvshfwlyho|1

Gh�qlwlrq 491 Wkh ulvn suhihuhqfhv dqg suhihuhqfhv ryhu orwwhulhv vdwlvi| frqvlvwhqf|
frqglwlrqv vxfk wkdw hf� ��

�
ht � / hf� ��

-
ht � dqg hf� ��

�
ht � / hf� ��

-
ht � iru

dgglwlyh dqg pxowlsolfdwlyh jdpeohv uhvshfwlyho|1

Mld dqg G|hu dovr lqwurgxfh wkh qrwlrq ri Ulvn Lqghshqghqfh1 Lq wkh qh{w
vhfwlrq/ zh lqyhvwljdwh lwv suhflvh frqqhfwlrq zlwk Ehoo*v suhihuhqfh vzlwfklqj1
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Htxlydohqfh ri Ulvn lqghshqghqfh dqg }hur0vzlwfklqj1 Ehdulqj lq plqg
wkdw Mld dqg G|hu zrun zlwk jdpeohv ri htxdo zhdowk rqo|/ zh uhfdoo wkhlu gh�qlwlrq
ri ulvn lqghshqghqfh1

Gh�qlwlrq 4:1 D jdpeoh hf� lv Ulvn Lqghshqghqw li iru doo ht �chf� ��

�
ht � , hf� n` ��

�
ht � n` +78,

iru doo ` 5 +i �

Wklv frxog eh gh�qhg dqdorjrxvo| iru pxowloslfdwlyh jdpeohv1 Krzhyhu/ zh vwd|
zlwk wkh dgglwlyh iudphzrun1 Ulvn lqghshqghqfh zlwk pxowlsolfdwlyh jdpeohv lv lq0
yhvwljdwhg lq Shghuvhq ^59`1 Zh qrz vkrz wkdw wklv lv lq idfw htxdo wr }hur0vzlwfklqj1

Wkhruhp 4;1 Doo jdpeohv hf� duh Ulvn Lqghshqghqw li dqg rqo| li ��

�
lv dq

dgglwlyh }hur0vzlwfk suhihuhqfh uhodwlrq ryhu jdpeohv zlwk lghqwlfdo phdqv1

Surri1
+,� Vxssrvh wkdw ��

�
dgplwv d vzlwfk lq suhihuhqfhv ehwzhhq wzr jdpeohv hf�

dqg ht �/ zkhuh hf� "�

�
ht � dqg ht � dqg hf� kdyh lghqwlfdo phdqv1 Wklv lpsolhv wkhuh

h{lvwv wzr glvwlqfw zhdowk ohyhov`f dqg` vxfk wkdw +zlwkrxw orvv ri jhqhudolw|,`fnhf� "�

�
`fn ht � dqg `n hf� !�

�
` n ht �1 Frqvlghu wkh jdpeohv ht �

�
' `fn ht �

dqg hf�

�
' `fn hf�� Vlqfh .d hf�o ' .dht �oc zh kdyh .dht �

�
o ' .d hf�

�
oc vr wkdw hf�

�

dqg ht �

�
duh lq wkh fodvv ri lghqwlfdo phdq jdpeohv1 Wkhq zh kdyh wkdw hf�

�
"�

�
ht �

�

dqg E` �`f�n hf�

�
!�

�
E` �`f� n ht �

�
c zkhuh E` �`f� 5 +ic zklfk ylrodwhv wkh

ulvn lqghshqghqfh frqglwlrq1
++� Vxssrvh qrz wkdw ��

�
dgplwv qr vzlwfkhv lq suhihuhqfhv ehwzhhq dq| wzr

jdpeohv1 Vxssrvh wkdw hf� "�

�
ht � zlwkrxw orvv ri jhqhudolw|� Wkhq iru doo ` 5 +i/

wkh }hur0vzlwfklqj lpsolhv wkdw `n hf� "�

�
` n ht �

Wklv olqn hqdeohv xv wr wudqvodwh wkh pdlq uhvxowv ri Mld dqg G|hu zlwk uhihuhqfh
wr Ehoo1 Lqghhg/ wkh gl�huhqfh lq wkh wzr dssurdfkhv lv wkdw wkh idplo| ri jdpeohv
frqvlghuhg e| Mld dqg G|hu lv uhvwulfwhg wr lghqwlfdo phdq jdpeohv1 Wr frq�up wklv/
zh �uvw vkrz wkdw wkh Mld dqg G|hu dqdo|vlv fdq eh uhsolfdwhg e| dgdswlqj wkh ruljlqdo
surriv lq Ehoo/ dqg wkhq xvh wklv uhvxow wr prwlydwh dq h{whqvlrq ri wkh Ehoo dqdo|vlv
wr doorz iru qrw rqo| pxowlsolfdwlyh ulvn/ exw dovr wr wkh srvvlelolw| ri uhvwulfwlqj wkh
grpdlq wr jdpeohv zkrvh �uvw & prphqwv duh lghqwlfdo1

Mld dqg G|hu vkrz wkdw wkh rqo| xwlolw| ixqfwlrqv zklfk vdwlvi| ulvn lqghshqghqfh
duh

E@� LE` � ' @` � K` 2

EK� LE` � ' @` � Ke3S` +79,

Wkhlu surri xwlolvhv d uhvxow rq xwlolw| lqghshqghqfh lq pxowldwwulexwh xwlolw| wkhru|
iurp Nhhqh| dqg Udl�d +sdjhv 557055<,1 Qrwh wkdw wklv frqwdlqv wkh olqhdu dqg
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h{srqhqwldo xwlolw| ixqfwlrqv zklfk Ehoo vkrzhg wr eh wkh rqo| }hur0vzlwfk xwlolw|
ixqfwlrqv zlwk qr uhvwulfwlrqv rq wkh gvlwulexwlrq prphqwv1 Lqghhg/ dv wkh iroorzlqj
uhvxow zloo frq�up/ wklv uhvxow fdq eh ghulyhg iurp wkh Ehoo surriv e| xwlolvlqj wkh
htxlydohqfh ehwzhhq ulvn lqghshqghqfh dqg }hur0vzlwfklqj suhvhqwhg deryh1

Wkhruhp 4<1 Wkh vhw ri dgglwlyh }hur0vzlwfk xwlolw| ixqfwlrqv lv hqodujhg iurp wkh
olqhdu dqg h{srqhqwldo wr +79, li zh doorz rqo| jdpeohv ri lghqwlfdo phdq1

Surri1 +Vx!flhqf|,
Frqvlghu hdfk ixqfwlrq lq wxuq1 Qrwh wkdw lw lv vx!flhqw wr vkrz wkdw wkh h{suhv0

vlrq .dLE`f n hf�o� .dLE`f n ht �o ' f kdv qr qrq0wulyldo vroxwlrq lq `f1

+d, .dLE`f n hf�o� .dLE`f n ht �o

' .i@E`f n hf�� KE`f n hf�2 � @E`f n ht � n KE`f n ht �2j

' @`fE.E hf�� .Eht ��� KE.E`f n hf�2 � .E`f n ht �2�

' �KE.E hf�2 �.Eht �2�

vlqfh .E hf� ' .Eht �� Wklv lv lqghshqghqw ri `f�

+e, .dLE`f n hf�o� .dLE`f n ht �o

' �.iKe3SE`fn hf� � Ke3SE`fnht �j

' �Ke3S`fE.Ee3S
hf��.Ee3S

ht ��

zklfk zloo qrw eh }hur iru qrq0wulyldo ydoxhv ri `f dqg jhqhudo ydoxhv ri K dqg S +wkh

olqhdu whupv fdqfho vlqfh .E hf� ' .Eht ��1
+Qhfhvvlw|,

Vxssrvh wkdw hf dqg ht duh jdpeohv1 Iroorzlqj wkh surri ri Wkhruhp 8/ iru dq|
zhdowk ohyho `fc vxssrvh .dLE`f n hf�o� .dLE`f n ht �o '

"[
�'�

L �E`f�6� ' @E`f� +7:,

zkhuh 6� '
.dif�o3.dit �o

�-
� Li LE�� h{klelwv }hur0vzlwfklqj/ lw pxvw eh wkdw iru dq| sdlu

ri zhdowk ohyhov/ `f dqg `�c @E`f�@E`�� � f� Wklv lpsolhv wkdw LE` � vdwlv�hv/ iru
uhdo qrq0}hur wc wkh gl�huhqwldo htxdwlrq

L ��E` � n wL �E` � ' f +7;,

Zh nqrz wkdw wkh srvvleoh vroxwlrq wr wklv htxdwlrq duh wkh olqhdu dqg wkh h{sr0
qhqwldo xwlolw| ixqfwlrqv1 Vxssrvh zh lqvwhdg lpsrvh d uhvwulfwlrq wkdw .E hf� ' .Eht ��
Lq wklv fdvh/ 6� ' f dqg +7:, ehfrphv

"[
�'2

L �E`f�6� ' @E`f� +7<,
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dqg wkh plqlpdo qhfhvvdu| frqglwlrq +7;, lv

L ���E` � n wL ��E` � ' f +83,

zklfk vlpso| vroyhv iru wkh ixqfwlrqv lq +79,

D jhqhudo suhihuhqfh vzlwfklqj wkhruhp1 Lpphgldwh h{whqvlrqv ehfrph
dssduhqw1 Lw pd| eh lq rxu lqwhuhvw wr frqvlghu wkh vshfl�f txhvwlrq ri krz suhihu0
hqfhv fkdqjh ehwzhhq wzr jdpeohv zklfk fdq qrw eh glvwlqjxlvkhg e| wkhlu �uvw wzr
prphqwv1 Zkhq ghdolqj zlwk qrq0qrupdo glvwulexwlrqv/ wkh vnhzqhvv dqg nxuwrvlv
phdvxuhv ehfrph fuxfldo wr ghflvlrq pdnlqj1 Nudxv dqg Olw}hqehujhu ^55` surylgh du0
jxphqwv dv wr zk| wklv pd| eh idyrxudeoh lq �qdqfh wr prwlydwh wkhlu wkuhh0prphqw
Fdslwdo Dvvhw Sulflqj Prgho1 Zkhq glvwulexwlrqv duh vxfk wkdw wkh �uvw wzr prphqwv
duh yluwxdoo| lqglvwlqjxlvkdeoh/ zh zloo uho| h{foxvlyho| xsrq wkh kljkhu prphqwv wr
surylgh lqsxw iru lqyhvwphqw ghflvlrqv1 Wklv ohdgv xv wr wkh iroorzlqj h{whqvlrq/
zklfk doorzv xv wr dgplw pruh xwlolw| ixqfwlrqv dv ?0vzlwfk xqghu pruh uhvwulfwlyh
dvvxpswlrqv rq wkh jdpeohv1 Lq sduwlfxodu/ e| iroorzlqj wkh dqdo|vlv ri wkh suhylrxv
surri/ rqh fdq frqfoxgh wkh iroorzlqj1

Wkhruhp 531 D frqwlqxrxvo| gl�huhqwldeoh ?� vzlwfk xwlolw| ixqfwlrq iru doo jdpeohv
zkrvh �uvw & prphqwv duh lghqwlfdo qhfhvvdulo| vdwlv�hv wkh gl�huhqwldo htxdwlrq

?n&n2[
�'&n�

b�L
�E` � ' f +84,

li jdpeohv duh dgglwlyh/ dqg

?n&n2[
�'&n�

b�`
�L �E` � ' f +85,

li jdpeohv duh pxowlsolfdwlyh1 Lq erwk fdvhv zh uhtxluh wkdw b� duh uhdo iru doo � dqg
b� 9' f iru dw ohdvw rqh ��

Surri1 Zh gr wkh dgglwlyh fdvh1 Wkh pxowlsolfdwlyh fdvh iroorzv vlploduo|1
Uhfdoo wkh h{sdqvlrq

.dLE`& n hf�o� .dLE`& n ht �o

'
"[
�'�

L �E`&�6� ' @@E`&� +86,

zkhuh 6� '
.d hf�o3.dht �o

�-
c zklfk krogv iru dgglwlyh jdpeohv1

Zh kdyh douhdg| vhhq wkh qhfhvvdu| frqglwlrqv iru }hur0vzlwfklqj dqg rqh0vzlwfklqj1
Fohduo|/ |rx qhhg dw ohdvw wzr gl�huhqw zhdowk ohyhov wr jlyh d frxqwhu0h{dpsoh wr }hur0
vzlwfklqj +l1h1 h{klelw dw ohdvw rqh vlqjoh vzlwfk, dqg vlploduo| wkuhh zhdowk ohyhov wr
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�qg d frxqwhu0h{dpsoh wr rqh0vzlwfklqj1 Lq hdfk fdvh/ wklv htxdwhv wr �qglqj vrox0
wlrqv wr +86, iru uhvwulfwhg ydoxhv ri @@E`&�� Khqfh/ wr irxqg d frxqwhu0h{dpsoh wr
?� vzlwfklqj/ zh vkrxog qhhg wr vroyh wkh deryh iru E? n �� gl�huhqw zhdowk ohyhov
dqg vrph uhvwulfwhg vhw ri ydoxhv @@E`&�� D qhfhvvdu| frqglwlrq iru ?� vzlwfklqj lv
wkhuhiruh wkdw lw vkrxog QRW eh srvvleoh wr �qg d jhqhudo vroxwlrq wr wkh v|vwhp

"[
�'�

L �E`��6� ' @@E`��

"[
�'�

L �E`2�6� ' @@E`2�

�����������
"[
�'�

L �E`?n��6� ' @@E`?n�� +87,

iru glvwlqfw zhdowk ohyhov `� 	 `2 	 ������� 	 `? 	 `?n�c vlqfh li d jhqhudo vroxwlrq
fdq eh irxqg/ vr fdq dq| vshfl�f vroxwlrq1 Exw zh duh uhvwulfwlqj wkh �uvw & prphqwv
ri hf dqg ht wr eh lghqwlfdo1 Wklv fruuhvsrqgv wr kdylqj 6� ' f iru � ' � wr &� Khqfh/
+87, ehfrphv

"[
�'&n�

L �E`��6� ' @@E`��

"[
�'&n�

L �E`2�6� ' @@E`2�

�����������
"[

�'&n�

L �E`?n��6� ' @@E`?n�� +88,

iru zklfk zh qhhg wr hqvxuh qr jhqhudo vroxwlrq fdq eh irxqg1 Wklv lq wxuq uhtxluhv
dw wkh plqlpxp wkdw wkh vxe0v|vwhp

?n&n2[
�'&n�

L �E`��6� ' @@E`��

?n&n2[
�'&n�

L �E`2�6� ' @@E`2�

�����������
?n&n2[
�'&n�

L �E`?n��6� ' @@E`?n�� +89,

kdv qr jhqhudo vroxwlrq1 Qrwh wkdw wklv kdv E?n �� htxdwlrqv/ E?n �� xqnqrzqv dqg
lqyroyhv whupv lq rqo| wkh E& n ��c E& n 2�����E? n & n 2� ghulydwlyhv ri LE` �� Wkh
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vxev|vwhp zloo qrw kdyh d jhqhudo vroxwlrq li wkhvh ghulydwlyhv duh frolqhdu/ l1h1 li

?n&n2[
�'&n�

b�L
�E` � ' f +8:,

zkhuh b� duh uhdo iru doo � dqg b� 9' f iru dw ohdvw rqh �� Wklv suryhv wkh dgglwlyh fdvh1
Wkh pxowlsolfdwlyh fdvh lv lghqwlfdo h{fhsw wkh lqlwldo h{sdqvlrq lv

.dLE`f
hf�o� .dLE`f

ht �o

'
"[
�'�

L �E`f�`
�

f6� ' @E`f� +8;,

Iroorzlqj h{dfwo| wkh vwhsv dv wkrvh lq wkh dgglwlyh fdvh wkhq jlyhv wkh uhvxow
Wklv wkhruhp hqfrpsdvvhv doo Ehoo*v wkhruhpv dv zhoo dv h{whqvlrqv wr Mld dqg

G|hu*v zrun/ dqg lv vwxglhg lq pruh ghwdlo lq Shghuvhq ^59`/ zkhuh wkh vroxwlrq wr
+8:, lv lqyhvwljdwhg1 Krzhyhu/ iru wkh sxusrvhv ri wklv sdshu/ zh lqfoxgh wkh uhvxow
wr vkrz krz wkh vzlwfklqj dssurdfk fdswxuhv dowhuqdwlyh qrwlrqv ri ulvn dqg uhwxuq/
zklfk zdv d pdmru sduw ri Mld dqg G|hu*v zrun1 Zh qrz wxuq rxu dwwhqwlrq wr wkh
txhvwlrq ri ulvn0uhwxuq vhsdudwlrq lq juhdwhu ghwdlo1

71 Rqh0vzlwfklqj dqg ulvn0uhwxuq vhsdudwlrq

Wklv vhfwlrq ghdov zlwk wkh olqn ehwzhhq rqh0vzlwfklqj dqg ulvn0uhwxuq vhsdudwlrq1
Ehoo dgguhvvhv wklv lvvxh lq ghwdlo iru lq ^:`1 Iru rxu sxusrvhv/ zh xvh mxvw wkh iroorzlqj
Ohppd1

Ohppd 541 Vxssrvh suhihuhqfhv � duh vwulfwo| frqwlqxrxv dqg prqrwrqh1 Wkhq wkh
iroorzlqj duh htxlydohqw1

+l, Li hf � ht dw glvwlqfw zhdowk ohyhov `f dqg `�c wkhq hf � ht dw doo zhdowk
ohyhov1

+ll, � lv d rqh0vzlwfk suhihuhqfh uhodwlrq1
Surri1
E�� , E��� Vxssrvh wkdw � lv qrw d rqh0vzlwfk suhihuhqfh uhodwlrq1 Wkhq wkhuh

h{lvwv wzr glvwlqfw jdpeohv hf dqg ht c vxfk wkdw iru wkuhh glvwlqfw zhdowk ohyhov/ `� :

`2 : `�c zh kdyh hf " ht dw `�c hf ! ht dw `2 dqg hf " ht dw `�� E| frqwlqxlw|/
wkhuh zloo eh wzr ixuwkhu zhdowk ohyhov/ `�2 dqg `2�c vxfk wkdw `� : `�2 : `2 :

`2� : `�c dw zklfk hf � ht 1 +l, wkhq lpsolhv wkdw hf � ht dw doo zhdowk ohyhov1 Exwhf " ht dw `�c d frqwudglfwlrq1
E�� + E��� Vxssrvh wkdw +l, lv qrw wuxh/ l1h1 hf � ht iru zhdowk ohyhov `� dqg `2c

zkhuh `� 9' `2c exw hf " ht dw vrph `�� Krzhyhu/ li suhihuhqfhv duh rqh0vzlwfk/
wkhuh lv d xqltxh zhdowk ohyho`� deryh zklfk +zlwkrxw orvv ri jhqhudolw|, hf " ht dqg

ehorz zklfk hf ! ht 1 Lq rwkhu zrugv dw h{dfwo| rqh zhdowk ohyho gr zh kdyh hf � ht �

Exw hf � ht erwk `� dqg `2
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Qrwh wkdw wklv Ohppd dssolhv uhjdugohvv ri zkhwkhu ulvn lv gh�qhg dgglwlyho| ru
pxowlsolfdwlyho| dqg vr jhqhudolvhv sduw ri Ehoo*v uhvxow1 Dovr lwv surri jrhv h{solflwo|
yld wkh rqh0vzlwfk surshuw|/ xwlolvlqj wkh hduolhu Ohppd/ dv rssrvhg wr Ehoo*v/ zklfk/
gxh wr klv pruh jhqhudo vwdwhphqw/ hpsor|v gl�huhqfh htxdwlrqv zklfk |lhog wkh vdph
vroxwlrqv dv wkh rqh0vzlwfk gl�huhqwldo htxdwlrqv1

Iurp wklv wkhruhp lw iroorzv wkdw li zh fdq gh�qh d prgho zklfk vdwlv�hv frqgl0
wlrq +l, ri wkh wkhruhp/ zh lpphgldwho| nqrz wkh irup ri srvvleoh xwlolw| ixqfwlrqv
frqjuxhqw wr wkdw prgho1 Rqh vxfk prgho lv wkh lpsruwdqw ulvn0ydoxh prghov ri Ehoo
^:` dqg ^;`/ zklfk zh qrz suhvhqw1

7141 Ulvn0ydoxh prghov1 Lq wklv vhfwlrq/ zh orrn dw zklfk xwlolw| ixqfwlrqv dgh0
txdwho| vhsdudwh ulvn dqg uhwxuq1 Lq ^:`/ Ehoo h{dplqhv vshfl�f ulvn0ydoxh prghov dqg
ghulyhv vhyhudo uhvxowv iurp wuhdwlqj ulvn dv d vhshudwh hqwlw|1 Klv prwlydwlrq iru wklv
zdv wkh dssduhqw devhqfh ri h{solflw irupxodwlrqv ri vxfk vhshudwlrq lq wkh ruljlqdo
Yrq Qhxpdqq0Prujhuqvwhuq dqdo|vlv1 D odwhu sdshu ^;` uhghulyhv wkh uhvxowv iru pxo0
wlsolfdwlyh ulvn zlwkrxw xvlqj wkh uhodwlrqvkls wr rqh0vzlwfklqj h{solflwo|1 Krzhyhu/
erwk wkhvh ghulydwlrqv dvvxph wkh xwlolw| ixqfwlrqv duh lq�qlwho| gl�huhqwldeoh/ zklfk
h{foxghv fdvhv zh frqvlghu lpsruwdqw1

Irupdoo|/ kh dvvxphv shrsoh hydoxdwh dq xqfhuwdlq survshfw hf e| wkh ixqfwlrq

s
�
oE hf�c -E hf�c`f

�
zkhuh oE hf� lv d uhwxuq ixqfwlrq/ -E hf� lv d ulvn ixqfwlrq +erwk wr eh gh�qhg, dqg
`f wkh zhdowk ohyho1 Dq h{shfwhg xwlolw| pd{lplvhu lv frqvlvwhqw zlwk vxfk d wzr0
sdudphwhu ghflvlrq prgho li

.dLE`f n hf�o ' s
�
oE hf�c -E hf�c`f

�
+8<,

Dv dq h{dpsoh/ frqvlghu +57,1 Fohduo|/ .dLE`f n hf�o

' .
k
@E`f n hf�� e3SE`fn hf�

l
' @`f n @.d hfo� e3S`f.

k
e3S

hf

l
Khqfh/ li oE hf� ' .d hfo dqg-E hf� ' .

k
e3S

hf

l
/ wkhq +8<, lv vdwlv�hg iru s

�
oE hf�c -E hf�c`f

�
'

@`f n @oE hf�� e3S`f-E hf�1 Qrwh wkdw oE hf� dqg -E hf� duh qrw xqltxh1 Wkh lqgxfhg

ulvn phdvxuh/ .
k
e3S

hf

l
/ lv rqh ri wkh phdvxuhv ghulyhg lq wkh sv|fkrorj| olwhudwxuh

+vhh Shghuvhq dqg Vdwfkhoo ^5:` ru Vdulq dqg Zhehu ^64` iru ghwdlov,1 Wkh prgho +8<,
dvvxphv dgglwlyh ulvn1 Wkh htxlydohqw prgho iru pxowlsolfdwlyh ulvn zrxog eh

.dLE`f
hf�o ' s

�
oE hf�c -E hf�c`f

�
+93,
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Iru dq h{dpsoh ri wkh dgydqwdjh ri wklv dssurdfk ryhu +8<, lq vrph fdvhv/ frqvlghu
wkh fdvh ri wkh iroorzlqj olqhdu2orjdulwkplf xwlolw| ixqfwlrq/ LE` � ' @` n *?`�

Fohduo|/ .dLE`f n hf�o

' .
k
@E`f n hf� n *?E`f n hf�

l
' @`f n.d hfo n.d*?E`f n hf�o

zklfk zloo qrw uhgxfh wr s
�
oE hf�c -E hf�c`f

�
iru d vhqvleoh ulvn phdvxuh-E hf�� D jrrg

vhohfwlrq iru uhwxuq zrxog eh oE hf� ' .Eif�c exw wklv vwloo ohdyhv wkh whup .d*?E`f nhf�oc zklfk lv qrw vhsdudeoh lq whupv ri `f dqg hf iru jhqhudo jdpeohv1 Krzhyhu/ wkh

prgho +93, zrxog jlyh .dLE`f
hf�o ' .d@E`f

hf� n *?E`f
hf�o ' `f.E hf� n *?`f n

.d*?E hf�oc zklfk lv ri wkh uhtxluhg irup dqg zh fdq vhohfw dv d phdvxuh ri ulvn wkh

ixqfwlrq -E hf� ' .d*?E hf�oc zklfk lv d ulvn phdvxuh ghulyhg lq Oxfh ^57` iurp d
pdwkhpdwlfdo d{lrpdwlvdwlrq dssurdfk1

E| lqwurgxflqj gl�huhqw d{lrpv rq wkh ixqfwlrqv -E��c oE��c LE�� dqg sE�c �c �� Ehoo
ghulyhv frqglwlrqv xqghu zklfk kh fdq dsso| wkh deryh Ohppd wr lghqwli| wkh fruuh0
vsrqglqj xwlolw| ixqfwlrqv iru wkh dgglwlyh fdvh1 Zh zloo irfxv xsrq wkh dssolfdwlrq
ri pxowlsolfdwlyh ulvn/ dqg vr �{ d edvlf vhw ri d{lrpv zlwk zklfk wr zrun1 Wkh ds0
solfdwlrq ri pxowlsolfdwlyh jdpeohv wr ulvn0uhwxuq prghov zdv wrxfkhg xsrq lq Vdulq
dqg Zhehu ^64`1 Wkh iroorzlqj wkhruhp6 lv vlplodu wr wkdw lq Ehoo ^;`/ exw wkh surri
lv rxu rzq/ zklfk dgdswv d olqn wr vzlwfklqj1

D{lrp 41 +Prqrwrqlflw|,
Zh dvvxph wkdw LE�� lv vwulfwo| lqfuhdvlqj lq `f dqg s vwulfwo| lqfuhdvhv zlwk

oE hf��

D{lrp 51 +Uhodwlyh Ulvn Dyhuvlrq,

Zh dvvxph wkdw LE�� glvsod|v uhodwlyh ulvn dyhuvlrq dqg wkdw s ghfuhdvhv lq -E hf�1

D{lrp 61 +Ghfuhdvlqj Uhodwlyh Ulvn Dyhuvlrq,
Zh dvvxph wkdw LE�� glvsod|v ghfuhdvlqj uhodwlyh ulvn dyhuvlrq1 Iru s zh dvvxph

wkdw li hf � ht iru vrph zhdowk ohyho `fc wkhq hf " ht dw kljkhu ydoxhv ri zhdowk li
dqg rqo| li -E hf� : -Eht ��

Iroorzlqj wkh dssurdfk ri Ehoo/ zh suhvhqw wkh iroorzlqj wkhruhp =

Wkhruhp 551 Vxssrvh wkdw LE` � lv frqwlqxrxv/ jdpeohv duh gh�qhg pxowlsolfd0
wlyho| dqg wkh wkuhh d{lrpv deryh duh vdwlv�hg1 Wkhq li

.dLE`f
hf�o ' s

�
oE hf�c -E hf�c`f

�
hlwkhu LE` � ' @ *?` � K`3S ru LE` � ' �@`3K � S`3_c zkhuh @c Kc Sc _c duh doo
srvlwlyh1

6
Zh wkdqn Gdylg Ehoo iru glvfxvvlqj klv odwhvw uhvxowv zlwk xv1
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Surri1 E| D{lrp 6/ lw lv fohdu wkdw wzr jdpeohv zlooo eh lqgl�huhqw dw wzr
gl�huhqw zhdowk ohyhov rqo| li -E hf� ' -Eht �� Vlqfh s lv vwulfwo| lqfuhdvlqj lq oE��/

wklv zloo lpso| wkdw oE hf� ' oEht �� Exw wkhq hf pxvw eh lqgl�huhqw wr ht dw doo zhdowk
ohyhov/ vlqfh suhihuhqfhv duh rqo| d ixqfwlrq ri -E�� dqg oE��� E| Ohppd 47/ wklv
lpsolhv wkdw LE�� pxvw eh rqh0vzlwfk/ l1h1 eh rqh ri +4<,1 Wkh rqo| ixqfwlrqv lq +4<,
zklfk duh lqfuhdvlqj/ uhodwlyh ulvn dyhuvh dqg kdv ghfuhdvlqj uhodwlyh ulvn dyhuvlrq duh
LE` � ' @ *?`�K`3S dqg LE` � ' �@`3K�S`3_c zkhuh @c Kc Sc _c duh doo srvlwlyh1
Wklv zh vdz lq wkh surri ri Wkhruhp 9

Wkhvh wzr xwlolw| ixqfwlrqv jlyh xv wzr rwkhu xwlolw| edvhg ulvn phdvxuhv wkdq wkh
dgglwlyh rqhv douhdg| jlyhq e| Ehoo dqg dq dowhuqdwlyh uhwxuq phdvxuh wkdq wkh h{0
shfwhg ydoxh1 Vhyhudo ulvn0ydoxh prgho zlwk uhwxuq phdvxuhv uhvwulfwhg wr wkh h{shfwhg
ydoxh zhuh glvfxvvhg eulh | lq Vdulq dqg Zhehu ^64`1 Iru LE` � ' @ *?` � K`3Sc

zh kdyh

.dLE`f
hf�o ' .d@ *?E`f

hf�� KE`f
hf�3So

' @ *?`f n @.d*? hfo� K`3S

f
.d hf3So

dqg zh fdq ohw oE hf� ' .d hf3Soc -E hf� ' .d*? hfo� Iru LE` � ' �@`3K � S`3_/ zh
jhw

.dLE`f
hf�o ' .d�@E`f

hf�3K � SE`f
hf�3_o

' �@`3K

f
.d hf3Ko� S`3_

f
.d hf3_o

dqg zh fdq hohfw oE hf� ' .d hf3Koc -E hf� ' .d hf3_o� Erwk ulvn phdvxuhv duulyhg dw/

l1h1 -E hf� ' .d*? hfo dqg oE hf� ' .d hf3_o zhuh ghulyhg iurp dq d{lrpdwlvdwlrq e|
Oxfh ^57`/ dqg frpsohphqw wkh phdvxuhv ghulyhg e| Ehoo ^8`1 Wkh uhwxuq phdvxuh

-E hf� ' .d*? hfo lv lpsruwdqw1 Iru pxowlsolfdwlyh ulvnv/ Ehoo ^;` dujxhv frqylqflqjo|

wkdw wklv lv wkh fruuhfw phdvxuh ri uhwxuq/ udwkhu wkdq wkh frpprqo| xvhg .d hfo�
Qrwh dovr wkdw wkh ulvn dqg uhwxuq phdvxuhv zklfk ghulyh iurp wkh dxjphqwhg

ulvn0uhwxuq prgho

.dLEE`f �` � hf n` �o ' s
�
oE hf�c -E hf�c`fc`

�
+94,

fruuhvsrqglqj wr wkh d!qh ulvn h{srvxuhv zloo eh wkh vdph dv wkrvh iurp wkh pxowl0
solfdwlyh ulvn0ydoxh prgho/ zkhq dssolhg wr wkh rqh0vzlwfk ixqfwlrqv +5<,1 Wklv iroorzv
iurp wkh gh�qlwlrq ri �qdo zhdowk dqg wkh uhodwlrq wr wkh pxowlsolfdwlyh vwuxfwxuh1
Wkh dgglwlrqdo sdudphwhu ` lq wkh prgho lv wkh plqlpxp zhdowk uhtxluhphqw1 Lwv
h�hfw lv vlpso| d vkliw lq wkh zhdowk h{suhvvlrq/ dqg lw zloo qrw d�hfw wkh phdvxuhv
ri yrodwlolw| ri wkh jdpeohv ru wkh yrodwlolw| ri �qdo zhdowk zklfk hphujh iurp wkh
wkhruhp1

Dv d �qdo qrwh/ lw lv zruwk srlqwlqj rxw wkdw zh fdq xvh wklv dssurdfk wr yhuli|
wkh yduldqfh phdvxuh ri ulvn/ wkh prvw zlgho| xvhg lq �qdqfldo prghov dqg wkh edvlv
iru pxfk fulwlflvp gluhfwhg dw wkh wudglwlrqdo FDSP +vhh h1j1 ^5:`,/ lv frqvlvwhqw
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zlwk wkh txdgudwlf xwlolw| ixqfwlrq lq wkh dgglwlyh vhwwlqj1 Dv zh kdyh douhdg| vhhq/
wkh txdgudwlf xwlolw| ixqfwlrq kdv lqfuhdvlqj ulvn dyhuvlrq/ zklfk lv qrw hpslulfdoo|
dffhswdeoh1 Khqfh/ wkh ulvn0uhwxuq prgho lv ixuwkhu hylghqfh djdlqvw wkh xvh ri wkh
yduldqfh dv d phdvxuh ri ulvn1 Zh vkrxog udwkhu idyrxu wkrvh hphujlqj iurp wkh
wkhruhp li zh eholhyh wkh wkhru|1

Wkh deryh dqdo|vlv vwloo lpsolflwo| dvvxphv lq�qlwh gl�huhqwldelolw| hyhu|zkhuh1
Uhfdoo wkh h{dpsoh +43, glvfxvvhg hduolhu/ ghulyhg iurp wkh phdq0orzhu sduwldo prphqw
ghflvlrq uxoh/ zklfk zdv vkrzq wr eh hlwkhu d }hur0vzlwfk dgglwlyh ixqfwlrq ru d
pxowlsolfdwlyh rqh0vzlwfk/ ghshqglqj xsrq wkh zd| wkh wdujhw lv gh�qhg1 Lq hlwkhu
fdvh/ lw lv qrw lq�qlwho| gl�huhqwldeoh hyhu|zkhuh1 Zh zrxog h{shfw d vhqvleoh ulvn0
ydoxh prgho wr dvvrfldwh wklv xwlolw| ixqfwlrq zlwk wkh orzhu sduwldo prphqw ulvn
phdvxuh/ -E hf� ' .dE� � hf�k m hf 	 � oc zklfk kdv ehhq h{whqvlyho| vwxglhg e|
�qdqfh uhvhdufkhuv +vhh Shghuvhq dqg Vdwfkhoo ^5:` iru uhihuhqfhv,1 Wr yhuli| wklv/

frqvlghu wkh pxowlsolfdwlyh uhsuhvhqwdwlrq ri +43,1 Uhfdoo wkdw wklv jlyhv .LE`f
hf�

' �hi`f
hf : #j.dbE`f

hf� m `f
hf : #o

n�hi`f
hf 	 #jE.dbE`f

hf�� E# �` �ko m `f
hf 	 #�

' b.d hfo�`k

f
�hi hf 	 �j.dE� � hf�k m hf 	 � o

Frqvhtxhqwo|/ li zh ohw -E hf� ' .dE� � hf�k m hf 	 � o dqg oE hf� ' .d hfoc zh fdq

zulwh .LE`f
hf� ' s

�
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81 Frqfoxvlrq

Suhylrxv olwhudwxuh kdv xvhg ulvn dyhuvlrq phdvxuhv dqg glvwulexwlrqdo dvxpswlrqv wr
fkdudfwhulvh idyrxudeoh xwlolw| ixqfwlrqv1 Zh olqn vhyhudo sdshuv lq wkh pdqdjhphqw
vflhqfh dqg rshudwlrqdo uhvhdufk olwhudwxuh wr prghuq �qdqfh wkhru|/ prvw qrwdeo|
wkrvh ri Ehoo +^8` dqg ^:`,/ dqg sursrvh dq dowhuqdwlyh zd| ri fkdudfwhulvlqj xwlolw|
ixqfwlrqv e| krz pdq| vzlwfkhv wkh| doorz ehwzhhq dq| sdlu ri jdpeohv dv lqlwldo
zhdowk lqfuhdvhv1 Jlyhq wkh srwhqwldo frpsoh{lw| ri doo lqwhudfwlrqv ehwzhhq `fc wkh
glvwulexwlrq ri jdpeohv dqg wkh qdwxuh ri wkh xwlolw| ixqfwlrq/ orz rughu vzlwfklqj
vhhpv d ghvludeoh vlpsol�fdwlrq1 Zh jhw yhu| vshfl�f uhvxowv udwkhu wkdq wkh eurdghu
wkhruhpv ri hduolhu zrunv1

Zh kdyh ghulyhg wkh irupv ri xwlolw| ixqfwlrqv zklfk doorz dw prvw ? vzlwfkhv
ehwzhhq dq| sdlu ri jdpeohv iru erwk dgglwlyh +dv grqh lq Ehoo ^8`, dqg pxowlsolfdwlyh
jdpeohv/ dv zhoo dv iru d pruh frpsolfdwhg fodvv ri ulvn h{srvxuhv1 Lw lv vkrzq wkdw dq|
xwlolw| ixqfwlrq lq wkh KDUD fodvv +69,/ zklfk fryhuv ylwxdoo| doo dssolfdwlrqv ri xwlolw|
ixqfwlrqv wr �qdqfldo sureohpv/ lv hlwkhu dq dgglwlyh ru pxowlsolfdwlyh jdpeoh }hur0
vzlwfk xwlolw| ixqfwlrq/ dq ?� vzlwfk dgglwlyh xwlolw| ixqfwlrq ru d ulvn h{srvxuh }hur0
vzlwfk xwlolw| ixqfwlrq1 Wkh KDUD fodvv frqwdlqv h{srqhqwldo/ sro|qrpldo/ srzhu
dqg orjdulwkplf ixqfwlrqv/ dv zhoo dv ixqfwlrqv gh�qhg lq ghyldwlrqv iurp d wdujhw1
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Dgglwlrqdoo|/ zh kdyh looxvwudwhg wkdw e| uhod{lqj wkh dvvxpswlrq ri lq�qlwh gli0
ihuhqwldelolw| hyhu|zkhuh/ wkh slhfh0zlvh phdq0orzhu sduwldo prphqw xwlolw| ixqfwlrq
+43, ri Ilvkexuq ^48` fdq eh hlwkhu d }hur0vzlwfk dgglwlyh ru d rqh0vzlwfk pxowlsolfd0
wlyh ixqfwlrq/ ghshqglqj xsrq wkh gh�qlwlrq ri wkh wdujhw1 Zh gr qrw sxuvxh wklv
srlqw ixuwkhu/ exw qrwh wkdw Shghuvhq ^59` h{whqgv wklv wr fryhu rwkhu slhfh0zlvh ixqf0
wlrqv1 Wkh Frqvwdqw Sursruwlrqdo Sruwirolr Lqvxudqfh xwlolw| ixqfwlrq +73, lv dqdo|vhg
lq ghwdlo1 Lw lv vkrzq wkdw zh fdq pdnh wklv d }hur0vzlwfk jdpeoh iru d slhfh0zlvh
jdpeoh uxoh vxemhfw wr vhyhuh uhvwulfwlrqv rq wkh jdpeohv wkhpvhoyhv1

Lw lv suryhg wkdw wkh ulvn lqghshqghqfh frqglwlrq ri Mld dqg G|hu ^53` lv htxdo wr
wkh }hur0vzlwfk surshuw|/ vr wkdw wkhlu dqdo|vlv/ zklfk frqfhqwudwhv rq jdpeohv zlwk
lghqwlfdo phdq/ lv forvho| uhodwhg wr Ehoo*v zrun1 D jhqhudo wkhruhp lv suryhg zklfk
jlyhv wkh qhfhvvdu| frqglwlrqv iru ixqfwlrqv zklfk doorz dw prvw ? vzlwfkhv ehwzhhq
dq| sdlu ri jdpeohv zkrvh �uvw & prphqwv duh lghqwlfdo1

Ilqdoo|/ zh xvh wkh idfw wkdw wkh rqh0vzlwfk surshuw| lv htxlydohqw wr d qhfhvvdu|
frqglwlrq iru d xwlolw| ixqfwlrq wr vhsdudwh ulvn dqg uhwxuq wr dqdo|vh zklfk ulvn
phdvxuhv fdq eh uhfryhuhg iurp xwlolw| ixqfwlrqv1 Lw lv vkrzq wkdw lq wkh pxowlsolfdwlyh
fdvh/ zh uhfryhu vhyhudo ulvn phdvxuhv suhvhqwhg dqg d{lrpdwlvhg lq wkh sv|fkrorj|
olwhudwxuh +vhh/ h1j Oxfh ^57`, dqg wkrvh ghulyhg lq Ehoo ^;`/ zkloh zh fdq uhfryhu wkh
orzhu sduwldo prphqw ulvn phdvxuh lq wklv vwuxfwxuh e| uhod{lqj wkh dvvxpswlrq ri
lq�qlwh gl�huhqwldelolw|1
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