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Abstract

Direct marketers are often faced with the task of ranking, or scoring individual customers in terms of their ex-
pected value to the firm. A critical element of their scoring systems is expected frequency of customer interaction.
In this paper the authors develop a hierarchical Bayes model of purchase frequency that combines a Poisson like-
lihood with a gamma mixing distribution, where the mixing distribution is a function of covariates. The proposed
model is evaluated with two direct marketing datasets, and is shown to provide improved estimates of purchase
frequency, particularly for customers with short purchase histories or who have infrequent interaction with the
firm.
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The frequency that a customer interacts with a firm is one of the most important indi-
cators of the customer’s financial value to the firm. Customers who frequently interact
with the firm are expected to generate a greater stream of revenue, and often have a longer
expected life, than those who interact infrequently (Blattberg et al., 2001). In direct mar-
keting, the frequency of interaction is an important component of customer scoring algo-
rithms that are used to rank customers in terms of their overall value (Stone, 1994; David
Shepard Associates, 1995). However, estimates of expected purchase frequency are of-
ten very noisy because customer interactions do not follow regular patterns within fixed
periods. Orders are often placed at irregular time intervals, and as a result simple esti-
mates of expected frequency based on the number of orders placed during a prescribed
period (e.g., the last six months) are sometimes unreliable. In this paper we propose
a Hierarchical Bayes (HB) approach to estimating expected purchase frequency that are
more reliable than simple estimates without placing undue restrictions on their variabil-
ity.
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Fixed-effects model-based estimates of purchase frequency typically employ a Poisson
distribution for the number of orders placed in a given time period. Heterogeneity in pur-
chase frequency can be incorporated into the Poisson model by relating the intensity para-
meter (λ) to observed covariates. A drawback of this approach is that customers with equal
covariate values (e.g., all large buyers) are predicted to have the same purchase frequency
in the next non-overlapping period.

Random-effects specifications avoid this problem by introducing unobserved hetero-
geneity into the model specification. The gamma distribution is often used as the random-
effects distribution for the intensity parameter in the Poisson model, resulting in the well-
known negative binomial distribution (Cameron and Trivedi, 1986; Ehrenberg, 1988).
While the negative binomial model allows for more flexible dispersion of the intensity
parameter, it does not provide individual-level estimates of purchase frequency. Although
covariates can be incorporated into the resulting negative binomial likelihood, this model
suffers from the same problem as the Poisson model – that is, it produces common esti-
mates for customers with equal covariate values.

An alternative approach to developing individual-level estimates of purchase frequency
is to employ the conditional NBD model (Morrison and Schmittlein, 1988). In this empiri-
cal Bayes model, the gamma random-effects distribution is combined with individual-level
Poisson data in the calibration sample to generate predictions of future purchase frequency.
An advantage of this approach is that the Bayesian updating equations are linear in the ob-
served purchases and therefore easy to implement. A disadvantage is that covariates cannot
be incorporated into the analysis.

We propose a HB model of purchase frequency that combines a Poisson likelihood with
a gamma distribution of heterogeneity. Our hierarchical Bayes model allows for dispersion
in the intensity parameter similar to the negative binomial distribution while producing
individual-level estimates of purchase frequency, similar to the conditional NBD model
of Morrison and Schmittlein (1988). Moreover, our approach allows for the introduction
of covariates into the model specification. We find that the covariates aid in predicting
purchase frequency, particularly for customers that infrequently interact with the firm, or
have short purchase histories. Thus, our approach combines the advantage of obtaining
unique individual-level estimates present in the conditional NBD model with the ability to
enter covariates in the model specification as in traditional fixed-effects models.

In section 1 we develop our HB model and compare it to other commonly used methods
of estimating purchase frequency. We then apply the model to direct marketing data and
compare its performance to traditional methods, followed by concluding remarks.

1. The Model

Direct marketers routinely collect information about the timing of customer purchases. In
the case of business-to-business marketing, customers are individual firms who place or-
ders through time. For consumer markets, customers are individuals or households that
make frequent purchases from various product categories. The Poisson distribution is the
simplest approach to modeling the number of purchases within a given time period. This



BAYESIAN APPROACH 7

model has been used in a wide variety of applications ranging from studying patent ap-
plications (Hausman et al., 1984) and highway fatalities (Michener and Tighe, 1992) to
non-durable purchases (Bucklin et al., 1998). Denote yi as the number of times that the
ith customer interacts with a firm in a given time period of length T . Assume that yi is
distributed according to a Poisson distribution:

Pr(yi |λi, T ) = (λiT )
yi exp(−λiT )/yi !, (1)

where λi = E(yi)/T is the purchase frequency. Covariates can be introduced into this
model by relating them to the purchase frequency through a log linear model: λi =
exp(x ′

iβ), where xi denotes the vector of the ith subject’s characteristic variables and β

is the corresponding coefficient vector of xi . Without loss of generality, we suppress the
notation for the time period, T , in the following discussion and interpret λi as the expected
number of orders placed by the ith customer in a given period.

Although the Poisson regression likelihood offers a simple approach to modeling pur-
chase frequency, the model is restrictive in that it assumes that the mean and variance of
the data are equal. In practice, the variance of the data is often greater than the mean, re-
sulting in inconsistent estimates of model parameters when the Poisson likelihood is used
(Grogger and Carson, 1991; Hausman et al., 1984; Shaw, 1988). To accommodate this
over-dispersion, one can assume a random-effects distribution for λi instead of a log linear
model. This assumption results in a model capable of reflecting data with greater variation.
When the random-effects are assumed to be distributed gamma, the result is the negative
binomial distribution (NBD) model.

1.1. The NBD Model

The NBD model uses the gamma distribution to integrate out the individual λi ’s across
the population of customers, resulting in a marginalized likelihood that is a function of the
parameters of the gamma distribution (Ehrenberg, 1988; Morrison and Schmittlein, 1988),
which can be shown as follows:

Pr(yi |α, θ) =
∫

p(yi |λi)g(λi |α, θ) dλi =
(
yi + α − 1

yi

)(
θ

θ + 1

)yi( 1

θ + 1

)θ
, (2)

where g(λi |α, θ) is a gamma distribution, α is the shape parameter and θ is the location-
scale parameter. The expected value of λi is equal to αθ . The likelihood of the NBD
model is defined as the product of the term on the left hand side over the subjects in the
sample.

Since the NBD model was first introduced by Ehrenberg (1959) to marketing literature,
it has been used in many studies ranging from predicting new product sales to modeling
inventory control (Brockett et al., 1996; Ehrenberg, 1988; Massy et al., 1970; Morrison and
Schmittlein, 1988). The focus of these studies is to describe the distribution of purchase
frequency in particular markets. That is, the NBD model yields estimates of α and θ which
describe the distribution of λi , and do not yield individual-level estimates of λi . This is a
shortcoming of the NBD model.
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In many direct marketing applications, the focus of analysis is on the expected behavior
of individual customers. Customers are frequently ranked according to the likelihood of
their responses to a particular offering made by the firm, or in terms of their expected
contribution to the long-term profitability of the firm. Disaggregate estimates of expected
purchase frequency for each customer is therefore desired. While it is possible to introduce
covariates into the NBD likelihood in Equation (2) (e.g., E[λi |α, θi ] = αθi = exp(x ′

iβ)),
the model suffers from the same problem identified with the Poisson likelihood. That
is, customers with the same covariate values are assigned the same expected purchase
frequency.

1.2. The Conditional NBD Model

The conditional NBD model is a Bayesian version of NBD model (Morrison and Schmit-
tlein, 1988). It predicts the number of purchases (Y2) made by a person in a period of
duration (t2) on the condition of the number of purchases (Y1) made by this same person
in the previous non-overlapping period of duration (t1). Assuming the prior distribution
of λ to be a gamma (α, θ) mixing distribution, the conditional NBD model combines Pois-
son likelihood with the gamma prior to produce an updated gamma (α+y, θ+1) posterior
distribution. Thus, the mean of this posterior distribution for a particular customer’s pur-
chase frequency, λ, is a conditional expectation. For Y1 > 0, the conditional expectation
is:

E[Y2|Y1 = y > 0; α, θ, t1, t2] = (α + y)t2

θ + t1
. (3)

For Y1 = 0, the conditional expectation is:

E[Y2|Y1 = 0; α, θ, γ, t1, t2] = (1 − γ )
(
αt2
θ+t1

)(
θ

θ+t1

)α
γ + (1 − γ )

(
θ

θ+t1

)α , (4)

where γ is the proportion of individuals that have purchase frequency λ = 0 in the dataset.
To produce the conditional NBD estimates which not only consider individual purchase
information but also covariates, one can use the estimates from the NBD model with co-
variates (i.e., θi = exp(x ′

iβ)/α) as an input into Equations (3) and (4).

1.3. Hierarchical Bayes Model

The HB model combines the Poisson likelihood with the gamma random-effects distrib-
ution without integrating out the individual λi ’s. In contrast to Equation (2), the gamma
distribution is viewed as part of the prior distribution to arrive at the posterior. In general
notation, let � denote the parameters of a model. Then Bayes rule states that the posterior
is proportional to the product of the prior and the likelihood:

π(�|Data) ∝ �(Data|�)π(�), (5)
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where � denotes the likelihood, π(�) is the prior and π(�|Data) is the posterior. A hierar-
chical Bayesian version of the NBD model then becomes:

π
(
α, θ, {λi}|{yi}

) ∝
∏
i

p(yi |λi)g(λi |α, θ)π(α)π(θ), (6)

where π(α) and π(θ) are prior distributions on the parameters of the gamma distribution
of λi , and the last three factors on the right hand side of the Equation (6) form the prior
distribution. π(α) and π(θ) are typically specified to have minimal influence on the poste-
rior distribution. Estimates of individual purchase frequency is obtained by integrating the
joint posterior density:

π
(
λj |{yi}

) =
∫

· · ·
∫

π
(
α, θ, {λi }|{yi}

)
dα dθ dλ−j , (7)

where “−j” denotes “all units except j .”
The result is individual level estimates of purchase frequency that reflect both the data

from the individual customer (yi) and other customers as expresses through the random-
effects distribution. This combination of information results in individual estimates of
purchase frequency that are less extreme than those based on the data alone. In addition,
covariates can be introduced into the model specification by relating them to parameters of
the gamma distribution: θi = exp(x ′

iβ).
The evaluation of the integral in Equation (7) has previously been infeasible because

of its high dimensions. However, recent advances in Markov chain Monte-Carlo esti-
mation (e.g., Gibbs sampling) now make this evaluation feasible. Combining the Pois-
son likelihood with gamma heterogeneity is a relatively straightforward task. The in-
troduction of covariates, however, severely complicates the Markov chain. In the ap-
pendix we provide an estimation algorithm in which θ , the location parameter of the
gamma distribution, is related to dummy-variable covariates through a link function
θi = exp(x ′

iβ).
Markov chain Monte-Carlo estimation is a simulation-based estimation procedure in

which random draws are recursively simulated from the full conditional distributions of the
model, and are used as conditioning arguments in subsequent draws. Upon convergence,
these draws are from the true posterior distribution (Gelfand and Smith, 1990). Details
of the computational algorithm are provided in the appendix. In the analysis presented in
the next section, we estimate the model using 10,000 iterations of the Markov chain, from
which the first 9500 iterations were discarded and the last 500 iterations were used to form
estimates of the posterior distribution of model parameters. Time series plot of the draws
indicate convergence of the chain from multiple initial values.

2. Empirical Applications

In this section we compare the in-sample and predictive fits of the hierarchical Bayes model
to other methods of estimating expected purchase frequency with two datasets. The first
dataset is from an office supply company engaged in business-to-business selling in the
United States. The data span a period of three years, providing sufficiently long purchase
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Table 1(a). Poisson, NBD, and Hierarchical Bayes Parameter Estimates for Purchase Frequency (Based on the
Dataset of Business-to-Business Marketing Firm)

Poisson NBD Poisson NBD
Parameters Model (1)f Model (1) Model (2)g Model (2) HB Model

Intercept 1.6913693 1.7523893 1.1775850 1.1714120 0.7421252
(0.048286)e (0.065095) (0.030287) (0.044671) (0.0469742)

Northeast −0.0450466 −0.0474131 −0.0473115 −0.0434026 −0.0439138
(0.017329) (0.025599) (0.017344) (0.024860) (0.0288897)

Midwest −0.0496764 −0.0474233 −0.0461124 −0.0360934 −0.0362610
(0.021605) (0.035168) (0.021599) (0.034944) (0.0399340)

South −0.1031945 −0.1100203 −0.0836994 −0.0906082 −0.0903015
(0.019271) (0.028057) (0.019296) (0.028604) (0.0354891)

Insurance-related 0.1390316 0.1429011 0.1550857 0.1345827 0.0820847
Firms (0.071284) (0.118839) (0.071291) (0.126180) (0.1226750)

Medical offices 0.4297357 0.4425862 0.4716371 0.4673243 0.4103141
(0.034179) (0.052992) (0.034259) (0.055080) (0.0726537)

Attorneys 0.3003019 0.3031543 0.3074149 0.3134243 0.2921774
(0.029012) (0.060019) (0.029032) (0.058330) (0.0625478)

Log (Average −0.0380756 −0.0513443 – – –
Purchase Amount) (0.010508) (0.013759)

M1a – – 0.1811062 0.1980594 0.1478682
(0.034122) (0.044355) (0.0456894)

M2b – – 0.4416289 0.4453912 0.3926779
(0.029336) (0.042118) (0.0335346)

M3c – – 0.3266383 0.3263928 0.2724078
(0.031110) (0.045612) (0.0383798)

M4d – – 0.2807466 0.2927877 0.2376187
(0.036344) (0.046209) (0.0530984)

α 1.5847371 1.6192307 1.618966
(0.0159290) (0.017367) (0.035522)

a M1 dummy variable indicates average purchase amount less than 50 dollars.
b M2 dummy variable indicates average purchase amount less than 100 dollars.
c M3 dummy variable indicates average purchase amount less than 150 dollars.
d M4 dummy variable indicates average purchase amount less than 200 dollars.
e Standard error and posterior standard deviation are in parentheses.
f Continuous covariates used in model specification.
g Dummy variable covariates used in model specification.

histories to conduct predictive tests. The sample comprises 4795 firms that were randomly
selected from company records. Covariates used in the analysis include the geographic
region of the firms, the type of business, and the average purchase amount. In order to fit
the requirement of HB model, the average purchase amount is receded as dummy variables
in increments of $50 up to $200 and above. In total, there were ten dummy variables
available for analysis in HB model (see Table 1(a)). The average purchase frequency across
all firms is equal to 4.51 per year.
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Table 1(b). Poisson, NBD, and Hierarchical Bayes Parameter Estimates for Purchase Frequency (Based on the
Dataset of Consumer Direct Marketing Firm)

Poisson NBD Poisson NBD
Parameters Model (1) Model (1) Model (2) Model (2) HB model

Intercept 0.6889361 −1.6679081 3.1740350 3.1718070 3.1787885
(0.063935)d (0.443480) (0.013552) (0.063229) (0.0579631)

Sex −0.0369445 −0.0310607 −0.0564288 −0.0326018 −0.0258470
(0.102876) (0.048619) (0.010285) (0.046062) (0.0454367)

Area 1 −0.0030124 −0.0420992 −0.0139500 −0.0841114 −0.0650743
(0.154778) (0.072308) (0.015485) (0.072142) (0.0692164)

Area 2 0.0289089 −0.0052901 −0.0105712 −0.04119727 −0.0313596
(0.017434) (0.086207) (0.017424) (0.086384) (0.0789550)

Area 3 0.0290510 0.0436171 −0.0034828 0.0110694 0.0092028
(0.012576) (0.059157) (0.012585) (0.054018) (0.0584529)

Area 4 −0.2127605 −0.1800427 −0.2327633 −0.2136312 −0.1687566
(0.027654) (0.137138) (0.027680) (0.136300) (0.1096664)

Log (Average 0.2675284 0.5263634 – – –
Purchase Amount) (0.006907) (0.048668)

M1a – – −0.8596766 −0.8597417 −0.7633183
(0.019210) (0.071179) (0.0619591)

M2b – – 0.0989403 0.0967286 0.1261607
(0.013993) (0.066687) (0.0568964)

M3c – – 0.3855048 0.3908373 0.4012189
(0.015336) (0.089264) (0.0768399)

α 0.8810592 0.9550396 0.951763
(0.047829) (0.043521) (0.030209)

a M1 dummy variable indicates average purchase amount less than 5,000 NT dollars.
b M2 dummy variable indicates average purchase amount less than 10,000 NT dollars.
c M3 dummy variable indicates average purchase amount less than 15,000 NT dollars.
d Standard error and posterior standard deviation are in parentheses.

A direct marketing company, located in Taiwan and specializing in cosmetics, sham-
poo, toothpaste and food supplements, provided the second dataset. In contrast to the first
dataset, purchases are made by individual consumers but not by other firms. The average
purchase frequency is equal to 22.38 per year, allowing examination of the performance
of the models with longer purchase histories. This dataset also spans a three-year period,
and comprises 1725 customers randomly selected from company records. Covariates ex-
amined include the gender of the customer, geographic location and the average purchase
amount. Again, the average purchase amount is recoded as dummy variables in increments
of 5000 NT dollars up to 15,000 NT dollars (see Table 1(b)). In total, there were eight
dummy variables available for analysis in the second dataset.

Parameter estimates for the Poisson, NBD and HB models with either continuous or
dummy average purchase amount covariate are reported in Tables 1(a) and 1(b). The Pois-
son and NBD models were estimated by the method of maximum likelihood. Recall that
for the Poisson model, the intensity parameter, λ, is linked to the covariates through the
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log linear format, λi = exp(x ′
iβ), while for the NBD model, E[λi |α, θi ] = exp(x ′

iβ). In
the HB model it is more natural to relate θi , the scale parameter of the gamma distribution,
to the covariates through a log-linear model: θi = exp(x ′

iβ). Therefore it is expected that
the coefficient estimates for the Poisson and NBD models should agree with each other,
but the intercept for the HB model will be different when α is different from one. This is
true because in the gamma distribution E[λi |α, θi] = αθi = exp(ln(α) + x ′β) implying
that slope coefficient estimates should not be affected.

In practice, marketers would wish to incorporate all possible covariates, both continu-
ous and discrete, into their prediction models. The only restriction of HB model is that all
covariates must be binary coded. Thus, practitioners may be concerned about the trade-off
between using a simpler model (e.g., NBD model) without converting continuous covari-
ates, such as average purchase amount in our study, into dummy variables and using a more
sophisticated model (e.g., HB model) with only dummy covariates. To investigate the pos-
sible effects of the restriction of HB model, we consider two different Poisson and NBD
models. The models with continuous and dummy average purchase amount are labeled as
model (1) and (2) in the tables, respectively.

Across both datasets we find close agreement in the coefficient estimates for the Poisson,
NBD and HB models. The over-dispersion afforded by the NBD and HB models does not
lead to tangible differences in the point estimates. Furthermore, we note that the prior
distributions used in the Bayesian model (Equation (6)) do not exert much influence on
the posterior estimates relative to estimates based entirely on the likelihood. We conclude
that the three models provide equivalent information about the distribution of purchase
frequencies and their relationship to the covariates.

The advantage of the HB model, however, is its ability to produce unique individual-
level estimates of purchase frequency while incorporating covariates into the analysis. The
covariates lead to individual HB estimates that differ from the conditional NBD models,
particularly in small samples. To illustrate the difference in detail, Tables 2(a) and 2(b)
presents individual-level estimates of purchase frequency for the Poisson, NBD, condi-
tional NBD and HB models. Table 2(a) reports results for the firm engaged in business-to-
business marketing, while Table 2(b) reports results for the firm selling consumer products.
Sixteen selected customers (firms and individuals) were selected from each dataset. The
selection procedure involves two steps. First, we identified four groups for each dataset
based on covariates. For example, the first group in Table 2(a) consists of medical firms
located in the south area of the US with average purchase amount less than $50. Second,
within each group, we selected two subjects with small purchase frequency and another
two with large frequency. Customer identification numbers and associated covariates are
display on the left side of the table. The observed number of purchases is reported in
the center of the table, and the right side of the table contains various estimates of the
customer’s expected purchase frequency.

The purchase frequency estimates indicate that the HB and conditional NBD models
produce estimates that are much more closely related to the observed purchase frequency
in the data. Moreover, we find minor differences in the conditional NBD model when em-
ploying continuous versus dummy-variable coding of the covariates. Difference between
the HB and conditional NBD estimates are greatest when the observed purchase frequency
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is small. For example, in Table 2(a), the rightmost columns for group 4 indicate that ex-
pected purchase frequencies may differ by as much as 10% (i.e., 1.9040/1.7467).

The difference between conditional NBD and HB models is the ability to consider the
unobserved heterogeneity of individual purchasing behavior. The updating schema for
conditional NBD will produce identical estimates for those who have the same purchase
frequency. In contrast, the HB estimator takes both observed and unobserved heterogeneity
into account, and can result in different estimates for customers with identical purchase
frequency.

Summary measures of the in-sample and predictive fit of the various models were calcu-
lated by re-estimating the model on a subset of the original data and by using the remainder
as a holdout. Both the business-to-business and consumer direct marketing data sets span a
total of three years. The first half of each customer’s purchase history (spanning 1.5 years)
was used to assess the in-sample fit of the model, and the second half was used to assess
out-of-sample fit.

Table 3 reports the in-sample fit of various models used to estimate expected purchase
frequency. Two measures of fit are reported, the root mean squared error (RMSE) and
mean absolute deviation (MAD) between the fitted values and the observed frequency.
Also reported is the correlation between the expected and observed frequencies. This latter
statistic can be used to assess the accuracy of an implied ranking of the firms based on
expected purchase frequency. The results reported in Table 3 indicate that the HB esti-
mates have highest predictive accuracy for the business-to-business dataset in which the
customers have small purchase frequency on average. However, in the case of consumer
direct marketing dataset where the observed purchase frequency is large for most house-
holds, the relative performance of these two models is somewhat mixed. Although the
conditional NBD model with continuous covariates is slightly better than HB model on all
criteria, HB model still outperforms the conditional NBD model with discrete covariates
in terms of RMSE and correlation criteria.

Table 3. In-Sample Fit (Percentage Improvement of HB Model in Parentheses)

Poisson NBD Conditional Poisson NBD Conditional HB
Model (1) Model (1) NBD (1) Model (2) Model (2) NBD (2) Model

Based on the Dataset of Business-to-Business Marketing Firm
RMSE 2.7971 2.8536 1.2282 2.7902 2.7930 1.2464 0.8681

(69%) (70%) (29%) (69%) (69%) (30%)
MAD 1.5749 1.6195 0.7467 1.6354 1.6346 0.7532 0.5213

(67%) (68%) (30%) (68%) (68%) (31%)
Correlation 0.3855 0.3671 0.9552 0.3843 0.3821 0.9589 0.9833

Based on the Dataset of Consumer Direct Marketing Firm
RMSE 11.6487 14.8722 0.8182 10.6769 10.7501 0.9377 0.8439

(93%) (94%) (−3%) (92%) (92%) (10%)
MAD 6.4543 7.2683 0.4361 6.4888 6.5353 0.4263 0.4389

(93%) (94%) (−0.6%) (93%) (93%) (−2.9%)
Correlation 0.5545 0.4228 0.9991 0.6411 0.6348 0.9981 0.9987
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Table 4. Predictive Performance Based on Different Amount of Information (Percentage Improvement of HB
Model in Parentheses)

Poisson NBD Conditional Poisson NBD Conditional HB
Model (1) Model (1) NBD (1) Model (2) Model (2) NBD (2) Model

Based on the Dataset of Business-to-Business Marketing Firm
RMSE
1. Based on 6 months buying 4.1641 4.2309 4.1218 3.9183 3.9188 3.9853 3.7640

records (10%) (11%) (9%) (4%) (4%) (5.6%)
2. Based on 12 months buying 3.8213 3.8959 3.6176 3.7152 3.7136 3.5784 3.4848

records (9%) (11%) (4%) (6%) (6%) (2.6%)
3. Based on 18 months buying 3.6788 3.7418 3.2288 3.6354 3.6340 3.2272 3.1515

records (14%) (16%) (2%) (13%) (13%) (2.3%)

MAD
1. Based on 6 months buying 2.3817 2.4392 2.5258 2.0176 2.0181 2.3283 1.8812

records (21%) (23%) (26%) (7%) (7%) (19.2%)
2. Based on 12 months buying 2.0878 2.1918 1.9872 1.8297 1.8261 1.8309 1.6390

records (21%) (25%) (18%) (10%) (10%) (10.5%)
3. Based on 18 months buying 1.9329 2.0395 1.6599 1.7214 1.7159 1.5400 1.4470

records (25%) (29%) (13%) (16%) (16%) (6.0%)

Based on the Dataset of Consumer Direct Marketing Firm
RMSE
1. Based on 6 months buying 17.9064 20.3277 16.8651 17.1429 17.3474 16.9921 16.7722

records (6%) (17%) (0.55%) (2%) (3%) (1.3%)
2. Based on 12 months buying 17.1005 19.3509 15.5556 16.4154 16.5565 15.6148 15.5510

records (9%) (20%) (0.03%) (5%) (6%) (0.4%)
3. Based on 18 months buying 16.4660 18.5429 13.9476 15.6741 15.6934 13.9322 13.9247

records (15%) (25%) (0.16%) (11%) (11%) (0.1%)

MAD
1 . Based on 6 months buying 12.2572 13.0978 11.3539 11.4773 11.6489 11.1662 10.8358

records (12%) (17%) (4.56%) (6%) (7%) (3.0%)
2. Based on 12 months buying 11.8460 12.7708 10.3929 11.0827 11.2290 10.2701 10.1634

records (14%) (20%) (2.21%) (8%) (9%) (1.0%)
3. Based on 18 months buying 11.2458 12.1809 9.1781 10.4779 10.5073 9.0690 9.0310

records (20%) (26%) (1.60%) (14%) (14%) (0.4%)

Table 4 reports out-of-sample fits of the models under various lengths of the customer’s
purchase history. We use either the first 6, 12 or 18 months of records in the first half of
the customer purchase history to produce estimates of expected purchase frequency, and
then compare these estimate to observed frequencies in the second half of the data. We
expect that with very limited customer purchase histories, covariates will provide a useful
basis for generating estimates of purchase frequency. As the length of the purchase history
increases, individual-level estimates that rely on the customer’s observed purchase rate
should yield more accurate estimates.

The predictive performance of the HB model is better than all other models, with the
increase in predictive accuracy greatest with small sample sizes. In comparison to the con-
ditional NBD model, which simply adjusts expected purchase frequency with the observed
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frequency, the HB estimates are more accurate when there exists limited individual-level
information. For the business-to-business dataset, which has relatively infrequent customer
interactions, the HB estimates are 9 and 5.6% more accurate than the conditional NBD
model (1) and (2), respectively, when forecasts are based on 6 months of buying records.
As the length of the purchase history increases, the conditional NBD and HB estimates
converge, and offer substantial improvement relative to the aggregate Poisson and NBD
models.

The hierarchical Bayes model offers a compromise between standard models (Poisson
and NBD) that pool purchases across customers and relate them to covariates such as de-
mographics, and the conditional NBD model that adjusts expected purchase frequency
for each customer in isolation of the others by simply using a linear transformation for-
mula. The HB estimator retains the flexibility of the conditional NBD model and produces
individual-level estimates without imposing undue restrictions on the variability of these
estimates as encountered with the standard models. The HB estimator is a compromise
between the other estimators, offering the same in-sample fit as the conditional NBD esti-
mates and equivalent predictive fits as the standard models when there is no data available
for the new customers. In addition, the HB estimates show a tendency of convergence as
the sample size at the individual level increases (Huber and Train, 2001). For the con-
sumer direct marketing dataset with high purchase frequency, there is no major difference
between the conditional NBD and the HB models. It is when the sample size is low as in
the business-to-business dataset that the HB model does better.

3. Concluding Remarks

This paper introduces a hierarchical Bayes model of purchase frequency with observed and
unobserved components of heterogeneity. Unobserved heterogeneity is captured through
a gamma distribution for purchase rates, while observed heterogeneity is introduced by al-
lowing the location-scale parameter of the distribution to depend on covariates. We demon-
strate the advantage of using hierarchical Bayes approach relative to the other approaches,
and provide algorithms for estimating the model with the Gibbs sampler. The hierarchical
Bayes models, when estimated with simulation-based methods such as the Gibbs sampler,
are particularly well suited to the analysis of direct marketing problems because they yield
individual-level estimates as a by-product of the estimation procedure.

We examine HB estimates of expected purchase frequency in two datasets. Based on
these results we expect the proposed methodology to yield improved estimates of expected
frequency relative to conventional approaches, particularly when there exists limited in-
formation about any particular customer. This is because the hierarchical Bayes estimator
augments the limited information contained in the customer purchase history with informa-
tion from the random-effects distribution and information contained in available covariates.

There are a number of avenues for future work in this area. First, our assumption of
exponential interpurchase times may not be appropriate in some direct marketing con-
texts and may need to be relaxed. The exponential model implies that a constant hazard
rate which may be overly restrictive in many circumstances. However, violations of this
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assumption would require longer purchase histories than that present in the business-to-
business direct marketing problem analyzed in this paper (see Allenby et al. (1999) for a
model of purchase timing spanning six years). Second, we allow the location-scale pa-
rameter of the gamma distribution to be related to indicator (dummy) variables. While
many covariates used to model observed heterogeneity are measured on a nominal scale, it
would certainly be desirable to allow for the location-scale parameter to be directly related
to continuous covariates such as age or income. Finally, we note that customer scoring sys-
tems in direct marketing also use variables such as the monetary amount of the purchase
to estimate the total worth of their customers. Extending the model to include multivari-
ate response variables (e.g., inter-purchase time, monetary amount) would therefore be a
fruitful avenue for future research.

Appendix: The Gibbs Sampler for Hierarchical Bayes Model of Purchase Rate

Denote yi as the number of purchases made by the ith customer in a time period of
length T . Assume yi is distributed Poisson with gamma heterogeneity:

• likelihood:

�(Yi = yi |λi, T ) ∝ λ
yi
i e−λiT , (A1)

• mixing distribution:

π(λi |α, θi) = λα−1
i

�(α)θαi
e−(λi/θi), where θi = exp(x ′

iβ). (A2)

The Gibbs sampler recursively generates draws from the full conditional distributions of
the model. Below we derive the conditional distributions for the Poisson–gamma model.

Estimation Algorithm

1. Generate λi, i = 1, . . . , N (one unit at a time)

π[λi |yi, T , α, xi , β] ∝ λ
yi
i e−λiT λα−1

i e−λi [exp(x ′
iβ)]−1 ∝ λ

yi+α−1
i e−λi{T+[exp(x ′

iβ)]−1}.

Consequently, λi is generated from a gamma distribution, G(A,B), where

A = Yi + α and B =
(
T + [

exp(x ′
iβ)
]−1

)−1
, for i = 1, . . . , N.

2. Generate βk, k = 1, . . . ,K (one coefficient at a time)
The posterior distribution of βk , given the other parameters, is

π
(
βk|{λi}, α, xik, T

) ∝
N∏
i=1

�(λi |α, βk, xik, T )π(βk).
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In order to generate βk , we first re-parameterize βk by letting eβk = ϕk and then de-
rive the posterior distribution of ϕk. We also assume that all the covariates xk, where
k ∈ (1, . . . ,K), are 0–1 dummy variables. Since

ex
′
iβ = e

∑K
j=1 xij βj =

K∏
j=1

(
eβj
)xij =

K∏
j=1

ϕ
xij
j .

Equation (A2) can be rewritten as

π
(
λi |α, exp(x ′

iβ)
) = λα−1

i

�(α)
[∏K

j=1 ϕ
xij
j

]α · e−λi/
∏K

j=1 ϕ
xij
j .

Define
∑N

i=1 xik = Nk, S(k) = {xik|xik = 1, i = 1, . . . , N}, and D
(k)
i = ∏K

j=1
j �=k

ϕ
xij
j .

The likelihood of βk in terms of ϕk is

�(ϕk|xi, λi , T ) ∝
(

N∏
i=1

ϕ
−αxi1
1

)(
N∏
i=1

ϕ
−αxi2
2

)
· · ·
(

N∏
i=1

ϕ
−αxik
k

)
· · ·
(

N∏
i=1

ϕ
−αxiK
K

)

× exp

[
−

N∑
i=1

(
ϕ

−xi1
1 · ϕ−xi2

2 · · ·ϕ−xik
k · · ·ϕ−xiK

K · λi
)]

∝ ϕ
−α

∑N
i=1 xik

k · exp

[
−ϕ−1

k

∑
i∈S(k)

λi
(
D

(k)
i

)−1 +
∑
i /∈S(k)

λi
(
D

(k)
i

)−1
]

∝ ϕ
−αNk

k · exp

[
−ϕ−1

k

∑
i∈S(k)

λi
(
D

(k)
i

)−1
]
.

If the prior distribution of ϕk is Inverse Gamma distribution, IG(ak0, bk0), the condi-
tional posterior of ϕk is proportional to

π
(
ϕk|λi, xik,D(k)

i , ak0, bk0, T
)

∝ ϕ
−(αNk+ak0+1)
k exp

[
−ϕ−1

k

(
b−1
k0 +

∑
i∈S(k)

λi
(
D

(k)
i

)−1
)]

,

then generate ϕk from

Inverse Gamma

(
αNk + ak0,

(
b−1
k0 +

∑
i∈S(k)

λi
(
D

(k)
i

)−1
)−1

)
.

3. Generate α
The posterior distribution of α, given the other parameters, is

π
(
α|{λi}, βk, xik, T

) ∝
N∏
i=1

�(λi |α, θi)π(α).
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Based on the Equation (A2), the likelihood of α is:

�(α|λi, θi, T ) ∝
N∏
i=1

λα−1
i

�(α)θαi
e−λi/θi =

N∏
i=1

(λi/θi)
α

�(α)λi
e−λi/θi .

If the prior distribution of α is Uniform (M), then the posterior distribution of α, given
λi and θi , is proportional to

∏N
i=1 continuous Poisson (λi/θi), which is the product of

N continuous Poisson distributions.
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